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THE INCLUSION THEOREMS FOR GENERALIZED VARIABLE
EXPONENT GRAND LEBESGUE SPACES

IsMAIL AYDIN AND CiHAN UNAL*

ABSTRACT. In this paper, we discuss and investigate the existence of the inclusion
LPO0 (1) € L9O0 (1), where p and v are two finite measures on (X, ¥) . Moreover,
we show that the generalized variable exponent grand Lebesgue space LP():¢ (Q) has
a potential-type approximate identity, where Q is a bounded open subset of R¢.

1. Introduction

Let (X, %, 1) and (X, X, v) be two finite measure spaces. It is known that {7 (X) C
[7(X) for 0 < p < ¢ < oco. Subramanian [25] characterized all positive measures p
on (X,¥) for which L? (u) C L7 (u) whenever 0 < p < ¢ < oo. Also, Romero [23]
investigated and developed several results of [25]. Moreover, Miamee [21] obtained the
more general result as L” (1) C L9 (v) with respect to p and v. Aydin and Gurkanli [3]
proved some inclusion results for which LP() (1) € L) (v). Moreover, these results
was generalized by Gurkanli [14] and Kulak [20] to the classical and variable exponent
Lorentz spaces.

In 1992, Iwaniec and Sbordone [17] introduced grand Lebesgue spaces LP) (Q2), 1 <
p < 00, on bounded sets 2 C R?. Also, Greco et al. [16] obtained a generalized version
Lp)o (©2). Recently, these spaces have intensively studied for various applications,
see [4], [12], [13], [18], [22]. The variable exponent Lebesgue spaces LPM)(R?) was
considered by Kovacik and Rakosnik [19]. They presented some basic properties
of LP(R?) including reflexivity, Holder inequalities etc. These spaces have many
applications such as elastic mechanics, electrorheological fluids, image restoration and
nonlinear degenerated partial differential equations. For more information, we refer
to [7], [10] and [11]. Gurkanli [15] studied the inclusion LP)? (1) € L9 (v) under some
conditions for two different measures 4 and v on (X, Y), and proved that L (1) has
no an approximate identities. The generalized variable exponent grand Lebesgue space
L2 (Q) was introduced and studied by Kokilashvili and Meskhi [18]. The authors
established the boundedness of maximal and Calderon operators in these spaces. It
is note that, the space LP()? (Q) is not reflexive, separable, rearrangement invariant
and translation invariant.
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In this paper, we investigate the inclusion LPO¢ (1) C€ L0 (1) for two different
finite measures p and v on (X,X). Also, we consider the problem of the conver-
gence of approximate identities in the generalized variable exponent grand Lebesgue
space LPO)9 (11). Moreover, we will show the existence of a potential-type approximate
identity for the space LP()? (1) . These problems were considered several authors such
as Cruz-Uribe and Fiorenza [6], Diening [9], Gurkanli [15]. Finally, we obtain more
general results than [6] and [15].

2. Notations and Preliminaries

In this section, we give some essential definitions, theorems and remarks in gener-
alized variable exponent grand Lebesgue space L2 (1).

DEFINITION 2.1. (see [1]) Let (X, |.||y) and (Y, ||.||y-) be two normed spaces. We
say that the space X is continuously embedded in Y, briefly X — Y, if X C Y and
there exists ¢ > 0 such that || f||, < c||f]|y for every f € X.

DEFINITION 2.2. Assume that (X, ¥, ) is a finite measure space. Also, let p(.) :
X — [1,00) be a measurable function (variable exponent) such that

1 <p =essinf p(z) < p" = esssup p(x) < .
zeX zeX

The variable exponent Lebesgue space LP)(u) is defined as the set of all measur-
able functions f on X such that g,)(Af) < oo for some A > 0 equipped with the

Luxemburg norm
: ' f
I, = 2> 05 00 (4) <1},

where 0,y(f) = [ /(@)™ du(x). Tt is known that the space LP")(u) is a Banach

b

space in sense to the norm |.[[, ). Moreover, the norm ||.|[, ) coincides with the usual
Lebesgue norm ||.||, whenever p(.) = p is a constant function. Also, it is known that
f € LPY(p) if and only if g,y (f) < oo, see [7,10,11].

REMARK 2.3. (see [11]) If f € LPO) (), then we have
+

) 1150 < pocr (F) < W F Iy for I1f 1, = 1

(i) [1£112) < poy (F) < Hfl!p() for [ £, < 1.

