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EPIS, DOMINIONS AND ZIGZAG THEOREM IN COMMUTATIVE
GROUPS

AFTAB HUSSAIN SHAH, MUNEER NABI*, AND SHABIR AHMAD AHANGER

ABSTRACT. In this paper, we introduce the notion of tensor product in groups and
prove its existence and uniqueness. Next, we provide the Isbell’s zigzag theorem for
dominions in commutative groups. We then show that in the category of commu-
tative groups dominions are trivial. This enables us to deduce a well known result
epis are surjective in the category of commutative groups.

1. Introduction

Isbell [6], introduced the notion of dominion in semigroups and proved the famous
Isbell’s Zigzag Theorem for semigroups. It gives the necessary and sufficient condition
for an element of a semigroup to be in its dominion in any containing semigroup.
Till now generalizations and different proofs of this theorem are provided by various
authors (see [2], [4] and [8]). Recently Sohail Nasir [7], studied dominions in pomonoids
and gave Zigzag Theorem for pomonoids. Further, Ahanger and Shah [1] provide short
proof of Isbell’s Zigzag Theorem for commutative pomonoids. P. M. Higgins [3], posed
a question whether Zigzag Theorem is valid in the category of all bands or not. It
is also an open problem whether Zigzag Theorem holds for groups or not. However,
Schreier had shown that dominion is trivial in the category of all groups by proving
that any group amalgam is embeddable in a group. In this paper we provide the
zigzag theorem in the category of commutative groups and show that dominion is
trivial in the category of commutative groups. This also enables us to deduce a well
known result that epis in this category are precisely surjective morphisms.

2. Preliminaries

A morphism a : G — T in a category C is called an epimorphism (epi for short) if
for all morphisms 3,~v : T'— V with a8 = a~ implies that § = v. Where, for any pair
of morphisms 6,7 in C the composition dn means first 4 then 7. In any category of
algebras, all surjective maps are epimorphisms. In some categories, such as category
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of all groups, the converse also holds. But the converse does not hold in general in
the categories of semigroups and rings. For example i : (0,1] — (0,00) regarding
both the intervals as multiplicative semigroups, is a non-surjective epimorphism in
the category of semigroups.

Let C denote a category of algebras. Let G, H be in C such that H be a subalgebra
of G. Then
DOM%(H):{QGGVTGC,VOJ,ﬁG—>T, Zf O(|H:ﬁ‘H:>ga:gﬁ}

called the dominion of H in G within C. Clearly, Dom&(H) is a subalgebra of G such
that H C Dom&(H) C G. If Dom&(H) = H, we say that dominion of H in G is
trivial in C. It can be easily seen that o : G — T is epi in C if and only if

(1) Dom$(Ga) =T.

The most useful characterization of semigroup dominion is provided by the famous
Isbell’s Zigzag Theorem by Isbell in [6] and is as follows.

THEOREM 2.1. ([6] Theorem 2.3) Let U be a subsemigroup of a semigroup S and
d € S. Then d € Domg(U) if and only if d € U or there exists a system of equalities
for d as follows.

d = a0y1 ag = T1aq
(2) A2i—1Yi = A2Yi+1 TG = Tiy1ai41 (1=1,2,...,m —1)
Ao2m—1Ym = Aom TmQom = d,

where a; € U (0 <1i < 2m) and x;,y; € S (1 <i<m).

The above system of equalities (2) is called as the zigzag of length m in S over U
with value d.

3. Bi-Sets and Tensor Product in Groups

DEFINITION 3.1. Let G be a group with identity 1 and X be a non-empty set.
Then X is a left G-set if there exists an action * : G x X — X given by (a,z) = ax x
such that:

(i) (ab) s, x = ax; (bx x) for all a,b € G,z € X

(i) 12z =xforall z € X.
Dually, a non-empty set X is a right G-set if there exists an action * : X x G — X
given by (z,a) — x %, a such that:

(i) z %, (ab) = (z %, a) *. b for all a,b € G,z € X;

(ii)) x *,. 1 = x for all x € X.

