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SOFT INTERSECTION AND SOFT UNION k-IDEALS OF
HEMIRINGS AND THEIR APPLICATIONS

RUKHSHANDA ANJUM, AQIB RAzA KHAN LODHI, MOHAMMAD MUNIR*,
AND NASREEN KAUSAR

ABSTRACT. The main aim of this paper is to discuss two different types of soft
hemirings, soft intersection and soft union. We discuss applications and results
related to soft intersection hemirings or soft intersection k-ideals and soft union
hemirings or soft union k-ideals. The deep concept of k-closure, intersection and
union of soft sets, A-product and V-product among soft sets, upper S-inclusion and
lower (-inclusion of soft sets is discussed here. Many applications related to soft
intersection-union sum and soft intersection-union product of sets are investigated in
this paper. We characterize k-hemiregular hemirings by the soft intersection k-ideals
and soft union k-ideals.

1. Introduction

H. S. Vandiver [25] tell about the principle idea of semirings as a common general-
ization of rings and distributive lattices. Semirings are use in the fields of pure as well
as applied mathematics. Several similar structures, and results related to semirings
have been described by different researchers( See [9,26,27]). Semirings with additive
inverse have been discussed by Karvellas [13]. Kaplansky [10], Petrich [19], Good-
earl [10], Reutenauer [20] and Fang [15] have also discussed of semirings. Semirings
are made for resolving problems in many fields of applied mathematics and informa-
tion sciences. Hemirings, a semiring with zero, satisfying the commutative property
of addition, have been discussed by Xueling Ma Jianming Zhan [16] in their research.

Ideals are use in studying semirings, group theory and rings. In the same way,
ideals take a main role in different results and properties associated with hemirings.
There are generalization of ideals but Henriksen, in [11], describes a special type of
ideals which is k-ideals. La Torre, in [14], discussed many properties and results of
k-ideals in hemirings. Some further generalizations of ideals such as h-ideals, and m-
ideals can be looked over in [2,4,7,8,18,23,24]. Hemirings are applicable in automata
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and formal languages. Kanak Ray Chowdhury and others, in [6], discussed about the
regular semirings. Basic concepts related to k-subhemirings are studied by Shabir et
al., in [22-24].

Molodtsov [17] give the concepts of soft sets in the latest history of mathematics.
Ali and others in [3] offer more new operations on soft sets. Presently, the studies
and researches about algebraic structures of soft sets are expanded in different fields
of mathematics like soft rings [1], soft group [5], soft semirings [7], soft BCK/BCI-
Algebras [12], soft intersection near-rings [21] and so on. Soft sets were studied by
many researchers but Xueling Ma and Jianming Zhan [16] studied soft set as an
approximate function. They also discussed the intersection and union of soft sets,
V-product , A-product of different soft sets, Upper [S-inclusion of different soft set.
Jianming Zhan and others, in [28], introduced the basic ideas of soft union h-ideals
of hemirings and investigated some characteristics of h-hemiregular hemirings by soft
union h-ideals.

In this article, we study two different types of soft hemirings; soft intersection and
soft union hemirings. We give applications and outcomes related to soft intersection
hemirings, soft intersection k-ideals, soft union hemirings and soft union k-ideals. We
deal with intersection and union of soft sets. Several applications which are linked with
soft intersection-union sum, soft intersection-union product of soft sets are discussed
here. We characterize k-hemiregular hemirings by means of soft intersection k-ideals,
soft union k-ideals.

In order to present our research work in an organized way, in Section 2, we discuss
some basic definitions which will be used in our further course of work. In Section 3,
we deal with the idea of soft intersection hemirings and soft union hemirings, soft
intersection k-ideals and derive some related properties. In Section 4, we discuss the
characterizations of k-hemiregular hemirings by means of soft intersection k-ideals.
We also discuss the charaterstics of soft union k-ideals of hemirings. The conclusion
of the paper is presented in the final Section 5.

2. Preliminaries

DEFINITION 2.1. [7]. Suppose (S, +,-) be the semiring having zero and (S, +) be
the commutative semigroup, then (5,4, -) is is said to be hemiring .

DEFINITION 2.2. [7]. Suppose S is a hemiring and () # P C S. If the closure law
holds in P with respect to + and -, then P is called a subhemiring of S .

DEFINITION 2.3. [4]. Consider (S, +,-) is a hemiring, ) # Q C S, so @ is a left ideal
(right ideal) of S if (T1) ' +7"" € Q for all 7/, r"" € Q, and (T2) SQ C Q(QS C Q).
If ) is the left ideal and the right ideal of S, so ) be two-sided or simply an ideal of
S.

