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SOME GENERALIZED GROWTH PROPERTIES OF COMPOSITE
ENTIRE AND MEROMORPHIC FUNCTIONS

TANMAY BISWAS AND CHINMAY BISwAS*

ABSTRACT. In this paper we wish to prove some results relating to the growth rates
of composite entire and meromorphic functions with their corresponding left and
right factors on the basis of their generalized order («, 8) and generalized lower order
(a, B8), where a and 3 are continuous non-negative functions defined on (—oo, +00).

1. Introduction, Definitions and Notations

Let us consider that the reader is familiar with the fundamental results and
the standard notations of the Nevanlinna’s theory of meromorphic functions which
are available in [8,11,17]. We also use the standard notations and definitions of the
theory of entire functions which are available in [16] and therefore we do not explain
those in details. Let f be an entire function and My(r) = max{|f(z)|: |z| =7}.
When f is meromorphic, the Nevanlinna’s characteristic function T4 (r) (see [8, p.4])
plays the same role as M(r). For x € [0,+00) and k € N where N is the set of all
positive integers, we define iterations of the exponential and logarithmic functions as
exp™ 2 = exp(exp* 1 z) and log" z = log(logl*~Y z), with convention that log!” z =
x, log[fl] z = expz, expz = z, and expl"!z = logz. Further we assume that p
and g always denote positive integers. Now considering this, let us recall that Juneja
et al. [10] defined the (p, ¢)-th order and (p, ¢)-th lower order of an entire function,
respectively, as follows:

DEFINITION 1.1. [10] Let p > ¢. The (p,q)-th order p®9(f) and (p, q)-th lower

order A9 (f) of an entire function f are defined as:

log® M log® M
pPO(f) = lim sup—Og s(r) and \P9(f) = lim inf—8 ) s(r)
rstoo  loglly rotoe Jogldy

If f is a meromorphic function, then

logP~UT logP~UT
pPD(f) = lim :sup—Og o(r) and \P9(f) = lim T e A f<r).
400 10g[q} r =00 10g[q] r
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For any entire function f, using the inequality T (r) < log My(r) < 3T%(2r)
{cf. [8]}, one can easily verify that

log!”! M log~ 1T
pPO(f) = lim Sup—og () = lim sup—Og s(r)
rstoo logldr rtoo logldly
log® M logP~U T
and ACO(f) = Timinf %8 ) _jy 08 T5()
r—-+00 log[‘I] r r——4o00 log[‘ﬂ r

when p > 2.

Extending the notion (p,q)-th order, recently Shen et al. [9] introduced the
new concept of [p, q]-¢ order of entire and meromorphic function where p > ¢g. Later
on, combining the definition of (p,q)-order and [p, q|-¢ order, Biswas (see, e.g., [5])
redefined the (p, g)-order of an entire and meromorphic function without restriction
P=q

However the above definition is very useful for measuring the growth of entire
and meromorphic functions. If p = [ and ¢ = 1 then we write p&D(f) = p®(f) and
AED () = AD(f) where p@(f) and AO(f) are respectively known as generalized order
and generalized lower order of entire or meromorphic function f. For details about
generalized order one may see [15]. Also for p = 2 and ¢ = 1, we respectively denote
PV (f) and A3V (f) by p(f) and A(f) which are classical growth indicators such as
order and lower order of entire or meromorphic function f.

Now let L be a class of continuous non-negative on (—oo, +00) functions «
such that a(x) = a(xg) > 0 for z < xy with a(z) T +o00 as x — +o00. For any a € L,
we say that o € LY, if a((1+ o(1))z) = (1 + o(1))a(z) as © — 400 and « € LY, if
alexp((1+o(1))x)) = (1+0(1))a(exp(z)) as x — +oo. Finally for any a € L, we also
say that a € Ly, if a(cz) = (1+0(1))a(z) as zp < & — 400 for each ¢ € (0, +00) and
a € Lo, if a(exp(cx)) = (1 4+ o(1))a(exp(x)) as g < x — 400 for each ¢ € (0, +00).
Clearly, Ly C LY Ly, C LY and Ly C L;.Further we assume that throughout the
present paper «s, ay, 5, 081, B2, B3 and 4 denote the functions belonging to L; and
a1, a3 € Ly unless otherwise specifically stated.

