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A TURAN-TYPE INEQUALITY FOR ENTIRE FUNCTIONS OF
EXPONENTIAL TYPE

WALI MOHAMMAD SHAH AND SOORAJ SINGH*

ABSTRACT. Let f(z) be an entire function of exponential type 7 such that || f]| = 1.
Also suppose, in addition, that f(z) # 0 for Jz > 0 and that hy(5) = 0. Then, it
was proved by Gardner and Govil [Proc. Amer. Math. Soc., 123(1995), 2757-2761]
that for y =72 <0

r
DA = 5 (¢l +1),
where D¢[f] is referred to as polar derivative of entire function f(z) with respect to

(. In this paper, we prove an inequality in the opposite direction and thereby obtain
some known inequalities concerning polynomials and entire functions of exponential

type.

1. Introduction and Historical Background

An entire function f(z) is said to be an entire function of exponential type 7, if it is
of order less than 1 or it is of order 1 and type less than or equal to 7. The indicator
function hy() of f is defined by

1 6
h¢(8) = limsup log |f(re™)] >|
r—00 r
It is important to note that if f(z) is an entire function of exponential type 7, then
the indicator function hy(0) < 7, for all 6 :0 <6 < 27.
Also, define a norm called supremum norm or Chebyshev norm denoted by ||f]| as

Il =" sup |f(z)].

—oo<r<o0

A classical result of Bernstein (for references, see [1, p.206] and [6, p.513]) states
that if f(z) is an entire function of exponential type 7 such that |f(z)| < M on the
real axis, then

(1) Il < M.

As a refinement of (1), Boas [2] proved the following result for a special class of
functions of exponential type.
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THEOREM 1.1. Let f(z) be an entire function of exponential type T such that
|f(z)] <1 on the real axis. Also suppose, in addition, that f(z) # 0 for 3z > 0 and
that hy(3) = 0. Then

2 <<
2) 171< 2
On the other hand, Rahman [4] proved the following:

THEOREM 1.2. Let f(z) be an entire function of exponential type T such that
|f(z)] <1 on the real axis,hy(5F) =7, hy(§) <0 and f(z) # 0 fory = Jz < 0. Then
for all real x

(3) |f'(z)] =

For an entire function f of exponential type 7 and for any complex number (,
Rahman and Schmeisser [5] defined a function D.[f] as

De[f(2)] = 7f(2) +i(1 = Q) f'(2).
In the literature, the function D.[f] is referred to as polar derivative of entire function
f of exponential type 7 with respect to (. Clearly
- Df(=)] .,
lim ————— = —if'(2).
Jim 24 7
Therefore, D.[f] as defined above, is a generalization of the ordinary derivative f’(z)

of f(2).

oS

As an extension of Theorem 1.1 to polar derivative, Gardner and Govil [3] proved
the following result:

THEOREM 1.3. Let f(z) be an entire function of exponential type T such that
| fIl = 1. Also suppose, in addition, that f(z) # 0 for Jz > 0 and that hy(5) = 0.
Then for |¢| > 1

(4) D[Sl < 5(I¢+1).

(N

2. Results and Discussion

In this paper, we extend Theorem 1.2 to the so called polar derivative of entire
functions of exponential type and obtain some known Turan-type inequalities. In
fact, we prove

THEOREM 2.1. Let f(z) be an entire function of exponential type T such that
Ifll =1, f(2) #0 for y =32 <0, hy(5) =7 and hs(5) < 0. Then for |¢| > 1

(5) 1D = 5l = D).

The bound is attained for the functions of the form f(z) = [BZTA]T

Proof. Since f is an entire function of exponential type 7, hy(5*) = 7, hy(5) <0
and f(z) # 0 for Jz < 0, therefore by a result due to Gardner and Govil [3, Lemma
5], we have for Jz <0

[f ()| = lg(2)],
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where g(z) = e f(2).
Hence for any o with |a| > 1, we have

9(z) —af(z) # 0
for 3z < 0. Now, f is an entire function of exponential type 7 such that hs(5") = 7
and hy (%) < 0. Also, [f(2)] > |g(z)] for Tz < 0. Therefore, by a result due to Gardner
and Govil [3, Lemma 7], we have for |a] > 1
-
hy(z)—ago) () = T

Also, F(z) = ¢g(z) — af(z) being a linear combination of two entire functions of
exponential type 7 is an entire function of exponential type 7.