DEFINITION 2.4. [7]. Let X is a subhemiring (left ideal, right ideal, ideal) of S. If
for any t € S, and r,w € X,t +r = w implies t € X, then X is a k-subhemiring (left
k-ideal, right k-ideal, k-ideal) of S, respectively .
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DEFINITION 2.5. [16]. Let X C S, so k-closure of X, indicated by X, is defined as
X ={t e S|t+r =w for some r,w € X}.

From here onward, we shall assume that S is a hemiring, R a universal set, T the
set of parameters, F'(R) the power set of R and X,Y,Z CT.

DEFINITION 2.6. [16]. A soft set of R, denoted by g¢,, be the function defined as
gy : T — F(R) such that g, (m)=0if m ¢ X.

The soft set g, is also said to be a approximate function. A soft set over R will be
defined by the set of ordered pairs g, = {(m,g,(m))/m € T,g.(m) € F(R)}. So
that soft set is a parametrized family of subsets of the universal set R. Therefore, the
power set, F'(R), is the set of all soft sets over R.

DEFINITION 2.7. [16]. Suppose g¢,,g, € F(R), Then:

1. The intersection of g, and g, , represented by gxﬁgy, is defined by gxﬁgy —
gxry, where gyay (m) = g, (m) N g, (m),vm € T. ~

2. The union of g, and g, , represented by g,Ug,, is define by g,Ug, = gxoy,
where gXGY(m) = 9Jx (m) U 9y (m)avm eT.

DEFINITION 2.8. [16]. Let ¢,,9, € F(R), so A-product and V-product of g,
and g, , denoted respectively by g, A g, and g, V g,, are respectively defined by
Gxny (1,2) =9, (1) N g, (2), and g, (1,2) = g, (i) U g, (2) for all i,z € T.

DEFINITION 2.9. Referring to [16,28].

1. Let g, be the soft set over R and S C R, so upper [-inclusion of g, , represented
by R(gy, ), be defined as R(g,; ) = {t € X[g,(t) 2 B}

2. Let g, be the soft set over R and 8 C R, so lower [S-inclusion of g, , represented
as L(g)mﬁ)a be defined as L(ngﬁ) = {t € X|gx(t) - B}

DEFINITION 2.10. [28]. Let g,,9, € F(R), therefore g, is the soft subset of g,
denoted by ¢, C g, and is defined by g, (u)C g, (u) Vu e T.

DEFINITION 2.11. [28]. Suppose E C S, then the soft characteristic function of
the complement of E, indicated by Sge, is defined by

Spe(t) = 0 if tek,
YR te S\B.

PrOPOSITION 2.12. [28]. Consider L, M C S. Therefore:

1. M C L= S;.CSye,
2. SLCOSMC - SLCRMC.
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3. Soft Intersection hemirings, Soft Intersection k-ideals and Soft Union
hemirings

In this section, we work on the basic and important idea of soft intersection hemir-
ings, soft interstion k-ideals and soft union hemirings and look over some of their
associated properties.

DEFINITION 3.1. Suppose g, is a soft set over R. If
(SHI) gs(m + u) 2 gs(m) N gs(”)»

(SH2) 9s (mu) 2 gs(m) Mg (u>7
(SH3) g,(m) 2 g.(r)Ngg(w) with m +r =w ¥V m,u, € S for some r,w € S,
then g, be the soft intersection hemiring of S over R.

EXAMPLE 3.2. Suppose R = S = Z; = {0,1,2,3} is a hemiring of non-negative
integers modulo 4. If we define the soft set g, over R by ¢,(0) = {0,1,2,3} =
95(2),94(1) = g4(3) = {0,2}, then g, be the soft intersection hemiring of S over R.

DEFINITION 3.3. Suppose g, is a soft set over R. If
(C1) glm +u) 2 gy(m)N g, (u)
(C2) g4(m) D g,(r)N g4(w) with m +7r =w ¥V m,u € S, for some r,w € S
(C3) g4(mu) 2 gy (u) for all m,u € S,
then g, is called a soft intersection left k-ideal over R. Similarly, soft intersection
right k-ideal can be defined.
If the soft set over R be a soft intersection-left k-ideal and soft intersection-right
k-ideal of S over R, then it is said to be a soft intersection k-ideal of S over R.