DEFINITION 2.4. Let 6 > 0. The generalized variable exponent grand Lebesgue
space LPOY (1) is the class of all measurable functions such that

_0
||f||p(.),e,u = sup er - Hf“p(-)—au < 0.
O<e<p——1

It is note that these spaces coincide with the grand Lebesgue spaces L) (1) whenever
p(.) = pis a constant function. Moreover, it is easy to see that the following continuous
embeddings hold;

(1) LPO ey [P0 ey PO s I 0<e<p —1
due to p (X) < o0, see [8,18,22].
The following proposition is called Nesting Property, see [8, 18].
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PROPOSITION 2.5. Assume that 0, < 65. Then we have
PO ey [POO oy POz oy TPO=E e [0 < e <p —1
due to p (X) < oc.

REMARK 2.6. There are several differences between LPU) () and LPOY (). For
instance, the set of bounded functions is not dense in LPO) (1), and the closure of
L* in the norm of LP“)? (1) can be characterized by the functions f such that

6
slinosup grm e ||f||p(_)—a,u =0,

see [2]. Moreover, the space LP¢)? (1) is not reflexive, separable and rearrangement
invariant, see [8,18].

Throughout this paper assume that p*, ¢" < co.

3. Inclusions of The Space L7 (y)

Throughout this section, we assume that (X, ¥, p) is a finite measure space. We say
that p is absolutely continuous with respect to v (denoted by p < v) if u (E) = 0 for
every I € 3 such that v (F) = 0. If two measures p and v are absolutely continuous
with respect to each other, that is p < v and v < p, then we denote it by the symbol
AL

The notation LPO? () C L20¥ (v) means that every equivalence class of func-
tions (i.e. the class of all y-measurable functions on X equal to each other u-almost
everywhere) of LP)? (1) belongs to L20)¢ () as a equivalence class. There is, how-
ever, another possible interpretation for LP()? (1) C L9099 (1), namely any individual
function f with || f[|,, 4, < oc has the property |||, 4, < oo

LEMMA 3.1. Let (X,%, u) and (X,3,v) be two finite measure spaces. Then we
have L) (1) C L9090 (v) in the sense of equivalence classes if and only if u ~ v and
LPOY (1) € L9 (1) in the sense of individual functions.

Proof. Suppose that LPO? (1) C L1 (1) holds in the sense of equivalence classes.
Let f € LPO? (1) be any individual function. This implies that [ flly0, < oo and

f € LPOY (1) in the sense of equivalence classes. Hence, we have f € L4 (v) in
the sense of equivalent classes by the assumption. This implies || f]| (0 < 00 and

f € L7O¥ (1) in the sense of individual functions. Therefore, we get
LPOY (1) € LIO0 (1)

in the sense of individual functions. Now, let E' € ¥ such that u(F) = 0. If xp is
the characteristic function of E, then we have xyg = 0 p-almost everywhere. Hence
we have

0o (XE) = / I (@))% dpt = 1 (E) = 0.
X

Since p* < oo, we get |[x&ll )., = 0 and xp € LPO=¢(p) for all e € (0,p~ — 1).
Therefore yg is in the equivalence class 0 € LPO=¢(y) for any € € (0,p~ —1). By
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definition of [|.|| 4 ,, we obtain

),0,u°

o
HXEHP(,)@# = sup ¢&r - HXEHp(.)—a,y, =0
O<e<p——1

and 0 € L0 (1) in the sense of equivalence classes. Since the equivalence class of 0
(with respect to p) is also an element of LI (1), then Y is in the equivalent classes
of 0 € L9V (v) with respect to v. That means IXEll ()0, = 0. Moreover, by (1), we

have L9009 « [90)=¢ for all € € (0,¢q~ — 1). This yields ”XE”q(.)—e,y — 0 and then
V(E) = 04()-co(XE) = / Ixs|* 7 dv = 0.

This yields ¥ < p. In similar way, one can prove that y < v. The proof of sufficiency
is easy to see. 0

THEOREM 3.2. LPWY (1) C LIO9 (1) in the sense of equivalence classes if and only
if u =~ v and there exists a C' > 0 such that

(2) 1) 00 < C Ul 0,
for all f € LPOO (p).