DEFINITION 3.2. If G and G’ are (not necessarily different) groups, then X is said
to be (G, G")-biset if it is both a left G-set as well as a right G'-set and

(a*; x) % b=ax (x*.b), forallae G,be G and z € X.

Note that any group G can be considered as a (G, G')-biset, where the actions are
just the multiplication of G.
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REMARK 3.3. If G is a commutative group then there is no distinction between a
left and a right G-set. For if, X is left G-set we may define a right action *, of G on
X by

(3) rx,a=axx (v € X,a€q)

and under these actions X becomes a (G, G)-biset. Note that G is also a (G, G)-biset
with actions as indicated above.

DEFINITION 3.4. Let X and Y be left G-sets. Then a map ¢ : X — Y satisfying
(a % x)p =ax (z¢) (for all a € G, x € X) is called a morphism (or a G-morphism
or a G-map) from X to Y.

Similarly we can define G-maps between right G-sets X and Y.

DEFINITION 3.5. Let X and Y be (G,G’)-bisets. Then a map ¢ : X — Y is a
(G,G")-map if it is a left G-map and right G’-map such that:
((a * ZL’) *r a/)¢ = ax (xgb) *r CL/,
foralla € G,d € G,z € X.

From now onwards for the sake of brevity we shall denote the left and right actions
axr and za instead of a x; x and x *, a respectively.

DEFINITION 3.6. A relation p on a left G-set X is called a congruence if p is an
equivalence on X such that

(z,y) € p= (az,ay) € p, for all z,y € X and a € G.
Dually we can define a congruence on a right G-set.

DEFINITION 3.7. A relation p on a (G,G’)-biset X is called a (G, G')-congruence
if it is a left G-set congruence and right G’-set congruence respectively.

Let X be a left G-set, p be a left G-set congruence on X and X/p = {zp: 2z € X}.
Then it can be easily verified that X/p is a left G-set with the action defined by
a(xp) = (ax)p. The map p* : X — X/p defined as xp* = xp, for every x € X is a
surjective G-map.

For any left G-set X and any right G'-set Y, it may be easily checked that Z =
X x Y is a (G,G")-biset with respect to actions defined by

/

a(z,y) = (az,y) and (x,y)a’ = (z,yad) for all (z,y) € Z,a € G and d’ € G'.

Let A be a (G,G")-biset, B be a (G',G")-biset and C be a (G,G")-biset.

DEFINITION 3.8. A (G,G")- map 3 : A x B — C will be called a bimap if for all
xr €A de€G and y € B, we have

(zd',y)B = (,d'y)p.

DEFINITION 3.9. A pair (P, 1) consisting of a (G, G")-biset P and a bimap ) :
A x B — P will be called a tensor product of A and B over G if for every (G,G")-
biset C' and every bimap f : A x B — C, there exists unique (G, G"”)-map §: P — C,
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such that the diagram

(4) AxB-Y . p
5[/
B
C

commutes, i.e., 3 = B.

Moreover, when C' = P and 3 = 1, the unique j in the above diagram is 1, (the
identity map on P)

¥

(5) Ax B P
¢‘/
P

LEMMA 3.10. If there exists a tensor product of A and B over G then it is unique
upto isomorphism.

Proof. Suppose (P,v) and (P’,1') are two tensor products of A and B over G.
Then by definition for any (G, G")-bisets C' and C’ and bimaps f: A x B — C and
B : A x B — C' respectively there exists a unique (G,G")-map 8 : P — C and
B': P' — (' respectively such that the following diagrams

wl

(6) AxB-—Y—~P AxB P
B B
C '

commute, i.e., ¥ = B and WBC: B'. Then by putting C' = P’ and ¢" = P in the
diagrams (6), we find a unique ¢’ : P — P’ and ¢ : P’ — P such that the following
diagrams

AxB-Y P AxB-Y

17

commute i.e., 1)’ =1’ and 1’¢) = ). Thus ' = 1), and so the diagram

Pl

(4

(7) Ax B P.
P o
Y'Y
P
commutes. By uniqueness property in the diagram (5) ¢'¢p = 1p. By a similar

argument, 1Y’ = 1p and so P ~ P’ as required. O
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Denote A ®¢ B = A x B/T, where 7 is the equivalence relation on A x B generated
by the relation (see Howie [5])
T ={((za,y), (z,ay)) : v € A,y € B,a € G}.
We denote the 7-class (a,b)7 of any (a,b) by a ® b. Note that by definition of the
relation 7 we have

(8) ray=x®ayforall x € A,y € B and a € G.