EXAMPLE 3.4. Suppose R = Z* be a universal set and S = Z; be the set of
parameters. Define a soft set g, by

gs(0)={m|m € Z*},g,(1) ={4mim € Z},9,(2) = {2m|m € Z*} and g,(3) = {3m|m € Z*},
so g, be the soft intersection-k-ideal of S over R.

DEFINITION 3.5. Suppose g, is the soft set over R. If
(SRl) gs(m + u) c gs(m) U gs<u>7
(SR2) g, (mu) C g, (m) U g, (u),
(SRs3) g,(m) C g4(r) U g, (w) with m +r = w for all m,u, € S. for some r,w € S,
so the soft set g, over R is said to be a soft union hemiring of S over R.

ExXAMPLE 3.6. Consider S = Zg = {0,1,2,3,4,5} is a hemiring of non-negative
integers modulo 6. Suppose that R = Z5 = {0,1,2,3,4} be a universal set. Define
the soft set g, over R by

gs(o> = {1}7.95(2) - 93(4) = {17273}795(1) = gs(5> = {1727374}795(3) = {174}7

then g, be a soft union hemiring of S over R.
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m m
m 0
with Zs as a universal set. Suppose S = Zg = {0,1,2,3,4,5} is a hemiring of non-
negative integers modulo 6. Define the soft set g, over R as

o= {( om0 )22 (23).(40))
oo {(10). (). (- {(1) (14

Then, g, be the soft union hemiring of S over R.

ExXAMPLE 3.7. Suppose R = {( ) |m € Z5} be the set of 2 x 2 matrices

REMARK 3.8. If g,(t) = (0 for all t € S, so g4 be a soft union-hemiring of S over
R. We will represent this type of soft union-hemiring as 7. Also we see that n = Sge.

DEFINITION 3.9. Let lg, hg € F(R), then

1. soft intersection -union sum, lg & hg, be defined as

(lS ) hS)(t) _ )t _‘_w(j:m +w2(l5(7’1) U ZS(TQ) U hs<w1) U hS(’LUQ))

R if it cannot be expressed as t 4+ r| + wy; = ro + wo.

2. Soft Intersection-union product, lg © my, is defined by

(N (Is(rp) Uls(ry) Uhs(w,) U hs(w,))
t+ Z TpwWp= 2 7’; wé

(lsoms)(t): vp:17273a'”7n;q:172a37"'7m'

n m
o /,
R if it cannot be expressed as t + ) r,w, = Y r,w,
\ p=1 q=1

PROPOSITION 3.10. Suppose g, and g are two soft intersection hemirings of Sy
1 2
and S, over R respectively, then gs, N Gs, IS a soft intersection hemiring of S; X Sa
over R.

Proof. Let g, and g, be two soft intersection hemirings of S; and Sy over R,
respectively.

1. Let (’Ul,Cl>, (UQ,CQ) S Sl X SQ, then

s, ns, (U1, 01) + (v2,02)) = gg s, (V1 + V2,01 + ¢2)

gs, (V1 +v2) N gy, (1 + c2)

(95, (1) N gg, (v2)) N (gs, (c1) N gg, (c2))
(95, (v1) N gg, (c1)) N (gs, (v2) N g, (c2))

9s,Asy (Ulv Cl) N 9s, As, (U27 CQ)'

U
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2. Let, (’Ul,Cl), (UQ,CQ) € Sl X SQ, then

s, ns, ((V1,¢1)(v2, ¢2)) s, ns, (V102 + €102, V1C2 + C102)

gs, (V102 + c1c9) N gy (Vica + c109)
(95, (V1v2) N gg (c102)) N (g, (vica) N gg, (c102))
9s, (V1) N gg (v2) N g (c1) N gg, (c2) N gy, (v1) N
9s, (€2) N g, (c1)gs, (v2)
gs, (V1) Ngg (c1) N g, (V1) N gg, (1) N gg, (v2) N
9s, (¢2) N gg, (v2) N gg, (c2)

( g

= gsl/\s2 /Ulacl) N Sl/\SQ(U2702)'

v 1

3. Let (jl,jg), (wl,wg), (Ul,UQ) S Sl X Sg be such that
(v1,v2) + (J1, J2) = (w1, w2), and so vy + j1 = wy and vy + jo = ws .

Then we get
gons, (U1, 02) = g5, (v1) N gs, (v2)
2 (951 (]1) N gsl (w1)> n (952 (]2) N 952 (w2))
(951 (]1) N 9s, <w2)) n (931 (wl) N 9s, (w2))
= Ys;hs, (J1,52) N 9s1nss (wr, wa).
Therefore, g, ,.g,1s a soft intersection hemiring of 57 X 53 over R. m

PROPOSITION 3.11. Let g, and g are two soft intersection-k-ideals of S1 and Sy
1 2
over R respectively, then g, A g, is a soft intersection-k-ideal of 51 X Sz over R.

