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STABILITY OF QUADRATIC FUNCTIONAL
EQUATIONS IN RANDOM NORMED SPACES

SEuUNG WoON ScHIN, DoOHYEONG KiI1, JAEWON CHANG, MIN JUNE
KiMm AND CHOONKIL PARK*

ABSTRACT. In this paper, we prove the generalized Hyers-Ulam sta-
bility of the following quadratic functional equations

cf (sz> +Zf (in—("‘f‘C—l)%‘)
— (itc—1) (f(:cl)HZf(xiH > (Zf@i—%)))’
=2

i<j,j=3 \i=2

Q (i: dixi> + Z did;Q(z; — ;) = (i: di) <i: diQ(%‘))

1<i<j<n

in random normed spaces.

1. Introduction

The stability problem of functional equations was originated from a
question of Ulam [29] in 1940, concerning the stability of group homo-
morphisms. Let (Gy,.) be a group and let (Gs,*,d) be a metric group
with the metric d(.,.). Given € > 0, does there exist a § > 0 such that if
a mapping h : G; — G4 satisfies the inequality d(h(z.y), h(z)*h(y)) < §
for all =,y € Gy, then there exists a homomorphism H : G; — Gy
with d(h(z), H(x)) < € for all x € G;? In the other words, under what
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condition does there exist a homomorphism near an approximate homo-
morphism? The concept of stability for functional equation arises when
we replace the functional equation by an inequality which acts as a per-
turbation of the equation. Hyers [13] gave a first affirmative answer to
the question of Ulam for Banach spaces. Let f : F — E’ be a mapping
between Banach spaces such that

[f(x+y) = flz) = fly)l <6

for all z,y € E and some 0 > 0. Then there exists a unique additive
mapping T : E — E’ such that

If(z) =T ()] <9

for all # € E. Moreover, if f(tx) is continuous in ¢ € R for each fixed = €

E, then T is R-linear. Th.M. Rassias [23] provided a generalization of

the Hyers’ theorem which allows the Cauchy difference to be unbounded.

Gajda [8] answered the question for the case p > 1, which was raised by

Th.M. Rassias. This new concept is known as generalized Hyers-Ulam

stability of functional equations (see [1]-[3], [6, 9], [14]-[16], [24, 25]).
The functional equation

(1.1) flx+y)+ fz—y) =2f(z)+2f(y)

is called a quadratic functional equation. In particular, every solution of
the quadratic functional equation (1.1) is said to be a quadratic map-
ping. The generalized Hyers-Ulam stability problem for the quadratic
functional equation (1.1) was proved by Skof for mappings f : A — B,
where A is a normed space and B is a Banach space (see [28]). Cholewa
[5] noticed that the theorem of Skof is still true if relevant domain A
is replaced by an abelian group. In [7], Czerwik proved the generalized
Hyers-Ulam stability of the functional equation (1.1). Grabiec [10] has
generalized these results mentioned above.

The generalized Hyers-Ulam stability of different functional equations
in random normed and fuzzy normed spaces has been recently studied
in [17] and [20]-[22]. It should be noticed that in all these papers the
triangle inequality is expressed by using the strongest triangular norm
Thr.
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The aim of this paper is to investigate the generalized Hyers-Ulam
stability of the following quadratic functional equations

(1.2) ef <sz) —i—Zf (le— (n+c— 1)1:]-)
= (n+c—1) (f(fl)+CZf($i)+ > <Zf($i—$j)>>,

i<jj=3 \i=2

Q (z:; dixi> + Y didQ(wi — ) = (Zd) (Zd@ x; )

1<i<j<n

in random normed spaces in the sense of Sherstnev under arbitrary con-
tinuous ¢-norms.

In the sequel, we adopt the usual terminology, notations and conven-
tions of the theory of random normed spaces, as in [4, 18, 19, 26, 27].
Throughout this paper, A™ is the space of distribution functions, that
is, the space of all mappings F' : RU {—o0,00} — [0, 1] such that F
is left-continuous and non-decreasing on R, F'(0) = 0 and F(+o0) = 1.
D% is a subset of AT consisting of all functions F € AT for which
[~ F(400) = 1, where I~ f(z) denotes the left limit of the function f at
the point x, that is, I” f(x) = lim;_ .- f(¢). The space AT is partially
ordered by the usual point-wise ordering of functions, i.e., F' < G if and
only if F'(t) < G(t) for all ¢t in R. The maximal element for A™ in this
order is the distribution function ¢, given by

0, ift <0,
€0<t> = { .