The value

: a(log My(r))
P8 f] hgilop B(logr) (aeL,Bel)
introduced by Sheremeta [14], is called generalized order («, ) of an entire function f.
During the past decades, several authors made close investigations on the properties
of entire functions related to generalized order (a, ) in some different direction. For
the purpose of further applications, Biswas et al. [2, 3] rewrite the definition of the
generalized order («, ) of entire function in the following way after giving a minor
modification to the original definition (e.g. see, [14]) which considerably extend the
definition of p-order of entire function introduced by Chyzhykov et al. [6]:

DEFINITION 1.2. [2,3] The generalized order («, 3) denoted by p(a.g) [f] and gen-
eralized lower order («,3) denoted by A [f] of an entire function f are defined
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as:
M
P Lfl = 1imsupa( () and
r—+00 (7’)
_ a(My(r))
Aoy Lf] = 1,@%5 ) where o € L.
If f is a meromorphic function, then
: a(exp(Ty(r)))
o =1 —— =" and
pea ] = TP~ 86
.. alexp(Tr(r
Nap) Lf] = 1ir£ﬁ&f%, where o € L.

Using the inequality Ty(r) < log Ms(r) < 3T4(2r) {cf. [8]}, for an entire
function f, one may easily verify that

Py fl = lg igopw — h,f Eipw
n = limin ( (7’)) = limin M
o N U] = Bt = lmint =

when « € Ls.
In particular, the following definition is needed in the sequel.

DEFINITION 1.3. Let “a” be a complex number, finite or infinite. The Nevanlinna’s
deficiency of “a” with respect to a meromorphic functlon f are defined as

_ Ne(rya) . . mg(r,a)
0(a; f) =1—limsu = lim inf )
EEAR L PR L

In this paper, we intend to establish some results relating to the growth prop-
erties of composite entire and meromorphic functions on the basis of generalized order
(e, B) and generalized lower order (a, ). In fact some works in this direction have
already been explored in [2—4].

2. Lemmas

In this section we present some lemmas which will be needed in the sequel.

LEMMA 2.1. [1] If f is a meromorphic function and g is an entire function then for
all sufficiently large values of r,

Tyoylr) < {1+ o(1)) %mwm

LEMMA 2.2. [7] Let f and g are any two entire functions with g(0) = 0. Also let b

satisfy 0 < b < 1 and ¢(b) = (115)2

M (c(b)My(br)) < Myoq(r).

In addition if b = %, then for all sufficiently large values of r,

102 (35, (3).

. Then for all sufficiently large values of r,
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LEMMA 2.3. [12] Let g be an entire function with A, < +o0o and assume that a;(i =
1,2,...n;n < +00) are entire functions satisfying T, (1) = o{T,(r)}. If " 6(a;, g) = 1,
i=1

then
i Lo L
ro+oclog My(r)

LEMMA 2.4. Let g be an entire function with A, < 400 and assume that a;(i =
1,2,...n;n < +00) are entire functions satistying T,,(r) = o{T,(r)}. If > d(a;, g) = 1,
i=1

then for any o € Lo
L alexp(T(r)))

AT a(Lm)

Proof. In view of Lemma 2.3 we get for all sufficiently large positive numbers of r

that ")
1 T,(r 1
I Gt A G
T 6_logMg(r) - 7T+6

1
a5 G) < M)

ive., a(My(r) < (1+ o(1))alexp(Ty(r) < a(M,(r))

Therefore we get

i.e., My(r) <exp (

1< hminfw < limsupM <1

rtoo  a(M,y(r)) rodoo  (My(r)) T

et QEB(T,0)
T a(My (1)
This proves the lemma. ]

= 1.

3. Main Results

In this section we present the main results of the paper.

THEOREM 3.1. Let f be a meromorphic function and g be an entire function such
that 0 < Xa,,8) [f] < oy [f] < +o0. and pia,p,) 9] < +oo. Also let v be a
positive continuous on [0, 4+00) function increasing to +oc and A > 0 be any number.

(1) If By(ay t(logr)) < r and Tginoo% = 400, then

o {on(exp(Tyey (55 (g ) }

rotoo aq(exp(Ty(BH ((r)))))

(13) If either B1(r) = Bas(r) where B is any positive constant and Tginoo% = +o0

=0 and

-1 0 : logy(r)
or fi(ag (1)) € LY and Tginooﬁl(agl(logr)) +o0, then

L {explan(exp(Tye, (87 log )}

AT e
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Proof. From the definition of A4, g,y [f], we get for all sufficiently large values of r
that

(1) a1 (exp(Ty (B (7(1)))) = Navao [f] —€)v(r) -

In view of Lemma 2.1 and the inequality T}(r) < log™ M;(r) we get for all suffi-
ciently large values of r that