Proof. Let LP)9 (1) C L9099 (1) in the sense of equivalence classes. Now, we
denote the sum norm on LPM)? (1) by

|||| = ||'||p(.),97u + ||-||q(.),e,u

The space LPO (1) is a Banach space with respect to ||.|[. To prove this, we assume
that (fn),cy is a Cauchy sequence in LPO (). Then for all n > 0 there exists
N (n) > 0 whenever n,m > N (n) such that

_6
||fn - mep(-)ﬁ,N - Sup e ||fn B mep(')_‘s’M = K
O<e<p——1

and

_6
”fn - meq(.)ﬁm = sup er —¢ ”fn - meq(.)—a

O<e<g——1
This yields that (f,), .y is also a Cauchy sequence in LPO (1) and L0 (v), and
(fa),en converges to functions f € LPO? () and g € Lq( (v), respectively. If we
use the embedding L) (i) < LPO=¢ () for € € (0,p~ — 1), then we obtain that
there is a subsequence (fy,);cy Of (fn),en such that f,, H f (p-almost everywhere).
Also since (fy),cy converges to g in L9 (1), then it is easy to prove that (fn,),cn
converges to g in L0 (v) and f,, — g (v-almost everywhere) due to L10Y (v) —
Li0)=¢ (v) for € € (0,q~ — 1). Therefore, one can find a subsequence (f"k) of (fn,)

such that f,, — g (v-almost everywhere). If we consider the space LPOY (1) is

a subspace of L)Y (1) in the sense of equivalence classes, then we have p ~ v by
Lemma 3.1. This follows the inequality

(&) = g(@)] < [£(2) = fu, (@) +

fon, (@) = 9(a)]
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that we have f = g (u-almost everywhere). Since p &~ v, we obtain f = g (v-almost everywhere),
and f, — f in LPO? (1) with respect to the norm ||.||. Now, we define the identity

operator I from (LP0} (1) ,[.]|) into (pr (1), ||.y|p(.w). Since
I Loy = 1 oy 0 < NI

then I is continuous. If we consider the Banach’s theorem, then [ is a homeomorphism,
see [5]. This yields the norms .|| and .||, , are equivalent. Thus there exists a
C > 0 such that

M

< ClUf o) 00
for all f € LPO? (). Finally, we have
1 a0 < WIS CUF o) 00

This completes the necessity part of the proof. Now, we suppose that ; ~ v and the
inequality (2) holds for L) (11). Then, we have LPO (1) € LIO¥ () in the sense
of individual functions. By Lemma 3.1, the space LP() (1) is a subspace of LI0)0 (1)
in the sense of equivalence classes. That is the desired result. O

PROPOSITION 3.3. Assume that the space L'(1) is contimuously embedded in
L'(v). Then we have LPV) (u) C LPO (v).

Proof. By the assumption, there exists a C'; > 0 such that
(3) 1Py, < Cullhlly,

for all h € L'(u). Now, let f € LPY (i) be given. Since the space LPU) (u) is
continuously embedded in LP()=¢ () for all € € (0,p~ — 1) and p* < oo, we have

Op()—= () = / |F1P % dp < oo,
X

that is | f["")™° € L' (u) for any € € (0,p~ — 1). By (3), we get |f["Y)"° € L'(v) and

op()-ew(f) < Ch / F1P97 dp = Cropey—ep(f).
X

This follows by Remark 2.3 that

115,00
0 1 1
< sup gpT—¢ [max{(gp(.)_syy(f))p——a , (Qp(.)—s,u(f))m—_s }]
O<e<p——1

+
_6 b=
< C; sup er = [max{||f|;’(.)_5€7u,1}]
O<e<p——1

_0 +
< (1 sup er - [maX{HfHZ(.)—awl]

O<e<p——1
Again, by LPU) (u) < LPU= () for all € € (0,p~ — 1), we get
_0 +
Iflyros < @) +DC sup e [max {77, 1}]

O<e<p——1

= (WX)+1)C(p - 1)9max{||f||zz),ﬂ , 1} < .
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This yields LPO) (u) € LPOO (v). O

PROPOSITION 3.4. Assume that LPO9 (i) C LPOP (1), Then pu ~ v and there
exists a C' > 0 such that
v(E) <C(u(E)+1)
for all E € ¥.

Proof. Let E € 3. By Theorem 3.2, we have p =~ v and there exists a C' > 0 such
that

1 00 < C IS llpe) 6,
for all f € LPO)? (1), By [7, Lemma 2.39], we get that yp € LPU==1 yp € LU=,
IXEly)—ep <1 (E)+ 1, IxEl, ) SV(E)+1and xp € LPO? (u) C LPOC (v) for

—e, v —

all € € (0,p~ — 1). If we consider the fact that L) (v) < L' (v), then we obtain
v(E) < Clixellyow < ClIxellyoo.

