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INEQUALITIES CONCERNING POLYNOMIAL AND ITS
DERIVATIVE

B. A. ZARGAR, M. H. GULZAR, AND TAWHEEDA AKHTER*

ABSTRACT. In this paper, some sharp inequalities for ordinary derivative P’(z) and
polar derivative D, P(z) = nP(2) + (o — z) P'(2) are obtained by including some of
the coefficients and modulus of each individual zero of a polynomial P(z) of degree
n not vanishing in the region |z| > k, k > 1. Our results also improve the bounds
of Turan’s and Aziz’s inequalities.

1. Introduction and statement of results

Let P(z) be a polynomial of degree n and P’(z) be its derivative, then concerning
the estimate of |P'(z)] on |z| = 1, we have
(1) max |P'(2)] < nmax |P(2)].
Inequality (1) is a famous result due to Bernstein [5] and equality holds if and only if
P(z) has all its zeros at the origin.
If P(z) is a polynomial of degree n having all its zeros in |z| < 1, then Turén [11]
proved that
(2) max |P'(2)| > = max|P(2)|.

|z|=1 2 |z|=1
As a generalization of inequality (2), Aziz [1] considered the modulus of each zero

of the underlying polynomial in the bound and proved that, if P(z) = > a,2" =
v=0

an [ (z — 2,) is a polynomial of degree n having all its zeros in |z| < k, k > 1, then
v=1

2 «— k
P'(z)| > P(z)].
3 mex| PG 2 T e e 1P

The result is best possible and equality in (3) holds for P(z) = 2™ + k™.
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For a polynomial P(z) of degree n, the polar derivative D, P(z) of P(z) with respect
to a complex number « is defined as

D.P(z) :=nP(z) + (a — 2)P'(2).

D,P(z) is a polynomial of degree at most n — 1 and it generalizes the ordinary
derivative in the sense that
D.,P

lim DaP(z) = P'(2).

a—00 (6]
Bernstein type inequalities on complex polynomials have been extended from ordinary
derivative to polar derivative of complex polynomials. For reference, see( [2], [4], [8],
9)).
Recently P. Kumar [10] proved the following generalizations of inequalities (2) and
(3) by including the coefficients and considering the modulus of each individual zero.
In fact, Kumar proved:

THEOREM 1.1. If P(z) = ) a,2" = a, [[(# — 2,) is a polynomial of degree n
= v=1

v=0
having all its zeros in |z| < k, k > 1, then

: 2 (lanlk" —lao))(k —1) ]~k
@& paxlPEl= 1+kn+(1+kn)(|an|kn+k|a0|)}Zk—mﬁx’“z”'

The result is best possible and equality in (4) holds for P(z) = 2" + k™.

THEOREM 1.2. If P(z) = Z a,z’ = a, [[(z — z,) Is a polynomial of degree n
v=1
having all its zeros in |z| < k, " > 1, then for any complex number a with |a| > k

(5)

2(la] - k) (an k™ = laol) (k ]Z”
DoP(2)| > | = —k
gl‘a)ld ( )| > T + (|Oz| )(1—|—]€")(| n|k‘”+k‘|ao|

The result is best possible and equality in (5) holds for P(z) = 2" + k.

k+|zy||| ¥ [P)L

2. Main Results

In this section we present the main results. In the inequalities (4) and (5) the
bound depends on the coefficients ag and a,, and modulus of each individual zero of
underlying polynomial. We refine all the above results by obtaining the bound which
involves modulus of each individual zero and the coefficients ag, a1, as and a,, of the
underlying polynomial. In fact, we prove:

THEOREM 2.1. If P(z) = Z a,z’ = a, [[(z — z,) is a polynomial of degree n
v=1
having all its zeros in |z| < k, " > 1, then

s [2 ol —laol = 1) T~
P91 | R ol Zk—m'P(z)'

2‘@1‘ k™ I 2|(l2‘ kn— I 1 kn—3 —
— f >3
+k”1< n+1 R n—g | "

(6)
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and

max |P(2)] > [ 2 4 IR a0k }Z P(2)]
(1) |2|=1 1+ 3 (1+k3)(]a3|k3+k|a0] k+ |z |z| T
1

k—
2k?

The result is best possible and equalities in (6) and (7) hold for polynomial P(z) =
2"+ k"

+ [(k+ 1)|ay| 4+ 2(k — 1)]as]], for n = 3.

REMARK 2.2. For k = 1, Theorem 2.1 reduces to inequality (2).

REMARK 2.3. The bound obtained by Theorem 2.1 is sharper than the bound
obtained from Theorem 1.1. In order to show the sharpness of bounds here we present
the following example.

EXAMPLE 2.4. For the case n > 3, consider P(z) = (z + 3)(z 4+ 1)?(z + 2). Here
we take k = 2, then we find all the zeros of P(z) lie in |z| < 2. For this polynomial,
the bound for I|n‘ax |P'(2)| of Theorem 1.1 comes out to be 6.12 and by inequality (6)

z|=1

of Theorem 2.1, it comes out to be 10.05, which is a significant improvement over the
bound obtained from Theorem 1.1.