(2)  aa(exp(Tyoq(By ' (logr)))) <
(1+ 0(1))(praro) [F] + €)BL(My (B (log 1))

Now the following cases may arise :
Case I. Let B(a;*(logr)) < r. Now we get from (2) for all sufficiently large values
of r that

(3) a1 (exp(Tyog (B3 ' (logr)))) <
(1+0(1))(par,a) [f]+ €)Bulay  (az(My (B (log 7))
(4) iie., a1(exp(Tyog(By ' (logr)))) <

(1 + 0(1))(p(a1,61) [f] + 8)51 (&51(10g T(p<a2a52)[g}+5))>'

Case II. Let (1) = Bas(r) where B is any positive constant. Then we have from
(2) for all sufficiently large values of r that

a1 (exp(Tyoq(By ' (log7)))) < (14 0(1) Bparpm) [f] + €)aa(M,(B5 ' (log 7))

by ca(exp(Tyag (B (108 7)) <
(1+ 0(1))B<p(a1751) [f] + 5) (p(a%ﬁz) [9] + 5) logr

(5) i.e., exp(an(exp(Tyog(By ' (logr))))) <
r(1Ho(1)B(pay py) [F1+€)(P(ag.8y)l9]+E)
Case III. Let B (g (r)) € Ly and lim —<22) _ — 456, Then we have from

r— +oo/31(012 (logr))
(3) for all sufficiently large values of r that

a1 (exp(Trog (B (log7)))) < (1 4 0(1)) (P(as ) [f] + €)Bi (g ' (log )

(6) iie., exp(a(exp(Tyog(B; " (logr))))) <

exp((1+ 0(1))(p(ar.p) [f] + €)B1(ay " (log 7))
Now when (a5 '(logr)) < r and ligrn % = 400, we obtain from (1) and
T—>400

(4) of Case I for all sufficiently large values of r that

{an(exp(Tyog (8 log )} _
ar(exp(Tr (6 (1))
(1+ 0(1))(Pras o) [f] + )4 [Br (a7 (log rlrten w1914
<)‘(0¢1 B1) [f] - 5)7(T)

o {1 (exp(Tog(B5 ' (logT)))
1.e., limsup

rotoo ar(exp(Tr(B7 1 (7(1)))))
This proves the first part of the theorem.

}1+A

=0,
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Again combining (1) and (5) of Case II, we get for all sufficiently large values

of r that 1+ A
{exp(ai (exp(Tyrog(B5 ' (log7))))) } . <
a1 (exp(T5 (B, (7(r))))) h

r(+o(W)B(p(ay,61) [14E)(P(ay,8y) 91 +€) (1+A)

(/\(0417,31) [f] - E)V(T)

As ll)I_El % = +00, so
T(1+O(1))B(p(a1,51)[f]+€)(p(a2,52)[g]+€)(1+A)
—0

v(r)
as r — +oo. Thus it follows from above that
_ A
— {exp(ai(exp(Tyoy (B3 (logm))))}
(7) lim =
r—+oo a1 (exp(Ty (B (v(r)))))
Further combining (1) and (6) of Case III it follows for all sufficiently large
values of r that
144
{exp(ai (exp(Tyog (65 '(log7))))) } -
ar(exp(T7 (B (v(r)))))

[exp((1+ 0(1)) (pran. o) [f] + €)1 (a5 (log 1)))]
Nawsn ] — 27 (r) '

=0.

log ~(r)

Since T 4 Togmy — 00 50
_ 1+A
lexp((1 + 0(1))(p(as,80) [f] + €)1 (a5 (logr)))] 0
v(r)
as r — +oo. Thus from above we obtain that
_ A
 {exp(an(exp(Trog (85 ' (log )}
(8) lim — =0
r—+o0 a1 (exp(Ty (B (7(r)))))
Hence the second part of the theorem follows from (7) and (8).
Thus the theorem follows. O

REMARK 3.2. Theorem 3.1 improves and extends Theorem 3 of [13].

REMARK 3.3. In Theorem 3.1 if we take the condition p,s,)[f] > 0 instead
of 0 < XNay,8) [f] < Plas,p) [f] < +o0, the theorem remains true with  limit inferior”
in place of “limit”.

THEOREM 3.4. Let f be a meromorphic function and g be an entire function such
that 0 < Aag,8) (9] < Plas,82) [9] < 400 and p(a, g,) [f] < +00 where ay € Ly. Also let
v be a positive continuous on [0, +00) function increasing to +oc and A > 0 be any
number.