PROPOSITION 3.11. Let z @y, ¥’ @y € A®g B. Then x ® y = 2’ ® y' if and
only if either (x,y) = (2/,y') or there exists x1,xa,... 2,1 € A, Y1,Y2, -, Yn_1 € B,
a1,092,...,0n_1, 0y, bl, b27 e b,_1 € G such that

T = T101 ary = b1y
(9) T1b) = X0y azyr = bayo
by = ri1ai11 a1y = biyinn (1=2,...,n—2),
Tpibp1 =2 ay, AnYn1 =Y

Proof. Suppose first that we have the given sequence of equations. Then using
equation (8) successively we have

TRY=2101 QY =21 Q a1y =21 @ by
=101 @ Y1 = X2a2 @ Y1 = T2 ® a2y = T2 X bayo

= Tp1bp1 Q@Y1 =2'ap QYp1 =2’ @ apyn—1 =2’ VY.
Conversely, suppose that z ® y = 2’ ® /. Then by ( [5] Proposition 1.4.10),

(z,y) = (P, 1) = (P2,@2) = - = (Pa—1, Gn1) = (Pnsn) = (2, 7),

where ((pi—1,4i-1), (Pix1,Giv1)) € TUT 1. We can assume without loss of generality
that the sequence begins and ends with right move (za,y) — (z, ay).

(z,y) = (p1. 1) = (v1a1,y) = (21, 1Y),
= (z1,biy1) = (@1b1, 1),
= (w202, Y1) — (T2, a2y1),
= (2, bay2) = (w2b2, o),

= (Tn-1,bp-1Yn-1) = (Tn-10n-1,Yn-1),
= (2an, yn1) = (@', anyn) = (=", 9/).
This gives system of equations:
T =mra iy = by

x1by = weay axy; = bayo

’ /
xn—lbn—l =T 0p ApYn—1 =Y,

as required. N



518 A. H. Shah, M. Nabi, and S. A. Ahanger

PROPOSITION 3.12. The equivalence relation 7 is a (G, G")-congruence on A X B,
where A x B is a (G, G")-biset.

Proof. Suppose (z,y)T = (2/,y )7, le, c @y =2"®y and g € G,¢" € G". We
have

gr@y=gr' ®y (by equations (9))
= (gz,y)7 = (92", )7
= g(z,y)T = g2,y )7 (since A x B is a (G,G")-biset).

This implies (g(z,y),g(z',y")) € 7. Similarly ((x,y)¢")7 = ((«/,y')g")T implies
((z,v)g", (z',y")g") € 7. Thus 7 is a (G, G")-congruence. O

REMARK 3.13. For a left G-set A and a right G’-set B, Z = A ®¢ B forms a
(G, G")-biset with respect to action defined by

gz ®y) = (g2)®y, (z@y)d =2 (yg')

for all (z,y) € Z, g € G and ¢’ € G'.

REMARK 3.14. 78 : A x B — (A x B)/7 defined by (z,y)7% = (z,y)7 is a (G, G)-
map.
For this let (x,y) € Ax B, a € G and «’ € G'. Now

(a(z,y))7" = (az,y)m" (since A x B is a (G, G")-biset)
= (ax,y)T
=a(z,y)T (since (A X B)/7 is a (G, G")-biset)
= a(x,y)T

Similarly, ((x,y)a’)7% = (x,y)7%a’.

PROPOSITION 3.15. Let A be a (G,G")-biset, B be a (G',G")-biset. Then (A ®¢
B, 7%) is the tensor product of A and B over G.

Proof. Let (z,y) € A x B and g € G. Then, we have

(2g,y)7 = (xg,y)7
=rgQy
=z ®gy (by equation (8))
= (z,9y)7
= (z, gy)7".