1, ift > 0.

DEFINITION 1.1. ([26]) A mapping T : [0,1] x [0,1] — [0,1] is a
continuous triangular norm (briefly, a continuous t-norm) if T" satisfies
the following conditions:

(a) T is commutative and associative;

(b) T is continuous;

(c) T(a, )—aforal]ae 0,1];

(d) T(a,b) < T(c,d) whenever a < ¢ and b < d for all a,b,c,d € [0, 1].

Typical examples of continuous ¢-norms are Tp(a,b) = ab, Th(a,b) =
min(a,b) and Ty (a,b) = max(a + b — 1,0) (the Lukasiewicz t-norm).
Recall (see [11, 12]) that if 7" is a t-norm and {z,} is a given sequence of
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numbers in [0, 1], then T, z; is defined recurrently by T ,z; = z; and
Tr x; = T(T' 2y, ) for n > 2. T 2; is defined as T2y 1. It is
known ([12]) that for the Lukasiewicz t-norm the following implication
holds:

lim (TL>;'>ilxn+ifl =1 Z(l — xn) < 0Q.
n=1

DEFINITION 1.2. ([27]) A random normed space (briefly, RN-space)
is a triple (X, u, T'), where X is a vector space, T is a continuous t-norm
and p is a mapping from X into DT such that the following conditions
hold:
(RN1) pz(t) = eo(t) for all t > 0 if and only if © = 0;
(RN2) piaq(t) = pa(yp) for all v € X, o # 0;
(RN3) pory(t+s) > T(ps(t), py(s)) for all z,y € X and all t,s > 0.

Every normed space (X, ||.||) defines a random normed space (X, p, Thr),

where
t

fa(t) =
t =+ [
for all t > 0, and T}, is the minimum ¢-norm. This space is called the
induced random normed space.

DEFINITION 1.3. Let (X, u,T) be an RN-space.
(1) A sequence {x,} in X is said to be convergent to x in X if, for
every € > 0 and A\ > 0, there exists a positive integer N such that
P, —(€) > 1 — X\ whenever n > N.
(2) A sequence {z,} in X is called a Cauchy sequence if, for every ¢ > 0
and A > 0, there exists a positive integer N such that fi,, . (€) >1—\
whenever n > m > N.
(3) An RN-space (X, u,T) is said to be complete if and only if every
Cauchy sequence in X is convergent to a point in X.

THEOREM 1.4. ([26]) If (X, u,T) is an RN-space and {x,} is a se-
quence such that x, — x, then lim, .. p,, (t) = p.(t) almost every-
where.

This paper is organized as follows: In Section 2, we prove the gener-
alized Hyers-Ulam stability of the quadratic functional equation (1.2) in
RN-spaces. In Section 3, we prove the generalized Hyers-Ulam stability
of the quadratic functional equation (1.3) in RN-spaces.

Throughout this paper, assume that X is a real vector space and that
(Y, u, T) is a complete RN-space.
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2. Generalized Hyers-Ulam stability of the quadratic func-
tional equation (1.2) in random normed spaces

For a given mapping f : X — Y, consider the mapping Pf : X" — Y,
defined by

Pf(xy,x9,- - ,x,) =cf (ZL) +Zf (sz— (n+c— 1)xj>
—(n+c—1) (f(x1)+ch(xi) + Z (Zf(a:, —.CQ)))

i<j,j=3 \i=2
for all z1,---,x, € X.

In this section, we prove the generalized Hyers-Ulam stability of the
functional equation Pf(x1, 9, -, x,) = 0 in complete RN-spaces.

THEOREM 2.1. Let f : X — Y be an even mapping for which there
isap: X" — DT
(p(x1, 29, -+ ,xy,) is denoted by pz, 4y x,) such that
(2.1) FLPf(wl,wz,w,wn)(t) > Py s an ()
for all x1,29,- - ,2, € X andallt >0. Letv=2—c—n>1. If

(2.2) lim 7,2, (pO,v"+k—1x,070,~~~,O (Ugn% (v—1) t)) =1,

(2.3) M Pyngy wngg. wna, (V2"F) = 1

hold for all z,y € X and all ¢ > 0, then there exists a unique quadratic
mapping ) : X — Y such that

(24) :uf(ac)—Q(x)(t) > T/?L (pO,kalz,O,0,~~~,0(Uk(v - 1)t>)
for all z € X and all ¢ > 0.