REMARK 3.12. Note that g, V g4, is not the soft intersection hemiring or soft
intersection-k-ideal of S; x S5 over R.

ExAMPLE 3.13. Consider R = S5, the symmetric group, be the universal set,
Sy = Zs ={0,1,2,3,4} and Sy = Zy = {0,1} be two hemirings of non-negative
integers modulo 5 and modulo 2 respectively. Define two soft sets g, and gy over R
by

9s, (O) = 537951(1) =J9s, (4) = {(1)7 (12)7 (132)}7952 (O) =53
9s, (2) = 9s, (3) ={(12), (123), (132)}7952(1) ={(1), (12), (132)}.

It is clear that g, and g, are two soft intersection hemirings over R. However, we
have

0y (B D+ (LO) = g, (A1)
= 951(4>U952(1)
= {(1),(12), (132)}
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but
Iorvs, 3 1) NGs s, (1,0) = (g5,(3) Ugs, (1)) N (gs, (1) Ugs, (0))
= {(1),(12),(123),(132)} N S5
= {(1),(12),(123), (132)}.

This implies that

000, (B 1) +(1L0) By, (31N, (1,0)

Hence, g, . is not a soft intersection-hemiring nor a soft intersection-k-ideal over R.
1 2

THEOREM 3.14. Consider lg and mg are two soft intersection hemirings of S over
R so lsNmg be the soft intersection hemiring of S over R.

Proof. Let lg and mg are two soft intersection hemirings of S over R.
1. Let v,c € S, then

(Istmg)(v+¢) = ls(v+c)Nmg(v+c)
(ls(v) Nls(c)) N (ms(v) Nms(c))
= (ls(v) Nms(v)) N (Is(c) Nms(c))

(lsﬁms) (?}) N (lsﬁmg) (C)

U

2. Let v,c € S. Then, we get
(Isnmg)(ve) = ls(ve) Nmg(ve)
2 (ls(v) Nis(e)) N (ms(v) N mg(c))
= (Is(v) N mg(v)) N (Ls(c) Nms(c))
= (IsNmg)(v) N (IsNmg)(c).
3. Let j,w,v € S such that v+ j = w, then
(Isnms)(v) = ls(v) Nmg(v)
2 (ls(j) Nls(w)) O (ms(5) N ms(w))
= (s(7) nms(4)) N (ls(w) Nmg(w))
= (IsNms)(5) N (IsMims) (w).
Therefore [gNmg be the soft intersection-hemiring of S over R. O

Similarly, we can derive the next theorem:

THEOREM 3.15. Suppose lg and mg are two soft intersection-k-ideals of S over R,
therefore lgNmg be the soft intersection-k-ideal of S over R.

THEOREM 3.16. Suppose hg is soft set over R, so hg be the soft union hemiring of
S over R iff it satisfies (SR3) and (SR4) (hs ® hs)2hg and (SRj5) (hg ¢ hs)2Dhs.
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Proof. Suppose hg be the soft union-hemiring of S over R. Consider m € S. If
(hs @ hs)(m) = R, then it is clear that (hg @ hg)(m) 2 hg(m). So

(hs & hg)Dhs.
Otherwise, consider m + j; + wy; = jo + wy for some jy, wy, jo, ws € S, then

(hs © hs)(m) = N (hs(j1) U hs(j2) U hs(w:) U hs(ws))

m+j1 + wi1=j2 + w2

N (hs(j1 +w1) U hs(jz2 + w2))

m+j1 + wi=j2 + w2

(hs(m))

m-+j1 + wi1=j2 + w2

= h5<m>

U

U

Hence,
(hs & hg)Dhs.

Let m € S. If (hg ¢ hg)(m) = R, then it is clear that (hg ¢ hg)(m) 2 hg(m). So
(hs © hg)Dhg. Otherwise, consider

n ¢
m—l-Z]pwp:Z];wé for allp:1,2,37-.. 7n;q:]_7273’... 7t.
p=1

q=1
So
(hsohs)(m) = 0 (hs(jp) Uhs(j,) Uhs(w,) Uhs(w,))
m+ ;1jpwp: ;1]}; wé
2 n N . (hS(Z]pwp) U hS(Z]qwq))
m+ szljpwp: gljéwé p=1 q=1
D N (hs(m)) = hs(m)
m+ 3 jpwp= Zjéwé
p=1 g=1
Hence

(hs < hs)ihs
Conversely, Suppose that the conditions (SR3), (SR4) and (SR5) hold, then

hs(m + c) (hs ® hs)(m +c)

= it i (P (1) U s (52) U b (wr) Uhs (w2))

— hs(Tn) U hs(C) U hS(O)
= h3<m) U hs(c).