Therefore, by Remark 3.14 77 is a bimap. Now let C' be a (G,G’)-biset and let
B :Ax B — C beabimap. Define f: A®g B — C by

(10) (l‘@y)B:(l',y)ﬁ ($6A7y€B>'
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Now to verify that § is well defined. We take 2 ® y, 2’ ® v € A ®¢ B such that
r®y =12 ®y. We have

(x®y)B = (x,y)3 (by equation (10))
= (z1a1,y)B (by Proposition 3.11)
= (z1,a1y)8  (by equation (8))
= (x1,b1y1)8  (by Proposition 3.11)
= (x1b1,11)B  (by equation (8))
= (x9a9,y1)f  (by Proposition 3.11)
= (xq9,a2y1)f  (by equation (8))
= (x2,boy2)  (by Proposition 3.11)
= (x2b2,y2)B  (by equation (8)).
Next for e = 2,3,...,n — 2, we have
(@i, biys) B = (w:b;, )3 (by equation (8))
= (®i110:41,y:)0  (by Proposition 3.11)

= (Ti41,a,41Y;)B  (by equation (8))
= (Ti41,bi11Yi41)  (by Proposition 3.11).

Finally, we have

(mn—lybn—lyn—l)ﬁ Tn— 1bn 1y Yn— 1)5 (by equation (8))

(

= ('an,yn—1)B (by Proposition 3.11)
= (2',anyn-1)8 (by equation (8))

= (¢, ) (by Proposition 3.11)

= (2’

y)B  (by equation (10)),
as required. Now let g € G and ¢’ € G'. Then

(g(r®y))B = (gr®@y)3 (by Remark 3.13)

= (gx,y)B8 (by equation (10))
(z,y)B (Since B is a (G,G’)-bimap)
(z®@y)B (by equation(10)).

Similarly,
(z®@y)g)B = (x®y)By.

Therefore, 3 is a (G, G')-map. Next, we show the following diagram commutes.

(11) Ax B A®g B

| A

C
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For this let (x,y) € A x B. Then

(z,9)7°8 = ((2,y)7)B
=(z®y)p
= (z,y)p.
Thus, 796 = f. -
The uniqueness of 3 follows easily. Thus (A ®¢ B, 79) is a tensor product of A and B
over G. O

4. Zigzag Theorem for Commutative Groups

In this section we provide the Zigzag theorem for commutative groups. Throughout
this section we denote by 1 the identity of the group G and C denotes the category of
commutative groups.

To prove our main theorem we first prove the following Lemma.

LEMMA 4.1. Let H be a subgroup of a commutative group G. Then A = G ®y G
is a commutative group.

Proof. Define a product on A = G ®y G as, for any a ® b,c® d in A
(12) (a®Db)(c®d) = ac® bd.

We claim that (12) is well defined and makes A into a commuttive group. For this
take any a ® b,c®d, d @b, @ d in A such that a®b=d" ®V and c®d= ®d.
We must get ac ® bd = o’ ® v'd’. By Proposition 3.11, we have

a= a8 $1b = t1bg
(13) a1ty = asssy S9by = tobo
ait; = @i 181 Siv1b; = tiv1bi (1 =2,...,n — 2)
Qp1tn_1 = a's, Spbp_1 =V

for all a17a27'"7an—l7b17627"'7bn—1 S Ga 81732a"'$n7t17t27"'7tn—1 €H.

And,
A TN
c=a;s] s1d =170}
T IZVTaY
(14) aly = ays, Soby = 150,y
lyl ! / / /gl / <
’ / N Y o
a’nfltnfl =cC Sn Snbnfl - d

/ / !/ / / / / / / / / /
for all ay,aj,...,a,_4,b0,0,,...,b,_1 € G, 81,85, ...5,,t7,t5,...,t,_, € H.
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Now from system of equations (13), (14) and commutativity of G. We have
ac = (a14)(s151) (s151)(bd) = (£27)(b10h)
(a1ay)(t1th) = (a2a3)(s253) (5255)(b1by) = (taty) (b))
(a5a;) (tit;) = (ais10i41)(Si+18341) (si+18i10) (0ib) = (tigatiy 1) (biabiys)
(1=2,...,n—2),
(@n—1ay,_1)(tn-1t,,_1) = (') (snsy,) (Sns, )(bn 1by_q) = 'd
where aja}, axab, ... an—1a,,_1,b107, bbb, ... b, 1bl,_ € G and $157, 5285, ..., 5,5,

tity, tats,

Sy tnot,_, € H. By Proposition 3.11 we have ac ® bd = a’¢ ® b'd" and hence (12)
is well defined. It is easily seen that (12) is also associative. Now, it remains to show
the existence of identity and inverse in A. Take a ® b € A. Then