Proof. Putting 2o =z and 2y =23 =24 = --- = x, = 0 in (2.1), we
get
(2.5) [ f((2—c—n)a)—(2—c—n)2f(2) (£) = P0,2,0,0, 0(t)
for all y € X and all ¢ > 0. Replacing 2 — ¢ —n by v in (2.5), we get
(2.6) If(vz) -2 f () (E) = 02,00, 0(t)

for all y € X and all ¢t > 0. Thus we have
Kt rp) (t) > £0,,0,0,- 0 (0275)
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for all x € X and all ¢ > 0. Hence

2(k+1
lj’f(vk‘f’lz)if(vkz) (t) Z pO,’l}k.Z‘,070,"~,0 (U ( )t)
»2(k+1) 2k

forall z € X, all t > 0and all k € N. From -4 > 14 & 4 ... 4 1

(v>1),it follows that
Ty= <'uf(vkz)f(v(’“‘1)z> (—k
2k w2(k—1) (%

> Ty, (pO,vk*1x70,0,~~~,0 (Uk (v—1) t))

for all z € X and all ¢ > 0. In order to prove the convergence of the

sequence {f (:;x) }, replacing x with v™x in (2.7), we obtain that

v

(2.7) /Lf(vu;z) (@) (t)

(2.8) [pmema) s oo

p2(n+m) v2m

> T, (Po,vﬂwlx,o,o,.--,o (Uk+2m (v—1) t)) .

Since the right hand side of the inequality (2.8) tends to 1 as m and n

tend to infinity, the sequence {f (:;‘r)} is a Cauchy sequence. Thus we

may define Q(z) = lim, ., 252 for all z € X
Now we show that () is an quadratic mapping. Replacing z; with v"z;
(1=1,2,--- ,n) in (2.1), respectively, we get

(2.9) MPf(“nml’”n;”” wnan) (£) 2 Ponay wnay - wna, (Uznt)-

ven

Taking the limit as n — oo, we find that Pf(”nxl’vUZfLQ""’”nz") (t) tends to
0, which implies that the mapping ) : X — Y is quadratic. Letting the
limit as n — oo in (2.8), we get (2.4).

Next, we prove the uniqueness of the quadratic mapping @ : X — Y
subject to (2.4). Let us assume that there exists another quadratic
mapping R : X — Y which satisfies (2.4). Since Q(v"z) = v*"Q(x),
R(v"z) = v*R(x) for all z € X and all n € N, from (2.4), it follows
that

(2.10) kQe)-r@) (V) = HQeura)-Rema) (V")

T (1Quna) o) (V") g (ona) - R(ona) (V1))

T (TIS; (pO,v”+’“*1w,0,0,~~~,O (02n+k (v—1) t)) 5
T2y (Po,v"%*lx,o,o,m,o (Uzmk (v—1) t)))

for all z € X and all ¢ > 0. Letting n — oo in (2.10), we conclude that
Q=R O

>
>
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THEOREM 2.2. Let f : X — Y be an even mapping for which there
isap: X" — D"
( P(z1,29, wn) 18 denoted DY g, z,.... », ) such that

(2.11) /“[/Pf($17$2:"'7$n)(t) > Payea,eon ()
for all 1,29, ,2, € X and allt > 0. (Letv=2—-c—n,0<v<1)
If

(212) 7}1*)120 Tk:l (p071m€r/1€’0707.,.’0 (W = 1,

t
(2.13) lim pey 25 on ( ) =1

n—oo v’ p2n

hold for all x € X and all ¢ > 0, then there exists a unique quadratic
mapping () : X — Y such that

~ (v—1)t
(2.14) f@)—Q) (t) = T2y (Poﬁ,o,op-,o (T

for all z € X and all ¢ > 0.