For the case n = 3, consider P(z) = (z + 3)(z + 1)(z + 2). Here we take k = 3,
then we find all the zeros of P(z) lie in |z| < 3. For this polynomial, the bound for

ﬁax |P'(2)| by Theorem 1.1 comes out to be 1.8 and by inequality (7) of Theorem
2.1, it comes out to be 4.91, which is also a significant improvement over the bound

obtained from Theorem 1.1.

THEOREM 2.5. If P(z) = Z a,z” = ap [[(z — 2,) is a polynomial of degree n
v=1

having all its zeros in |z| < k, & > 1, then for any complex number o with |a| > k
(8)

2(jo] — k) (lan k" — |aol) (K -
g 0P > A2+ ol =0 2 | S e )

+2|na0+aa1| knt—1 +|(n—1)a1—i-204a2| EFrt—1 0 g3 -1
1 nt1 -1

k+ ’ZV’ |z| 1

n—1 n—3
for n > 3 and

(9)

2(|al — (Jas|k® — |ao|)(k — 1) k
D, P _ p
max| [ 1+k3 el = R R (as Tk + Flao] Zmpyyfﬁi’f' (2)]
Lkt
ok2 [(k+1)|3ag + aay| + 2(k — 1)|a; + aas|], for n = 3.

The result is best possible and equalities in (8) and (9) hold for polynomial P(z) =
2"+ k"

REMARK 2.6. Theorem 2.5 is an extension of Theorem 2.1 to the polar derivative.
If we divide inequalities (8) and (9) both sides by |a| and letting |a] — oo, we get
Theorem 2.1.
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3. Lemmas

In this section we present some lemmas which will be needed in the sequel. The
first lemma is a special case of a result due to Aziz and Rather| [3], [4]].

LEMMA 3.1. If P(2) is a polynomial of degree n having all its zeros in |z| < 1, then
for |z] =1
(10) Q' (2)] < [P'(2)],
where Q(z) = 2"F(1/%).

The following lemma is due to Dubinin [7](see also [10]).

LEMMA 3.2. If P(z) = ag + a1z + a2® + ... + a,2"™ is a polynomial of degree n > 1
having no zeros in |z| < 1, then for R > 1,

[(1 + R")(|aol + Rlan|)
(14 R)(lao| + [an)

The next lemma is due to Dewan et al [6].

(11) max | P(2)] <

| max|Po)L.

LEMMA 3.3. If P(z) is a polynomial of degree n, then for R > 1

i R —1
max |PG)| < B max ()] -2 (1) 1Po)

|2l=R n—+2
(12) . s
N [R n 1_Rn—21} |P'(0)], ifn>2
and
(13)
max |P(z)] < R max|P(2)] - (RQ_ YR+ D)IPO)] + (R - 1)IPO)], ifn=2.

4. Proof of theorems

Proof of Theorem 2.1. Let F(z) = P(kz), then F(z) = a,k™ [] (¢ — %) has all its

v=1
zeros in |z| < 1. Since for all z on |z| = 1 for which F(z) # 0,

2F(2) O z
F(z) Z z—(2,/k)

v=1

which gives

2F'(2) = 1 RN k
Re( F(z) ) Z;1+!Zu/k’\ _;kﬂzul'

This gives for all z on |z| = 1 for which F(z) # 0

2F'(2) = k
> .
F(z) | — ; k+ |z
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That is,

(14) max |F'(2)] > z": k max |F(z)].
|z]=1 — k+ |z Iz1=1

Replacing F(z) by P(kz), we obtain

(15) kmax |P'(z)] > Zn: ko max | P(z)].
|2l=k —k+ |z 2=k

Now applying inequality (12) of Lemma 3.3 to the polynomial P’(z) which is of degree
n — 1 with R = k > 1, we obtain for n > 3,

2=k |z[=1

n+1

_2|a| knfl_l_kn%S_l
2 n—1 n—3 |

Using inequality (16) in inequality (15), we get

k11 k=1l 1 k3 — 1
n / o I —
k f?\i}ﬂp(z)' 2]a1|/<:( ] ) 2\a2|k{ m— 3 }

- 1
max |P'(2)| < k"' max |P'(2)| — 2|a4| (—)
(16)

(17)

"k
=2 m) P for n > 3.
- 2 k+ 2 ‘ﬁjiﬁ (2)], for n

Since F(z) = P(kz) has all its zeros in |z| < 1, therefore F*(z) = 2"F(1/Z) =
2"P(k/Z) has no zero in |z| < 1. Hence by applying Lemma 3.2 to the polynomial
F*(z), with R =k > 1, we have

(14 &™) (|an|E™ + K|ao])