(a®b)(1®1)=(al ®bl) = (a®0b).
And
(1®1)(a®b)=(la®1b) = (a®b).

Hence (1 ® 1) is the identity of A= G®yx G. Now let a®@b € A, thena ' @ b1 € A
and

(a@b)(a @b ) =(aa ' @b ") = (1®1),

(a'@b Na®b)=(ala®b b)) =(1®1).
Therefore, a=' @ b~! is the inverse of a ® b in A = G ®y G. The commutativity of A
follows simply by using commutativity of G in (12). H

THEOREM 4.2. Let H be a subgroup of a commutative group G and let d € G.
Then d € Dom&(H) if and only if d ® 1 = 1 ® d in the tensor product A = G @y G.

Proof. Suppose d® 1 =1®d. Let T be any commutative group and 3,7 : G — T
be morphisms of commutative groups such that 5|y = |y for all h € H. We show
that df = d~y. First, we show T is a (H, H)-biset with respect to action defined as

(15) ht = (hB)t (= (hy)t), th =t(hpB) (=t(hy)) forallhe Hit € T.
Now for all hy,hy € H, t € T, we have

(hih2)t = ((hihe)B)t  (by equations (15))
= (h18)(h2f)t (since § is morphism)
= (h18)(hat) (by equations (15))

hi(hot)  (by equations (15))
and 1t = (18)t =t forallt € T.
Similarly, for all t € T" and for all hy, hy € H we have
t(h1ha) = (thy)he and t1 = t.

10
16

Also,
(hit)he = (hit)(hef)  (by equations (15))

= hit(h2f3)
= hi(the) (by equations (15)).
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Thus, 7" is an (H, H)-biset. Define ¢ : G x G — T by

(16) (9,90 = (98)(9"), (9,9) € G xG.
Then for all g,¢' € G, h € H, we have
(h(g. )b = (hg, ')
((hg)B)(g"y)  (by equation (16))
= (h8)(98)(g"y) (since 8 is a morphism)

h(gB)(g"v)  (by equations (15))
h(g,9" )  (by equation (16)).

Similarly, we can show

((g,9"))¢ = (g,9")¢h (for all g, ¢" € G, h € H).
Therefore, ¢ is an (H, H)-map. Next, for all h € H and g, ¢ € G, we have
(gh, 9 ) = ((gh)B)(g"7)
= (gB)(hB)(¢'y) (since § is a morphism)
= (98)(hy)(g"y)  (since hf = hy)
= (gB)(hg')y (since 7 is a morphism)
= (9.hg' ) (by equation (16)).

Therefore, v is a bimap. Since (G ®y G, 7%) is a tensor product, therefore, by Propo-
sition 3.15, there exists a map 1 : G ®y G — T such that

(17) (9® g = (9,9 = (gB)(g"7), y® ¢ € GoyG.

Now, we have

df = (d1)B
(dB)(18) (since (8 is a morphism)

= (dB)(1y)  (since 15 = 1v)
=(d® 1)y (by equation (17))
=(1®dy (sinced®1=1®4d)
= (18)(dv)  (by equation (17))
= (Iy)(dv) (since 15 = 1v)
= (1d)y (since 7 is a morphism)
=dvy

Therefore, d € Dom& (H), as required.
To prove the converse part. Let d € Dom&(H), we show that d ® 1 = 1 ® d. Define
B,v: G — A by the rule
gf=g®1and gy =1®g.
Then 3, are clearly commutative group morphisms. Now for any h € H

h@ol=1®h= hf=hy.
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Therefore, d8 = dy which implies that d ® 1 = 1 ® d, as required. This completes the
proof of the theorem. O

The next result is the zigzag theorem for commutative groups.