< C (-1 (n(BE)+1).

This completes the proof. n
PROPOSITION 3.5. Let 61 < 05 and 1 < ¢(.) < p(.). Then we have

LPOO () o= LI ()

or equivalently there exists a C' > 0 such that
1y 000 < C@ D) 1 000

for all f € [P (1)

Proof. Let f € LP)9 (1) be given. If we consider the Proposition 2.5, then we have
f e LPOO%2 (1), Since u(X) < oo and q(.)—e < p(.)—e, we get LPO~ (1) — LI~ (),
i.e. there exists a C' (¢) > 0 such that

Hf”q()—au Sg(j(g>||f”ﬁ()‘&ﬂ

for f € LP7¢(u) and ¢ € (0,p~ — 1). It is note that identity operator does not
exceed p (X)) + 1, see [19]. Thus, for all € € (0,p~ — 1) we have C' () < p(X) + 1.
This yields

2
[l omp = ((X)+1) sup e |[fll, .,
O<e<qg™—1
09 09 —0y
— @ +D) swp e Ee e
O<e<qg™—1
_f2
< (wX)+1)C sup e |[fll e
O<e<p——1
= ((X)+ 1) C Sl 00, < 0
%(p_fq_)
where C* = supg.,- €@ ~9" =), This completes the proof. O

PROPOSITION 3.6. Let 1 < p(.) < p* < ¢~ < q(.). If LPVO (1) C LIO0 (1), then
there exists a constant m > 0 such that p (E) > m for every p-non null set E € ¥.
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Proof. By Theorem 3.2, there is a C' > 0 such that

(4) 1Ly 00 < CUF Iy

for all f € L9 (u). Let E € ¥ be a p-non null set and p (F) < oco. Therefore, we
get

0
||XE||p(.),9,u = sup gr 7 ||XE||p(.)—E,M
O<e<p——1

< (WE)Y+1) (p —1)" <0
and
Xl < C () +1) (7 —1)" < 00
This implies xg € LI (u). If We assume that p (F) > 1, then there is nothing to
prove. Now, let i (E) < 1. Since (E) > 1 and 2 ) =<1, we get

o) XE B /|XE ()" d

-)—¢& - £

ey )
/|XE PO dp = 1.

Thus we obtain

1
(5) IXElpy ey < 1 ()7
by definition of [|.[|, ), for all e € (0,p~ —1). By Remark 2.3, we have

1
p(E)a—= < ||XE||q(,)—
for any € € (0,¢~ — 1) . This yields

[ 1 0
sup ea —<cp(E)a-—= < sup ed ¢ ||XE||q(
O<e<qg——1 O<e<q——1 ’

)_6““ '

Thus, we have
1

_ 0 L
(q - 1) H (E) < HXE”q(.),G,u
By (4), there exist a C' > 0 such that

1

_ 0 L
(6) (q — 1) p(E) <C HXE”p(.) 0,1
Moreover, by (5) and (6), we have

or equivalently

p~—1
Since pt < ¢~, we get p%r — q% > (. Therefore, we obtain
p(E)=m

_ 0\ ¢——pT
where m = (% (;_:1) ) . That is the desired result. H
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4. Approximate Identities in LP0)? (Q)

Let Q C R be bounded and open set. It is well known that the classical Lebesgue
space LP(€)) has a bounded approximate identity in L'(€2). Gurkanli considered
LP19(Q) does not admit a bounded approximate identity in L'(£2) in [15, Theorem 4],
and also [L” (2)] , 4, the closure of C5°(£2) in P19 (Q), admits a bounded approximate

identity in L*(Q) in [15, Theorem 6]. Moreover, Cruz-Uribe and Fiorenza proved the
convergence of a potential-type approximate identities, both pointwise and in norm,
in variable exponent Lebesgue space LP) (Q) where © C R? is unbounded and open
set (see Theorem 2.2 and Theorem 2.3 in [6]). Also, a weaker version of Theorem
2.2 in [6] was considered by Diening [9]. In this section, we will discuss that the
convergence of potential-type approximate identity is valid for LP()-¢ ().