Thus (SR;) holds.
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hg(mc)

N

(hS <& hg) (mc)

N (hs(jp) U hs(5) U hs(wy) U hs(w)))

noo t / /
met+ Y- fpwp= D Jig Wy
p=1 q=1

Vp = 1,2,3,.....,n;g=1,2,3,....., L.
Q h5<m> U hs(C) U hs(O)
= hs(TTL) U hs(C).

Thus (SR3) hold.
Hence, [, is a soft union hemiring of S over R. O

PROPOSITION 3.17. Suppose ) # X C S, then X be a k-subhemiring of S iff the
soft subset hg represented as

if de S\X
hS(d)_{; iJJ:d:X\

Proof. Consider X is a k-subhemiring of S. Let v,c € S.
(1) If v,c € X, then ve,v 4+ w € X.
So

hs(v 4+ ¢) = hg(ve) = hg(v) = hg(c) =9,
and then

hs(v 4+ ¢) C hg(v) Uhg(c) and hg(ve) C hg(v) U hg(c).

(2) If either one of v and ¢ does not belong to X, then v +ce€ X orv+c¢ X
and vc € X or ve ¢ X.

In any case,
hs(v+¢) C hg(v) U hg(c) = and hg(ve) C hg(v) U hg(c) =~

(3) Now, let j,w,v € S such that v + j = w.

(i) If j,w € X, then v € X, and so hg(v) = hg(j) U hg(w) = 6.
(i) If j ¢ X or w ¢ X, then hg(v) C hg(j) Uhg(w) = .

Then, hg is an soft union hemiring of S over R.

Conversely, suppose hg be the soft union hemiring of S over R.
(1) Suppose v, c € X, then hg(v+¢) C hg(v) Uhg(c) =6

and hg(ve) C hg(v) U hg(c) =9,

— v+ c,vc e X.

(2) Suppose v € S and j,w € X such that v+ j = c.
then hg(v) = hs(j) U hg(w) = 6.
So, v € X. Hence X is a k-subhemiring of S. O

LEMMA 3.18. 1. Let hg is soft set over R and v C R such that v € I,,(hg).
If hg is a soft union hemiring of S over R, so L(hg;~) is a k-subhemiring of
S.
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2. Suppose hg is soft set over R, and L(hg;y) a lower k-subhemiring of hg for each
v € R, I,(hs) an ordered set by inclusion so hg be the soft union hemiring of S
over R.

Proof. 1. As hg(v) = 7 for some v € S, so ) # L(hg;y) C S. Suppose v,c¢ €
L(hg;7), then hg(v) C v and hg(c) C . Now

hs(’U + C) - hs(v) U hs(C) - YUy =1,

hs(ve) C hs(v) Uhg(c) SyUy =1.

This implies that v 4+ ¢,ve € L(hg; 7). Now, Suppose v € S and j,w € L(hg;7)
with v 4+ j = w. Then, hg(j) C v and hg(w) C v and

hs(v) € hs(j) Uhs(w) =yUy =7/

This implies that v € L(hg; ). Therefore, L(hg;7) is a k-subhemiring of S.
2. Suppose v, c € S such that hg(v) = v and hg(c) = 9, where y; C 7,.
Then v € L(hg;y1) and ¢ € L(hg;72), and so v € L(hg;¥2).
We know that L(hg;7v) is a k-subhemiring of S, V v C R. Thus, v + ¢ €
L(hg;y2) and ve € L(hg;72).
Therefore

hs(v+c¢) €2 =7 U = hs(v) U hs(c),

hs(ve) C vy =y Uy = hg(v) U hg(c).

Now, suppose v, j,w € S with v+ j = w such that hg(v) = y1and hg(c) = 7o,
where 1 C 7.

Then, j € L(hs;v1) and w € L(hg;72), and so j € L(hg;72). As L(hg;7y)
is a k-subhemiring of S for each 7 C R, so v € L(hg;2). Then, hg(v) C 75 =
71 Ue = hg(v) U hg(c).