(i) If B1(a; ' (logr)) < r and lim 220 — 4o then

r—+00 logr

o {on(exp(Tyeg (55 log ) }

N AR )
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(17) If either By (r) = Bayo(r) where B is any positive constant and

oy 1087(r) _
r—+00 logr

0 logv(r) _
or Bi(ay'(r)) € L and TEIEOO&(% oy — 0% then

i dexp(an(exp(Tyoy(5; ' (log RN

r—400 ag(eXp(Tg(ﬁgl(V(T»)))

The proof of Theorem 3.4 would run parallel to that of Theorem 3.1. We omit
the details.

REMARK 3.5. In Theorem 3.4, if we take the condition p(a, s, [g] > 0 instead of
0 < Aas,gs) 9] < Plas,so) [9] < +00, the theorem remains true with “limit” replaced
by “limit inferior”.

THEOREM 3.6. Let f be a meromorphic function and g, h, k be three entire func-
tions such that Ao, g,) [h] > 0, Aay,s0) (k] > 0 and pa, 8,) (9] < Aay,s0) [K]. Also let C
and D be any two positive constants.

(i) Any one of the following four conditions are assumed to be satisfied:

(a) P1(r) = C(exp(ax(r))) and B5(r) = D exp(aa(r));
(b) Bu(r) = Clexp(as(r))) and B3(r) > exp(as(r));
(c) exp(az(r)) > Bi(r) and B3(r) = D exp(ay(r));
(d) exp(an(r)) > B1(r) and Ps(r) > exp(ay(r)); then
a3 (exp(Thot By (log1))))
r=o0ay (exp(Lyog (B ' (logT))))
(74) Any one of the following two conditions are assumed to be satisfied:
(a) Bi(r) = Clexp(as(r))) and as(B5(r)) € Lu;
(b) Bs(r) > exp(ay(r)) and ay(B5'(r)) € Ly; then
- exp(aa(5 (0s(exp(Tio (B oz )
rrtoo a1 (exp(Trog(B; ' (log 7))
(#4i) Any one of the following two conditions are assumed to be satisfied:
(a) B3(r) = Dexp(a(r)) and az(B; ' (r)) € Lu;
(b) Bs(r) > exp(au(r)) and az(By ' (r)) € Li; then

o3 (exp(Thor (B ' (log 7))))

= +400.

= +o00.

e xp(aa By (n (xp(Trog (B3 Tlog ) T
(iv) If ag(By(r)) € Ly and ayu(B3'(r)) € Ly, then
lim exp(au (B3 (as(exp(Thor (8 ' (log1))))))) — 1o

r—>+ooexp(a2(ﬂf1(al(eXP(Tfog(ﬁ§1<lOg )

Proof. Case 1. Let ;1(r) = C(exp(az(r))). Then we have from (2) for all suffi-
ciently large values of r that

(9) ar (exp(Trog(B5  (logT)))) <
C(14 0o(1))(p(as,p) L]+ 5>r(P(a2,62)[Q]+E)'
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Case II. Let exp(as(r)) > fi1(r). Then we have from (2) for all sufficiently large
values of r that

(10) a1 (exp(Tyog(By ' (logr)))) <

(14 o(1))(par,n) Lf] + £)rPlaz sy lal+e),

Case III. Let ay(B; () € Ly. Then we get from(2) for all sufficiently large values
of r that

(11) exp(az(B7 " (ar(exp(Tyeg(By ' (log1))))))) <
r (o)) (p(ag,ay)l9l+e)

Further using the inequality T¢(r) < log M(r) < 3T¢(2r) {cf. [8]} for an
entire function f, it follows from Lemma 2.2 and for all sufficiently large values r that

54 (logr)

as(exp(Thor(B; ' (log7)))) > as(exp(s T( Mi(=—))))

i.e., ag(exp(Tho(By  (logr)))) >

(1 + o1))as(exp(Ti (21 20D

3 8

(12) i.e., az(exp(Thor(B; (logr)))) >
By ' (logr)

(14 0(1))(Aaz.z) [P] — 5)ﬁ3(Mk(4T))-

Case IV. Let 35(r) = D exp(ay4(r)) Then from (12) it follows for all sufficiently large
values of r that
(13) as(exp(Thox (B (log7)))) >

DL+ 0(1)) (N 1] — ) o0 -2,
Case V. Let f3(r) > exp(ay(r)). Now from (12) it follows for all sufficiently large
values of r that
(14) a3 (exp(Thor (B ' (log 1)) >