THEOREM 4.3. Let H be a subgroup of a commutative group G and let d € G.
Then d € DomS(H) if and only if either d € H or there exists a factorizations of d
as follows.

d = hoyi ho = x1hy
(18) hoi—1Y; = hoiyis1 Tihei = Tiv1hoir (1=1,2,...,m —1)
h2m—1ym - th xmh2m - d7

where h; € H (0 <1i < 2m) and x;,y; € G (1 <i < m). The above factorizations is
called as the zigzag of length m in G over H with value d.

Proof. The proof follows by using Theorem 4.2 and Proposition 3.11. O]

COROLLARY 4.4. Let C be the category of commutative groups and G, H are in C
with H a subgroup of G. Then Dom&(H) = H i.e., dominion is trivial.

Proof. Take any d € Dom&(H). If d € H, then there is nothing to prove. Other-
wise, by Theorem 4.3, d has a factorization of type (18) in G over H. Now

d = hoy, (by zigzag equations)
= hoh{'hiy;  (since G is a group)
= hohi*hoys  (by zigzag equations)
= hohy'hohsthsys  (since G is a group).
Next for i = 3,--- ,m — 1, we have
d= hohl_lhgh?:l...h;il_lhgi_lyi
= hohy'hahst. . hyt [ howyiv1  (by zigzag equations)
= hoh;lhzh;ﬁ?l...h;il;thih;ii_thi+lyi+l (since G is a group).
Finally, we have
d= hohflhzhgl...h;nll73h2m,2h;nllilh2m,1ym
= hohy'hahs'..hop shom_ohy han  (by zigzag equations),

which is in H. Since H C Dom&(H). Thus Dom&(H) = H. O

COROLLARY 4.5. Let C denote the category of commutative groups then epis are
surjective in C.

Proof. Let G, H € C with H a subgroup of G. Let o : H — G be an epimorphism,
we must have Ima = G. By equation (1) Dom&(ima) = G. By Corollary 4.4
Dom&,(Ima) = Ima. Thus we have Ima = G. O



524 A. H. Shah, M. Nabi, and S. A. Ahanger

References

[1] Ahanger S. A. and Shah A. H., On zigzag theorem for commutative pomonoids and certain closed
and absolutely closed monoids and pormonoids, Beitrage Zur Algebra und Geometrie, 61 (2020)
9-21.

[2] Alam. N. and Khan. N. M., A note on Isbell’s zigzag theorem for commutative semigroups,
Algebra Letters, 1 (1) (2012) 22-27.

[3] Higgins, P.M., Epimorphisms and semigroup varieties, PhD. Thesis, Department of Mathemat-
ics, Monash University Australia (1983).

[4] Howie, J.M. and Isbell, J.R., Epimorphisms and dominions II, J.Algebra 6, (1967) 7-21 .

[5] Howie, J. M., Fundamentals of Semigroup Theory, Clarendon Press, Oxford (1995).

[6] Isbell, J. R., Epimorphisms and dominions, Proceedings of the Conference on Categorical Al-
gebra, La Jolla, (1965), Lange and Springer, Berlin, (1966), 232-246.

[7] Sohail. N., Zigzag theorem for partially ordered monoids, commun. Algebra, 42 (2014), 2559—
2583.

[8] Stenstrom B., Flatness and localization over monoids, Math. Nachr. 48 (1971), 315-334.

Aftab Hussain Shah

Department of Mathematics, Central University of Kashmir,
Ganderbal 191131, India

E-mail: aftab@cukashmir.ac.in

Muneer Nabi

Department of Mathematics, Central University of Kashmir,
Ganderbal 191131, India

E-mail: muneernabi@cukashmir.ac.in

Shabir Ahmad Ahanger
Department of Mathematics, Central University of Kashmir,
Ganderbal 191131, India

E-mail: shabir@cukashmir.ac.in



	1. Introduction
	2. Preliminaries
	3. Bi-Sets and Tensor Product in Groups
	4. Zigzag Theorem for Commutative Groups
	References