Hence. hg is a soft union hemiring of S over R.
O

4. k-hemiregular hemirings via soft intersection-k-ideals and soft union-
k-ideals

In this section, we discuss the characterizations of k-hemiregular hemirings by
means of soft intersection k-ideals. We also discuss the properties of soft union k-
ideals of hemirings.

DEFINITION 4.1. [22]. Suppose S is a hemiring, if for each r € S, 3 1,79 € S such
that t 4 trir = trat, then S is said to be k-hemiregular.

LEMMA 4.2. [22]. If H and M, are the right and the left k-ideal of S respectively,
then HM C HN M.
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LEMMA 4.3. [22]. A hemiring S be a k-hemiregular if and only if for any right
k-ideal H and for any left k-ideal M, HM = H N M.

DEFINITION 4.4. Let lg,mg € F(R), then the soft k-sum, (lg +x mg), and soft
k-product, (Ig o, mg), are respectively defined by

(Is +& mg)(v) = ¢ o+ b 4 I8 N s(2) M (wr) Nims (ws))

() if v cannot be expressed as v + j; + wy = Jo + wo,

and

U (Is(d1) Nls(g2) Nmg(wr) Nmg(w2))
(lS oy, ms)(v) — { vtjiwi=jows
() if v cannot be expressed as v + jiw; = Jows.

LEMMA 4.5. Let g and mg be soft intersection right k-ideals and soft intersection
left k-ideals of S over R respectively, then lg o, mgClsNmg.

Proof. It (I op mg)(v) = 0, then it is clear that lg oy mgClsNmg. Otherwise, we
have
(Is o mg)(v) = U (Is(i) Nis(G2) Nms(wi) Nms(w2)),
vt+jlw=jowy

U (Is(j1wr) N ls(Jowz) Nmg(jrwr) Nmg(jows)),

v+j1w1=jow2

U (ls(v) Nmg(v)),

v+Jjiw1=j2w2

ls(v) Nms(v),
= (lsﬂms) (U)

NN

This implies that
lS Ok msglsﬁms
O

DEFINITION 4.6. [16]. Let H C S, then Sy is soft characteristic function of H
defined as

Sy(m) = R ifveH,
N0 ifve H

PROPOSITION 4.7. Suppose H, M C S, so the following statements are satisfied:

1. HC M = SyCSy,.

2. SgNSy = Sunn-

3. Sy ox Sv = St

Proof. 1. Let H C M. Suppose i € Sy, then i € H or i ¢ H. Since H C M, so
i€ M ori¢ M. This implies i € Sy, which again implies SpCSu.

2. Suppose i € SyNSy. Since (SyNSy) (i) = Sy (i) N S (i), there are two cases
to be discussed.
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(a) If i € H and i € M, then
(SuNSy) (i) = R.
(b) If i ¢ H and ¢ ¢ M, then
(SufiSar) (i) = 0.
Therefore, if i € H N M, then (SpNSy) (i) = R. If i ¢ H N M, then
(SHﬁSM) (i) =0.
Now, if : € H N M, then by definition of characteristic function of H N M,
we get
(SuPSy) (i) = R.
If i ¢ HN M, then by definition of characteristic function of H N M, we have
(SufiSar) (i) = 0.
Hence
SuNSy = Sunm-
3. Let i € (Sy o Sir), then

U (Su(j1) N Su(j2) NSy (wr) N Sy(wa))

i+j1wi=j2w2
(St ox Sm)(i) = Qif i can be expressed as 7 + jjw, = Jows
() if 7 cannot be expressed as ¢ + jw; = Jows

Now, let @ € Sz, then

, R ifie HM
Spar(i) =4 .. ——
0 ifi¢ HM.
If i € HM, then ¢ + jyw, = jowe. If i ¢ HM, then ¢ cannot be expressed as
1+ Jiw; = Jows. Hence

Su or Sm = S
]

THEOREM 4.8. Suppose S be the hemiring, Then the following statements are
equivalent :

1. S is k-hemiregular,
2. hg o mgChgNmg for any soft intersection right k-ideal hg and soft intersection
left k-ideal mg of S over R, respectively.