Proof. Putting v =z and v1 =x3 =24 =--- =2, = 01in (2.11), we
get
(2.15) [ f((2=c—n)a)—(2—c—n)2f(2) (£) = P0,2,0,0, 0(t)

for all ¥ € X and all ¢ > 0. Replacing 2 —c—mn by v and z by ¥ in
(2.15), we get

(2.16) iy 2g(2)(8) 2 Po.z.00.-0(t)
for all z € X and all ¢ > 0. Hence

t
M'U%f(vik)—vﬂk'l'l)f(vkﬁ_l) (t) > P0,—57,0,0,+-,0 (W)

forall z € X, allt >0 and all k € N. From — > 14v+ - +0"*
(0<wv<1),it follows that

(2.17) /'Lf(x)fvmlf(vi,)(t)

T

> Tpy (Mv2<k—1)f( =)ok ( %) (v (1= Uﬂ))

k1

v—1)t
> Ty, <Po,fk,0,o,~--,0 (%))
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for all z € X and all ¢ > 0. In order to prove the convergence of the
sequence {v*"f (%)}, replacing  with - in (2.17), we obtain that

n pm

Mv2mf(ﬁ)—’u2<m+")f( z )(t) Z T]?Zl

pm+n

(2.18) (v—1)t
PO, %5 .,0,0,+ 0 W .

Since the right hand side of the inequality (2.18) tends to 1 as m and n
tend to infinity, the sequence {v*"f (%)} is a Cauchy sequence. Thus
we may define Q(z) = lim, o v*"f (£ ) for all z € X.

Now we show that @ is a quadratic mapping. Replacing z; with =&
(1=1,2,--- ,n) in (4.1), respectively, we get

t
219 hnry(anzp O 2 o5zt ()
Taking the limit as n — oo, we find that v?"Pf (&, 2 ... L) tends

to 0, which implies that the mapping @) : X — Y is quadratic. Letting
the limit as n — oo in (2.18), we get (2.14).
The rest of the proof is similar to the proof of Theorem 2.1. n

3. Generalized Hyers-Ulam stability of the quadratic func-
tional equation (1.3) in random normed spaces

For a given mapping @ : X — Y, consider the mapping D@ : X" —
Y, defined by

DQ(xl’ T, e - ,xn) D= Q (Z dzxz> =+ Z dZdJQ(ZEZ — l‘j)
i=1

1<i<j<n

for all x1, 29, -+ ,2, € X and let d =) d;
In this section, we prove the generalized Hyers-Ulam stability of the
functional equation DQ(xy,xs,- -, x,) = 0 in complete RN-spaces.

THEOREM 3.1. Let Q) : X — Y be an even mapping for which there
isap: X" — DT (p(x1,x9, - ,x,) is denoted by pz, vy z,) Satisfying
Q0)=0andd> 1. If

(3-1) HDQ(z1 22, xn) = Pr1yzo, an (t)
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for all xq,x5,--- ,x, € Xand all t > 0, and
(3:2) Jm pyn-y, .. g, (4 = 1)) =1

for all x,y € X and all t > 0, then there exists a unique quadratic
mapping R : X — Y such that

(3.3) 1R -@@) () = T2y (par-tw a1, ax-12(d” = 1))
for all x € X and all t > 0.

Proof. Putting ©1 = 2 =--- =z, = x in (3.1), we get
(3.4) 1Q(dz)-2Q(@) (1) = Pag, - a(t)
and so
t
(3.5) /LQ(dx)/dLQ(z)(ﬁ) > szx(t)

for all z € X and all ¢t > 0. Let
Ve (t) = p:c,x,-~~,a:(t)
Replacing = by d"z and ¢ by d?™+Vt in (3.5), we get
HQn1a) a2 —Qana) (A1) > o (d*FVE),
(36) MQ(dnJrlx)/dQ(n-!—l)_Q(dnx)/d?n(t) Z @Z)m(dQ(n—H)t)
for all n € N, z € X and all t > 0. It follows from (3.6) and 1 >
(* = 1)(z + 91 + -+ + 7 that

HQana)/n—Q(@) (t) = IQana)/d2n—Q(dn =) fd2(n=1) 4+ Q(d) /a2 —Q(x)) ()

, (d* — 1)t
(3.7) Ty <N<Q(dkm>/d2kQ<d<k—1>m>/d2<k—1> (T

> TPy (Yae-n, ((d® — 1)t))
= Ty (Par-vpatc-—a,.. g1, ((d> = 1)t))
for all z € X and all n € N. Thus we have

v

(3.8) HQ(dna) jd2n—Q(dm )z jd2m (1)
> T (Pat—1gat-1g... a4 ((d> = 1)t)) .