Now F'(z) is an entire function of exponential type 7 having no zeros in the closed

lower half-plane, that is, Jz < 0 and hp(5") = 7. Therefore, by using a result due to
Gardner and Govil [3, Lemma 2], we get for 32 < 0 and |(| > 1

D¢[F(z)] # 0.
This gives for 3z <0, |a| > 1 and |(| > 1
(6) D¢lg(z) — af (2)] # 0.
It follows from (6) that for 3z < 0 and |(| > 1
(7) D¢ [f(2)]| = [Delg(2)]]

where g(z) = € f(2).
Because if otherwise, then we can choose some 2z, € Jz < 0 which does not satisfy
this inequality and

| De[ f(20)]| < |D¢g(20)]]-

We take a = M(zﬂ, so that |a| > 1 and for this a, we get

De¢[f(20)
Delg(z0) — auf (20)] = 0
contradicting (6). Hence inequality (7) holds true.
Now, we have g(z) = €™ f(2z). On differentiating both sides, we get

g'(2) = e f(Z) + it f(Z) = €T (F(2) +irf(2).
This gives for y = Jz

g'(2)| = €7 [ f'(2) — it f(2)]

Therefore for real x, we have

(8) 9" ()| = [f'(z) —ir f(2)].

Also, g(z) = €™ f(z) implies f(z) = €"?g(z). Therefore, we get
(9) [ ()| = 1g'(x) — irg(x)].
Now, for |(| > 1
I D[f ()] + [Delg(2)]] = [7f(2) +i(1 = O f () + |79(2) +i(1 = ()g'(2)]
= [7f(2) +if'(z) —iCf'(2)| + I79(2) + ig'(2) — iCg'(2)]
=[Cf'(2) = f'(z) +im f(2)] + [¢9'(2) — ¢'(2) + iTg(2)]
> [CF () = 1f'(2) = ir f () + [CNg (2)] = |9 (2) — iTg(2)]
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By using (8) and (9), we get for real « and || > 1

[ Delf ()] + [Dc[g(@)]| = SIS (@) = 1 (x) =i f ()| + [Cllg'(2)] — |g'(x) — irg(x)|
= [CILf" @) = [f(2) = ir f ()] + [CI1f'(x) — iT f(2)] = |f(2)]
= (IKI = DS @) + (=) —irf(2)])
> (IK = V(| f'(x) = f'(z) +i7f(x)])
= (I<] = D7lf ()]

This in particular gives

(10) DA+ 1D [g)ll = (€] = D) ILFI = (I¢] = D)7

From inequality (7), we can easily deduce that for real z, —oco < < oo and |¢| > 1
[ Delf (@)l = [Delg()]]-

Equivalently

(11) DL = (1 Dclg]ll-

Combining (10) with (11), we get

2| De[fII = DL + 1D L]
> (I<[ = D)7
From this, the desired result follows. n

REMARK 2.2. On dividing both sides of inequality (5) by |(| and letting |(| — oo,
we get Theorem 1.2.

REMARK 2.3. If p(z) is a polynomial of degree n such that p(z) # 0 for |z| > 1,
then f(z) := p(e”®) is an entire function of exponential type less than or equal to n,
such that f(z) # 0 for 3z < 0. Furthermore

De[f(2)] = Dees=[p(e™)].

Hence, if we choose 3 = (e%*, then Theorem 2.1 can be clearly seen as a generalization
of the following sharp extension of Turdn’s inequality to the polar derivative of a
polynomial due to Shah [7]

THEOREM 2.4. Let p(z) be a polynomial of degree n such that all the zeros of p(z)
lie in |z| < 1. Then for |5] > 1

(12) max | Dp(2)] > 5 (6] — 1) max [p(z)].
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