Proof. (1) = (2).
Suppose S is k-hemiregular hemiring. Let hg be the soft intersection right k-ideal
over R and mg be the soft intersection left k-ideal of S over R. If (hg o, mg)(0) = 0,
then it is clear that hg oy, mgéhsﬁms. Otherwise, we have

(hsorms)(o) = U (hs(j1) Mhs(j2) Nms(wi) Nmg(wa)).

o+ji1wi1=ja2wz
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Since hg is soft intersection right k-ideal over R, mg is the soft intersection left k-ideal
of S over R. So we get

(hs ox mg)(0) C &Hﬂkidﬂw(hsﬂhﬂh)VWhSChUh)rW”%#jrwl)ﬂ7ns(hﬂh))
C U (hs(0) N'ms(0))

o+j1wi=j2w2

hs(o) N'mg(o)
= (hshims) (o)
We conclude that N
hg o, mgChgNmg
Suppose o € S, then 3 j, j/ € S such that
0+ o0jo= oj/o.
Since S be k-hemiregular. Then we have

(hs o ms)(0) = U (hs(j1) N hs(52) Nms(wr) Nms(ws))

hs(oj) N hg(oj/) Nmg(o)
hs(o) Nmg(o)
(hsNims) (o)

(ORI

This implies that
hs o msDhsMNmg

Hence

hS O Mg = hsﬁms.
(2) = (1)
Let E be the right k-ideal, T" be the left k-ideal of S. Furthermore, we see that Sg
is a soft intersection right k-ideal over R, St be the soft intersection left k-ideal of S
over R. Suppose o € ENT, then,

S—(0) = (Sg o St)(0) = (SeNS7)(0) = Spar(0) = R
and so 0 € ET. Then ENT C ET, but ET C ENT is true always. Thus,
ENT =ET.
Hence S is k-hemiregular. O
DEFINITION 4.9. Consider hg be the soft set over R. Then, hg is the soft union
left k-ideal of S over R if it satisfies the given conditions:
(T1) hs(o+c¢) C hs(o) U hg(c),

(T2) hs(o) C hs(j)Uhs(w) with o+ j =w V o,¢, € S, for some j,w € 5,
(T3) hs(oc) 2 hg(c),V o,c€S.

Similarly, soft union right k-ideal of S over R can be defined. If soft set over R is
soft union left k-ideal as well as soft union right k-ideal of S over R, then this soft set
over R is said to be a soft union k-ideal of S.
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ExaMPLE 4.10. Consider S = Zg = {0,1,2,3,4,5} is hemiring of non-negative
integers modulo 6, let R = Zs. Define a soft set hg over R by hg(0) = {1}, hs(2) =
hs(4) = {1,2}, hs(1) = hs(5) = {1,2,3} and hs(3) = {1,3}, then hg be the soft
union-k-ideal of S over R.

THEOREM 4.11. Suppose hg is the soft set over R, so hg be a soft union-left (right)
k-ideal of S over R iff it satisfies (Ty) and (SR4)(7®hs)2hs((hs®7)2Dhs) and (SRg)
(7 © hg) 2hs((hs ©7)2hs).

Proof. Suppose hg is soft union-left k-ideal of S over R. Suppose o € S. If (7 &
hs)(0) = R, so we can see that (7 @ hg)(0) 2 hg(0). So (7 & hg)2Dhg. Otherwise,
consider o + j; + wy = jo + wy for some jy, wq, jo, ws € S. Then

Goh)0) = |0 (G2 UT() Uhs(wn) Uhs(uz)

U

N DU hg(j; + Uhg(j
0+j1+w1=j2+w2( s(J1 +w1) Uhs(j2 + ws))

n (hs(0))

o+j1 + wi=j2 + w2

hs(O).

U

Hence
(7 @ hs)2hs

Thus, (SR4) holds.
Let o € S. If (7 ¢ hg)(0) = R, then it is clear that (7 ¢ hg)(0) 2 hg(o). Then
(7 © hs)2hg. Otherwise, consider

Thus

Fohs)o) = 0 ({0 UF,) Uhs(w,) Uhs(w,))
o+ gljpwp: ;1]4 wé

P » eI i3
o+ ijwp Z]

N (hs(o)) (by (Ty))
o+ gljpwp: gljé wé

= hS(O)

U

U

Hence
(7 o hs)Dhg

Thus (SRg) holds.
Conversely, suppose that the conditions (Ts) and (SR4) and (SRg) hold.
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So

hs(o+ ¢) (7@ hs)(o+c)

= e e, (T UA(G2) U hs(wn) U b (w2))

— @ @) hs(O) U hs(c)
= hS(O) U hS(C).

Thus, (T;) holds.

N

hs(oc) (7 © hs)(oc)

N (F(ip) UF () U hs(w,) U hg(w)))

. U
oc+ Z IpWp= qu Wy
p=1 q=1

Vp = 1,2,3,.....,n;9=1,2,3,.....,m.
S (o) Uhs(c)
- @ U hs(C) = hS(C).
Therefore, (T3) holds. Thus, hg is a soft union-left k-ideal of S over R.