(14 0(1) (A [1] = ) Ho0essali=)

Case VI. Let ay(B;'(r)) € Li. Then from (12) we obtain for all sufficiently large
values of r that

(15) exp(au (B (as(exp(Thor (81 ' (log 1))))))) = M s lt=2),
Since pras,gs) [9] < Aau,84) [K] we can choose (> 0) in such a way that
(16) Plaz,B2) [g] +e< >‘(a4,,34) [k] -

Now combining (9) of Case I and (13) of Case IV it follows for all sufficiently large
values of r that

0s(exp(Ther (B (1087)))) _ D1+ 0(1)) g [1] — £)r 0o -9
a1 (xp(Treq (B 108 7)) = {1+ 0(1)) (ppa ) [f] + £)rPes 759

So from (16) and above we obtain that
(17) llml fag(exp(Thok(ﬁ (]'Ogr)))) = 4o0.
r=+oc a (exp(Trog (B ' (log 7))
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Further combining (9) of Case I and (14) of Case V it follows for all sufficiently
large values of r that
a(exp(Thor (81 (l0g 7)) _ (14 0(1))(Aag,ga) [h] — g)r o Ren a9
a1 (exp(Trog (B (08 7))) ~ O(L+ 0(1)) (s 1] + £)rPea 79
Hence from (16) and above we get that

Thor (B85 (1
rrtoo an (exp(Tyog (0 (logT))))
Similarly combining (10) of Case II and (13) of Case IV, we obtain that

Thoe (B8 (1
(19) 11m1nfg3(exp( h k(ﬁlil(ogr))))
rrtoo an (exp(Tog (4, (logT))))
Likewise combining (10) of Case II and (14) of Case V it follows that

Thor (B (1
r=too an (exp(Tog (B (logT))))
Hence the first part of the theorem follows from (17), (18), (19) and (20).

Again combining (9) of Case I and (15) of Case VI we obtain for all sufficiently
large values of r that

exp(au(By " (as(exp(Thor(B; " (log 1))
a1 (exp(Tyoq(By ' (log7)))) N
(10(1) (Ao [F1—2)
C(1+0(1))(prar ) Lf] + )iz mlalter
So from (16) and above we obtain that

i exp(ou(B; (s (exp(Thor(B1 ' (log7)))))))
400 a1 (exp(Tyoq (B ' (log))))
Now in view of (10) of Case IT and (15) of Case VI we get for all sufficiently large
values of r that

exp(au (B " (as(exp(Thor(B; ' (log)))))))
a1 (exp(Tyog(By * (log7))))

= +o0.

:+OO

:—'—OO

(21) = +00.

>

r(1+o(1)(A(ay,py) Kl =€)

(1 + 0(1))<p(a1,51) [f] + €)T(p(ﬂ2,52)[g]+€) ’
So from (16) and above we obtain that

—1 T, . —1 1
) i 05 05D Bt (35 loz1)))
rrtoo ar(exp(Trog (B~ (logT))))
Therefore the second part of the theorem follows from (21) and (22).
Further combining (11) of Case III and (13) of Case IV it follows for all sufficiently
large values of r that
a3 (exp(Thor (B ' (log1))))
exp(a(By " (e (exp(Treg (B * (log7)))))))
DL+ 0(1)) (i [F] — £)r 0 -2
7o) (P(ay,8y) [9]+€) '

== +OO,

(23)

>
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Now in view of (16) we obtain from (23) that

o o anlesp(Th(5 logr)
ro+ocexp(az (B (e (exp(Tyoy (B (log)))))))
Similarly combining (11) of Case III and (14) of Case V we get that

o) i Clexp(Ths (57 (051))
rtooexp(an(By (e (exp(Tyog(B;  (log)))))))
Hence the third part of the theorem follows from (24) and (25).
Again combining (11) of Case III and (15) of Case VI we obtain for all sufficiently
large values of r that

exp(as (S (as(exp(Thor (81 ' (log 7))))))) > r o) G sp <)
exp(an(By (a1 (exp(Treg(By ' (logr))))))) — rFoM bt o)
Now in view of (16) we obtain from above that

- exp(aa(By (as(exp(Thor (B (log7)))))))
r=tooexp(az (67 (ar(exp(Treg (B (log1)))))))

This proves the fourth part of the theorem.
Thus the theorem follows. O

= +o0.

= +00.

= 4-00.