Since the right hand side of the inequality (3.8) tends to 1 as m,n tend

to infinity, the sequence (Qgﬁx)) is a Cauchy sequence. Thus we may

define R(z) = lim,,_ Qg;x) for all z € X. Then

(3.9)  LrE)-0@ 1) = T2y (Pgr—1gat-—g,.. gn-ng((d> = 1)t))
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Now we show that R is a quadratic mapping. Putting z; = x5 =
x, =d"x in (3.1), we get

P D@ s, ) (t) > paradra,. ana(t)-

Taking the limit as n — oo, we find that R : X — Y satisfies (3.1) for
all z,y € X. Since ) : X — Y iseven, R: X — Y is even. So the
mapping R : X — Y is quadratic. Letting the limit as n — oo in (3.9),
we get (3.3).

Next, we prove the uniqueness of the quadratic mapping R: X — Y
subject to (3.3). Let us assume that there exists another quadratic
mapping L : X — Y which satisfies (3.3). Since R(d"z) = d*"R(z),
L(d"x) = d*"L(z) for all x € X and all n € N, from (3.8), it follows that

(3.10)  Mr()-1(2)(2t) = PR@@ra)-L(@na) (2 - d*E)
> T(tr(ana)-Q(ana) (d°"), pana)-Ldna) (A1)
> T(T32) (pgnttkvganttv-1g... gnite-14(d> — 1)d*"t)),
(T2 (pant -1 g gnt -1y gni -1 ((d> — 1)d*"t))

for all x € X and all ¢ > 0. Letting n — oo in (3.10), we conclude that
R=1L. O

THEOREM 3.2. Let Q) : X — Y be an even mapping for which there
isap: X" — DT (p(xy,29,- - ,x,) is denoted by pyy vy z,) Satisfying
Q0)=0and0<d<1. If

(3.11) IDQ(x1,32,+ n) = Pr,@a, on (t)
for all x1,x5,--- ,x, € X and all t > 0, and
(3.12) . (e d*)t) =1

for all x,y € X and all t > 0, then there exists a unique quadratic
mapping R : X — Y such that

(3.13) oo (®) = T2 (P42 (1= 1))
for all x € X and all t > 0.

Proof. Putting ©1 = 29 =--- =z, = x in (3.11), we get
(3.14) 1Q)-2Q(w) (1) 2 P, a(t)
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Replacing = with & in (3.14)

(3.15) Q@) -a2q(z)(t) = pz,
for all z € X and all ¢t > 0. Let

¢az(t) = a:,x,-~~,x(t)
Replacing = by =% and ¢ with -5 in (3.15), we get

(t)

&\H
s

d"L d2n
t t
Fag-eEne(5y) 2 Yo (50),
t
(3.16) Hag -2 (t) 2 b (50)

foralln € N, 2 € X and all t > 0. It follows from (3.16) and 1 >
( —1)(d® +d*+ -+ d®) that

|

Ho(gen - () = 1 A2 —Q( gy )2 D 4+ Q(5)d? 2-qa) (1)

PUQUE )P~ QU gy ) ((% - 1)d2’“t)>
Vs (1= d)t))

Pz (1= d2)D))

for all z € X and all n € N. Thus we have

(3.18) e —atmen(®) = Ty (a5, 2 (1= d)1).

dk

B

(3.17)

Y]

n
Tkl

N

v

n
Tkl

:Tkl

?s-‘a

N 77N

Since the right hand side of the inequality (3 18) tends to 1 as m, n tend
to infinity, the sequence (Q(Z%)d*") is a Cauchy sequence. Thus we may
define R(z) = lim, o Q(:)d*" for all z € X. Then

(319)  prw-ae®) = T (pa. 2.2 (1 - 1)

Now we show that R is a quadratic mapping. Putting vy = 2o = --- =
T, = 47 in (3.11), we get

”DQ(ﬁvﬁv"7ﬁ)d2”(t) > Pz d%(t)

Taking the limit as n — oo, we find that R : X — Y satisfies (3.13) for
all x,y € X. So the mapping R : X — Y is quadratic. Letting the limit
as n — oo in (3.18), we get (3.13).

The rest of the proof is similar to the proof of Theorem 3.1. O



406

1]

S. Schin, D. Ki, J. Chang, M. Kim and C. Park

References

J. Aczel and J. Dhombres, Functional Equations in Several Variables, Cambridge
Univ. Press, Cambridge, 1989.

T. Aoki, On the stability of the linear transformation in Banach spaces, J. Math.
Soc. Japan. 2(1950), 64-66.

D.G. Bourgin, Classes of transformations and bordering transformations, Bull.
Amer. Math. Soc. 57(1951), 223-237.

S.S. Chang, Y.J. Cho and S.M. Kang, Nonlinear Operator Theory in Probabilistic
Metric Spaces, Nova Science Publishers Inc. New York, 2001.