DEFINITION 4.1. Let P, () be the class of exponents p(.) satisfying the local
logarithmic condition that there is a positive constant ¢y such that for all x,y € €2
with d (z,y) < 1,

Co

lp(z) —p(y)] < m

Moreover, let Pvll;)f (©) be the class of exponents satisfying the condition, i.e. there
exists positive constants a and b such that if d (z,y) < b, then

lp(z) —p(y)] < —In(u(B(z,y)))

where B (z,y) is an open ball with center x € Q and radius y > 0. Also, if u is a
finite measure, then it is obvious that P/°® (Q) C P\° (), see [18].

oc loc

For f € L},.(Q), we denote the (centered) Hardy-Littlewood maximal operator
Mf of f by

MfG@) = s [ 1wl ds

B(z,r)
where the supremum is taken over all balls B(z,r). It is well known that the Hardy-

Littlewood maximal operator is bounded in LPO# (Q) if p(.) € P (Q) and 6 > 0,
see [18, Theorem 3.1].

DEFINITION 4.2. Assume that ¢ is an integrable function defined on R? such that

[ ¢(z)dx = 1. For each ¢ > 0, define the function ¢; (z) = ¢4 (£) . The sequence
R4

{¢¢} is referred to as an approximate identity. It is known that for 1 < p < oo, the
sequence {y; * f} converges to f in LP (Q), i.e.

T s f— fll,0 = 0.

see [24]. If we impose additional conditions on ¢, then the entire sequence converges
almost everywhere to f. Define the radial majorant of ¢ to be the function

o(x) = sup [o(y)].

ly|>]|

If the function @ is integrable, then {¢;} is called a potential-type approximate iden-
tity, see [6].
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THEOREM 4.3. (see [24, Theorem 2]) Let {¢} be a potential-type approximate
identity. Then

(i) sup |o; * f(z)| < AM f(x) for f € LP(R?), 1 < p < oo where A = [ ¢(z)dx.
t>0 d
(i1) tli_n)10 (pr % f) (x) = f(x) almost everywhere. ‘

(iii) If p < oo, then we get ||¢; * f — fl|, — 0o ast — 0% for f € LP(R?).

The following theorem is proved by Diening for f € LP¢)(Q) where € is a bounded
and open subset of R, see [9, Corollary 3.6].

THEOREM 4.4. Let {¢;} be a potential-type approximate identity. Then
(i) sup g« f(x)| < 2AM f(z) for f € L70().
>0
(i1) tlimo (pr * f) (x) = f(x) almost everywhere.
—

(#ii) If p* < oo, then we have ||¢; * f — fllpy —> o0 ast — 0F for f € LPO(Q).
Furthermore, we obtain

[pe* fllo) < C AP IMfl,) < C(AD) I, -

Now, we are ready to present the main theorem of this section for the space

Lp(')79 (Q) X
THEOREM 4.5. Let {y;} be a potential-type approximate identity. Then
(i) sup |, * f(z)| < 2AM f(x) for f € LPOO(Q).
>0
(i1) tlimo (pr % f) (x) = f(x) almost everywhere.
H

(111) If p* < oo, then we have ||¢; * f — pr(J,@,u — 00 ast —» 0% for f € LPOA(Q).
Moreover, we get

100 % Fllpey0 < C (AP IM 00 < C (AD) [l
Proof. By (1), we have
POy POy 1 0<e<p —1

due to p(€2) < oo. This yields (i) and (i) by Theorem 4.3. To prove (iii), let
f € LPO9(Q) be given. If we consider [18, Theorem 3.1], then we have

e Fllpey o0 < 2A0M flly) 0,0 < 2AC N F Il 0, < 00
This yields ¢, * f € LPO9(Q) and ¢, * f € LPO=5(Q) for all t > 0, ¢ € (0,p~ — 1).
Since (i) holds, we obtain
oo fla) = f@)PD7 < (e f@)] + | f@))"
< C) (IMf(@) +]f@))" " € LNQ)

due to f € LPH)~5(2) and the boundedness of maximal operator in LPH)=¢((Q) for all
e € (0,p~ —1). Since p™ < 0o, we get

Op()—eplrx f— ) — 0
if and only if

lpe* [ = fllp)-epy — 0
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as t — 0T for any € € (0,p~ — 1) by the Lebesgue dominated convergence theorem.
Therefore, for every n > 0 there exists an h > 0 such that

loe s f = fllp)—ep <1
for all ¢ satisfying t < h and

%)

_ 0
e * f — f”p(.),e,u <n sup er == (p 1)

O<e<p——1

This completes the proof. O
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