THEOREM 3.7. Let f be a meromorphic function and g be an entire function such
that 0 < Mayg) [f] < Plansy) [f] < +00. and piay s, [g] < +oo. If an(By'(r)) € Ly,

then
Jim sup 2P (@1 (XD (Tyog () Pla) 9]
r—+00 al(eXp(Tf(ﬁfl(/Bg(T’)>>)) - )\(al,,ﬂl) [f]

Proof. In view of (1) it follows for all sufficiently large values of r that

(26) a1 (exp(Ty (B (B2(r)))) = (Nar,n) Lf] =€) Ba(r).
Again in view of (2), we get for all sufficiently large values of r that
ar(exp(Trog(r))) < (14 0o(1)) (e p0) [f] + €) 51 (My(r)).

Since ay(B;*(r)) € Ly, we obtain from above for all sufficiently large values of r that

az(By H(aa(exp(Treg(r))) < (1 + 0(1)) o (My(r))

e 0By (on(exp(Trog(r)) < (14 0(1))(p(anp) [9] + €)Ba(r).
Now combining (26) and above we get that
s 220 (@1 €D(Tyoy (1)) _ Pl [0

rvtoo ar(exp(Ty(Br (B2(r))) ~ Maasn) [f]
Hence the theorem follows. O

THEOREM 3.8. Let f be a meromorphic function and g be an entire function such
that 0 < )‘(a1,51) [f] < Plai,pr) [ﬂ < 4+00. and )\(a27[32) [g] < 4oo. If ag(ﬁfl(r)) € Ly,

then
lim infaQ(ﬁfl(Oél(eXp(Tfog(T))») < )‘(az,BQ) [g]
r=+oo o (exp(Ty (B (B2(r))))) ~ Aans) 1]

The proof of Theorem 3.8 would run parallel to that of Theorem 3.7. We omit
the details.
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THEOREM 3.9. Let f be a meromorphic function and g be an entire function such
that Ao, 8, [f] and A, are both finite where 3y € Ly. Also suppose that there exist
entire functions a;(i = 1,2, ...n;n < +00) satisfying
(A) Tp,(r) = of{Ty(r)} as r — 400 and

(B) éé(ai,g) = 1. Then

o (esp(Tyey (1)
B exp Ty ) = e L)

Proof. In view of Lemma 2.1 and the inequality Ty(r) < log* M;(r) we get for a
sequence of values of r tending to infinity that

ar(exp(Trog(r))) _ (1+0(1)(Aarpy) [+ €)B1(My(r))
Bulexp(Ty(r))) Pr(exp(Ty(r))) '

In view of Lemma 2.4 and as (> 0) is arbitrary we obtain from above that

. eon(exp(Thog(r)))
lim inf < Ao .
B Ty () = e V]
Thus the theorem follows. O

The following theorem can be proved in the line of Theorem 3.9 and so its
proof is omitted.

THEOREM 3.10. Let f be a meromorphic function and g be an entire function such
that p(a, s, [f] and A, are both finite where 3; € Ly .Also suppose that there exist
entire functions a;(i = 1,2, ...n;n < 400) satisfying
(A) T,,(r) = of{Ty(r)} as r — +o0 and

(B) 25(%,9) = 1. Then

o (exp(Tye ()
i S (e (T, (r)))

THEOREM 3.11. Let f be meromorphic and g be entire such that p, g, [f © g] <
+00 and A(ay,8,) [9] > 0. Then

lim {on (exp(Tyey (517 (log 1))}’
== (exp(Ty (55 (log 1)) - as(exp (T (5 ()

Proof. For arbitrary positive € we have for all sufficiently large values of r that

< Plaa,B1) [f] .

= 0.

(27) a1 (exp(Trog (B ' (log7)))) < (plas,s) [f © 9] + ) logr.
Again for all sufficiently large values of r we get

(28) as(exp(Ty(B5 ' (log7)))) = (Aagps) 9] — €) log 7.
Similarly for all sufficiently large values of r we have

(29) as(exp(Ty(B57 (1)) = (Mg, [9] — )

From (27) and (28) we have for all sufficiently large values of r that

01 (exp(Tyog (81 (l0g 7)) _ (Prenp) [f © gl +¢)logr
as(exp(Ty(B5 ' (logr))) — (Mas.sy 9] —€)logr
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As (> 0) is arbitrary we obtain from above that
-1

(30) hm Supal(exp(Tfog(/B_ll (]'Og T)))) S p(a:hﬁl) [f o g]

oo az(exp(Ty(By (logr)))) Aas,3) [9]
Again from (27) and (29) we get for all sufficiently large values of r that

o1 (exp(Tyog (81 ' (1087))) _ (Plasn [f © 9] +¢)logr

as(exp(Ty(Bs (1)) = (asay 9] —€)r
Since (> 0) is arbitrary it follows from above that
(31) hm Oél (eXp<Tfog(/Bf_11(10g T))))

e ag(exp(Ty(By (1))

Thus the theorem follows from (30) and (31).