18 max |F*(z)| < max | F™*(2)|.
Also
fﬂgﬂF*(Z)l = k" fngflP(Z)!,

ﬁg}f|F(2)| = ﬁ§>]§|P<Z)|
and

H§>1<|F*(z)| = {r1|61>1<|F(2)|-
Replacing these in inequality (18), we get

1 n

(19) max |P(2)] > kL R Uanlk” +Jaol) gy,

R (L + &™) (Jan|&" + Klao]) et
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Combining inequalities (17) and (19), we obtain for n > 3

(14 k)(an|E™ + |ao|)
l(1+k”)(|an|k"+k|ao| ) el x| Zk+|zu|r|?\a}1{ P@)l

20ay| (k"1 — 2]ay| [k — En3 — 1
+ + 2 -
kr—1 n+1 krl n—1 n—3
2 (lanlk™ —lao)(k —1) T~ k&
= P
L+k”+(1+k”)(|a k™ + klao|) Zk max| ()]
oar] (K1 =1\  2as| [ —1 k"3 —1
+ = + - .
kn—1 n4+1 kn—1 n—1 n—3

This proves the result in case n > 3. For the case n = 3, the result follows on similar
lines but instead of using inequality (12) of Lemma 3.3 , we use inequality (13) of
Lemma 3.3. This proves the theorem completely. O

Proof of Theorem 2.5. Let F(z) = P(kz), then all the zeros of F(z) lie in |z| < 1.
If Q(z) = 2"F(1/Z), then one can easily obtain that

Q' (2)] = [nF(z) — 2F'(2)|, for |2 = 1.
This gives with the help of Lemma 3.1 that
(20) |F'(2)| > |nF(z) — 2F'(2)|, for |z| = 1.

llm|aX|P’( 2)| =2
1

Now for every complex number «, we have for |z| =1
[DajiF(2)] = InF(2) + (a/k = 2) F'(2)]
> 5 - o e) - 2P0,

which gives by using inequality (20) for |z| =1 and |a] > &

Danr () = (P75 1,

or equivalently,

—k
x| Doy F(2)] > (‘O"T) max |F'(2)],

which is nothing but

max 0P (h2) + (a/k — 2)kP'(h2)] > (WT_’“> max |F(2)].

|2|=1 |2|=1

By using the definition of polar derivative and inequality (14), we obtain

ol -
eI, P) = () Y e o)

This gives

(21 ]|m|aX|D P2 2 <|a| >2k+ 2] T=Izk xIP()1
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Since F(z) = P(kz) has all its zeros in |z| < 1, therefore F*(z) = 2"F(1/z) =
2"P(k/Z) has no zero in |z| < 1. Hence by applying Lemma 3.2 to the polynomial
F*(2), with R =k > 1, we have

(14 &™) (|an|E™ + K|ao])

22 max |F*(z)| < ax |F*(z)].
(22) x| ) < S (el ao) e )]
Also
{n‘@,ﬂF*(Z)\ = k" r|n‘§>1<|P(Z)!,

frll§>1<|F(Z)| = ﬁ§>l§|P(Z)|
and

ﬁ§>f|F*(Z)| = 1|11|§?1<|F(z)|-
Replacing these in inequality (22), we get

(1 + k) (lan|E"™ + |ao|)

23 max |P(z)| > k" ax |P(z)|.
( ) |z|:k| ( )| = (1+k”)(|an|k:"—|—k:|ao|) |z|:1| ( )|

Also D,P(z) is a polynomial of degree n — 1, hence by applying inequality (12) of
Lemma 3.3 to the polynomial D,P(z) with R = k > 1, we obtain for n > 3
gt 1
max |D,P(2)| < k" ' max |D,P(z)| — 2|nag + aa;| | ————
D, P(2)] < 6 max | D, P~ 2hnao + aan] (£ )
knfl -1 k,nf?) _ 1:|

n—1 n—3

(24)

—|(n = 1)ay + 2aas| [

Inequality (21) in conjuction with inequalities (23) and (24) yields for n > 3
(14 k) (|an]k™ + |ao|) ] ~  k
—— max | P(z
[(1 ) (anlk" + Elao)) Z; P e PGl
N 2lnag + aay| (k"1 —1 N |(n —1)a; + 2acag| [k"1—1 k"3 -1
kn—t n+1 kn—1 n+1 n—3
2ol — k) (lanlk™ —lao)(k —1) T~ K
— —k P
[ 1+ kn + (|af )(1+kn)(|an|kn+k|a0|) Z max | P(z)]
N 2lnag + aay| (K" —1 [(n = Dai + 2aay| [ =1 k"% -1
k1 n+1 k1 ’

which proves the result in case n > 3. For the case n = 3, the result follows on similar
lines but instead of using inequality (12) of Lemma 3.3, we use inequality (13) of
Lemma 3.3, which completely proves Theorem 2.5. O

max | Do P(2)] > (la] = k)

jz=1

v=1

n—1 n—3
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