P.W. Cholewa, Remarks on the stability of functional equations, Aequationes
Math. 27(1984), 76-86.

J.K. Chung and P.K. Sahoo, On the general solution of a quartic functional
equation, Bull. Korean Math. Soc. 40(2003), 565-576.

S. Czerwik, On the stability of the quadratic mapping in normed spaces, Abh.
Math. Semin. Univ. Hambg. 62(1992), 59-64.

Z. Gajda, On stability of additive mappings, Int. J. Math. Math. Sci. 14(1991),
431-434.

P. Gavruta, A generalization of the Hyers-Ulam-Rassias stability of approzi-
mately additive mappings, J. Math. Anal. Appl. 184(1994), 431-436.

A. Grabiec, The generalized Hyers-Ulam stability of a class of functional equa-
tions, Publ. Math. Debrecen 48(1996), 217-235.

0. Hadzi¢ and E. Pap, Fized Point Theory in PM Spaces, Kluwer Academic
Publishers, Dordrecht, 2001.

0. Hadzi¢, E. Pap and M. Budincevié¢, Countable extension of triangular norms
and their applications to the fixed point theory in probabilistic metric spaces,
Kybernetika 38(2002), 363-381.

D.H. Hyers, On the stability of the linear functional equation, Proc. Natl. Acad.
Sci. USA 27(1941), 222-224.

D.H. Hyers, G. Isac and Th.M. Rassias, Stability of Functional Equations in
Several Variables, Birkhaér, Basel, 1998.

G. Isac and Th.M. Rassias, On the Hyers-Ulam stability of 1-additive mappings,
J. Approx. Theory 72(1993), 131-137.

Pl. Kannappan, Quadratic functional equation and inner product spaces, Results
Math. 27(1995), 368-372.

D. Mihet, The probabilistic stability for a functional equation in a single variable,
Acta Math. Hungar. 123(2009), 249-256.

D. Mihet, The fixed point method for fuzzy stability of the Jensen functional
equation, Fuzzy Sets and Systems 160(2009), 1663-1667.

D. Mihet and V. Radu, On the stability of the additive Cauchy functional equa-
tion in random normed spaces, J. Math. Anal. Appl. 343(2008), 567—572.

M. Mirmostafaee, M. Mirzavaziri and M.S. Moslehian, Fuzzy stability of the
Jensen functional equation, Fuzzy Sets and Systems 159(2008), 730-738.

A K. Mirmostafee and M.S. Moslehian, Fuzzy versions of Hyers-Ulam-Rassias
theorem, Fuzzy Sets and Systems 159(2008), 720-729.



Quadratic functional equations in random normed spaces 407

[22] A.K. Mirmostafaee and M.S. Moslehian, Fuzzy approximately cubic mappings,
Inform. Sci. 178(2008), 3791-3798.

[23] Th.M. Rassias, On the stability of the linear mapping in Banach spaces, Proc.
Amer. Math. Soc. 72(1978), 297-300.

[24] Th.M. Rassias, On the stability of functional equations and a problem of Ulam,
Acta Appl. Math. 62(2000), 23-130.

[25] Th.M. Rassias, On the stability of functional equations in Banach spaces, J.
Math. Anal. Appl. 251(2000), 264—284.

[26] B. Schweizer and A. Sklar, Probabilistic Metric Spaces, North-Holland, New
York, 1983.

[27] A.N. Sherstnev, On the notion of a random normed space, Dokl. Akad. Nauk
SSSR 149(1963), 280-283 (in Russian).

[28] F. Skof, Propriet locali e approssimazione di operatori, Rend. Sem. Mat. Fis.
Milano 53(1983), 113-129.

[29] S.M. Ulam, Problems in Modern Mathematics, Chapter VI, Science ed., Wiley,
New York, 1940.

Seoul Science High School
Seoul 110-530, Republic of Korea
E-mail: maplemenia@naver.com

Seoul Science High School
Seoul 110-530, Republic of Korea
E-mail: wooki7098@naver. com

Seoul Science High School
Seoul 110-530, Republic of Korea
E-mail: jjwjjw9595@naver . com

Seoul Science High School
Seoul 110-530, Republic of Korea

E-mail: frigen@naver.com

Department of Mathematics
Hanyang University

Seoul 133-791, Republic of Korea
FE-mail: baak@hanyang.ac.kr