=0.

THEOREM 3.12. Let f be meromorphic and g be entire such that p(a, s, [g] <
Nar,g) L < pian,py Lf]- Also let C' be any positive constant and 5y € Lo.
(1) Any one of the following two conditions are assumed to be satisfied:
(a
(b

) Bi(r) = Clexp(aa(r)));
) exp(ae(r)) > P1(r); then

lim sup {an exp(Tfogw;l(logr»))f
r—+oo exp(ay (exp(Ty(By  (logr))))) - Bilexp(T,(2(35  (logr)))))
(i) If ap(By (1)) € Ly, then
i E5P0205 0(exD(T 1y (5 1)) - 0 eIy (5 (05))
400 exp(m(exp(Tf(@l—l(logT))))) By (exp(T,(2 (85 Y(log ™))

Proof. From the definition of generalized lower order (aj,;) of f we have for
arbitrary positive ¢ and for all sufficiently large values of r that

=0.

(32) exp(ay (exp(Ty(Br (logr))))) > rPersnlil=e),
AS Pas,0) [9] < Aau,pr) [f] we can choose (> 0) in such a way that
(33) Plaz,B2) [g] +e< A(al,ﬂl) [f] — €.

Now combining (9) of Case I and (32) we have for all large positive numbers of 7,

o (exp(Tyoy(By H(log 1)) _ C(A+0(1))(Pron ) L] + )rPiea o9
explan(exp(Ty (3, (logr)))) RERNITS '
In view of (33) we get from above that

(34) hm Oél (eXp<Tfog</6;i$lOg T)))) —
roteoexp(an(exp(Ty (B (log)))))
Again combining (10) of Case II and (32) it follows for all sufficiently large positive
numbers of r that

1 (exp(Tyog(B5 (1087))) _ (1 0(1)(P(ar ) [f] + )Pl
explas(exp(Ty (3 (logr)) RCNITES '
Now in view of (33) we obtain from above that
-1
35 1i a1 (exp(Tyoq(8; (logr))))
. e explaa (exp(Ty (7 (105 7))

=0.
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Further combining (11) of Case III and (32) it follows for all sufficiently large
positive numbers of r that

exp(az(Br ! (aa(exp(Tyoy (85 ' (log1))))))) _ rHoea sy 2

exp(a; (exp(Ty (B H(logT))))) — pQasplfl-e)
So in view of (33) we obtain from above that
. exp(an(Br (o (exp(Tyoq (B3 ' (log 7))
(36) lim = 0.

rotooexp(on(exp(Ty (B (logr)))))
Now from(2)we have for all sufficiently large values of r that

Oél(eXp(Tfog(ﬁE (logr)))) _ (14 0(1) (P, [f] +€)B1(My(5; ' (log 1))
Bu(exp(T,(2(8; ' (log1))))) ~ Bu(exp(T,(2(5; ' (log7))))) ‘

Since e(> 0) is arbitrary, in view of log™ M;(r) < 3T(2r) {cf. [8]}, we get from
above that

a1 (exp(Tyoq (85 ' (log1))))
(37) lim sup < Play.pn) If]
rrioe B(exp(Ty(2(5; (logr))))) ~ "
From (34) and (37) we obtain for all sufficiently large values of r that

Jimn sup { s (exp(Tyog (B3 (log )}
r—too exp(ay(exp(Ts(By  (logr))))) - Bi(exp(T,(2(B5 (logT)))))
g 2@ Treg(B ogn))) o an(exp(Trog (B (log)))
r=+ooexp(ov (exp(Ty (8 ' (logr)))))  rotoe Bi(exp(Ty(2(8; " (logr)))))
<0. Plai,B81) [f]

e T {ons(exp(Tyey (85 (l0g 1))}
(3) 1T->+00pexp<al(exp(Tf(Bl (log7))))) - Br(exp(Ty(2(B; ' (log)))))
Similarly from (35) and (37) we obtain that

— {1 (exp(Tyoy (B ' (log 1))}’ _
e exp(on (exp(Ty(By "(log 1)) - Fr(exp(T, (2(3; (log 1))