Similarly, we can show that the above statement is true for soft union-right k-ideals.
]

PROPOSITION 4.12. Suppose hs and mg be two soft union-left or right k-deals of
S over R, so hsUmg be the soft union-left (right) k-ideal of S over R.

Proof. Consider hg and mg are two soft union-left k-deals of S over R. For any
o,c €S,
(hsUmg)(o+c¢c) = hg(o+c)Umg(o+c) C hs(o) Uhs(c) Umg(o) Ums(c)
= (hs(0) Ums(0)) U (hs(c) Ums(c)) = (hsUms)(0) U (hsUms)(c)

Then (T;) holds. Now, let o, j,w € S with o + j = w, then
(hsUms)(0) = hs(j) Ums(w) C (hs(j) U hs(w)) U (ms(5) Ums(w))
= ((hs(5) Ums(j)) U (hs(w) Ums(w)) = (hsUms)(j) U (hsUms)(w)

Then (T3) holds.
Now

(hsUmg)(oc) = hs(oc) Umg(oc) C hg(c) Ums(c) = (hsUmsg)(c)
Then (T3) holds.

Hence, hsUmg is a soft union-left k-deal of S over R.
Similarly we can prove that hgUmg be the soft union-right k-deal of S over R. O]

PROPOSITION 4.13. Consider lg and mg be two soft union-left (right) k-deals of S
over R, therefore lg o mg is soft union-left(right) k-ideal of S over R.
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Proof. Consider lg and mg be two soft union-left k-deals of S over R. Suppose
v,c €9, s0

(soms)w)Ulsoms)e) = N (Is(ip) Uls(iy) Ums(w,) Ums(w,)) U
v+p§1jpwp:q§1jq/ wé

0 (sley) Uls(el) Ums(f,) Ums(f)))
ct+ glepfp: gleéf;
— N N (Is(j,) U ls(j;) Umg(w,) U

v+ >0 Jpwp= D jéwé ct X epfp=2" eé fg
p=1 q=1 p=1 q=1

ms(w,) Uls(e,) Uls(e,) Ums(f,) Ums(f,))

/ /
D) oo (Is(p) Uls(vg) Ums(c,) Ums(cy)
vted vpep= 2vécé
p=1 q=1
. /] o/ ! pl
(0pCp = Jpwp + €pfp, VCq = Jgwy + €4 fy)
= (lsomg)(v+c)

Thus, (T;) holds.

(soms)c) = N (s0p) Uls(iy) Ums(uw,) Ums(w,))
c+ leljpwf gljé wé

. ./ /
= . n (Is(jp) Uls(j,) Ums(wy) Umg(w,)
vet 3 (vjp)wp= 3 (v Jw)
p=1 q=1
. / /
D N (Is(vg,) U ls(vjq) Umg(w,) U ms(wq)

vt (vip)wp= 3 (Ujé )wé
p=1 q=1

= (lsgomg)(ve)

Therefore, (T3) holds. Consider v, j,w € S with v + j = w, then similarly we can
check
(Isomg)(7) U (lsomg)(w) 2 (Is omg)(v).
Therefore, (T2) holds. Thus, lg ¢ mg is soft union-left k-ideal of over R.
Similarly, we can prove that [g ¢ mg is an soft union-right k-ideal of over R. [

THEOREM 4.14. Suppose lg is soft union-right k-deal of S over R and hg is soft
union-left k-deal of S over R, then lg o hgDlsUhg.

Proof. Let hg be the soft union-right k-ideal of S over R, then
hs o mghg 0 Y hs

which implies that hg ¢ mshg. Also, when myg is soft union-left k-deal of S over R,
SO

hs ©mg2y ©ms2ms
which implies that hg ¢ mgimg. Hence,

hs 3% msihsng.
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5. Conclusion

In this paper we worked on two different types of soft hemirings, that is, soft
intersection and soft union. Many applications and results related to soft intersection
hemirings or soft intersection k-ideals and soft union hemirings or soft union k-ideals
were discussed. The deep concept of k-closure also used in this paper. We also defined
about A-product and V-product among soft sets. Many applications related to soft
intersection-union sum and soft intersection-union product of sets were also discussed.
We characterized k-hemiregular hemirings by soft intersection k-ideals and soft union
k-ideals. This work can be extended for different types of ideals in the future. The
theory developed can be used in applied fields such as decision making and data
analysis.
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