Therefore the first part of the theorem follows from (38) and above.
Again from (36) and (37) we get for all large values of r that

s P02 01 05Dy (08 ) - s exlTyg 55 1))
r—-+00 exp(ai (exp(Ty (B ' (log1))))) - Brexp(Ty(2(85 ' (logr)))))
L el (o exp(Tyeg (55" (02 )
ryoo exp(au (exp(Ty (B ' (log1)))))
ey Pl 0 1))
rtoo B1(exp(T,(2(6 (log1)))))
< 0- Plea,B1) [f] 0.

iy EXPea(Br (o (exp(Trog (B3 ' (log7))))))) al(exp(Tfog(ﬁz? '(log))))

revboeexp(an(exp(Ty(By ' (logr))))) - Bi(exp(T(2(85 ' (log1)))))
Thus the second part of the theorem is established. O]

<0.

1.€.,

=0.
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THEOREM 3.13. Let f be meromorphic and g be entire such that A, ) [f] < +00
and p(ay 8, |f 0 9] < +00 where ay, 81 € Ly. Then

lim Supal(eXp(Tng(ﬁf; H(log7)))) - as(exp(Troq(B5 (1))
r—+oo P1(exp(T,(2(65 ' (log7))))) - z(exp(Ty(B5 (7))
Ploaso) [F © 91 Po ) [F]

B Aas,B2) [g]
Proof. For all sufficiently large values of r we have
(39) as(exp(Tyog (B3 (1)) < (Pas ) Lf 0 9] + )
Again for all sufficiently large values of r it follows that
(40) az(exp(Ty (B (1)) = (Mazsa) l9] — )1

Now combining (39) and (40) we have for all sufficiently large values of r that

0(exp(Tyog (B3 (1)) _ Plassn [f o9l +e
ax(exp(Ty(B;1(r) ~ Aaa [9] — €

As (> 0) is arbitrary we get from above that

" r 0 (exp(Tyog (B3 (1)) _ Plassn) [f © 91
4 P w5 ) S Newn 9
Now from (37) and (41) we obtain that

i sup 2152 Treq (B (10 7)) - 5 (exp(Treq (B3 (1))
roo. Br(exp(T,(2(5;  (logr))))) - as(exp(T, (55 (1))

e pm(exp(Tfog(ﬂ;laogr)))) B o )
rtoo B1(exp(Ty(2(By " (log7)))))  rotoe aa(exp(Ty(By " (r))))
P(az,B3) [f © g] Ploa,B1) [f]
/\(0427/32) 9]
Hence the theorem follows. O

THEOREM 3.14. Let f be meromorphic and g be entire such that p(a, g,) [f] < +00
and N(ay ) [f © g] = +00. Then

lim az(exp(Troq(r)))
r—+00 QY1 (eXp(Tf (5;1 (ﬁ3 (7“)))))

Proof. Let us suppose that the conclusion of the theorem do not hold. Then we
can find a constant A > 0 such that for a sequence of values of r tending to infinity

(42) as(exp(Trog(r))) < A - an(exp(Ty (B (B3(r)))))-

Again from the definition of p(a, g,) [f], it follows for all sufficiently large values of
that

(43) a1 (exp(Ty (By ' (B5(r)))) < (Pars) [F]+€)Bs(r).

Thus from (42) and (43), we have for a sequence of values of r tending to infinity that

a3(exp(Trog(r))) < Alp(as,p) [f]+ €)B5(r)

= +o00.
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ag(exp(Tyog(r))) _ Alp(ar,on) [f] +€)Bs(r)

1.€.,

Bs(r) - Bs(r)
. cas(exp(Trog(r)))
e, 1 f =)\ )
v.e., 1&}3 Ba(r) (c3,83) [fog] <400
This is a contradiction.
Thus the theorem follows. O]

REMARK 3.15. Theorem 3.14 is also valid with “limit superior” instead of “limit”
if A(ag,3s) [f © g] = +00 is replaced by p(a, s, [f © g] = 400 and the other conditions
remain the same.

Analogously one may also state the following theorem without its proof as it
may be carried out in the line of Theorem 3.14.

THEOREM 3.16. Let f be meromorphic and g be entire such that p(a, g,) [g] < +00
and p(as,,) [f o g] = +o00. Then

Ty,
i sup 3SR Tre (1)
r—+oo 1 (exp(T (B, (B5(1)))))
REMARK 3.17. Theorem 3.16 is also valid with “limit” instead of “limit superior”

if Prag,s) [f © 9] = +00 is replaced by Ay, [f © 9] = +00 and the other conditions
remain the same.

= +00.
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