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ON THE MARTINGALE EXTENSION OF LIMITING
DIFFUSION IN POPULATION GENETICS

WoN CHoO1

ABSTRACT. The limiting diffusion of special diploid model can be
defined as a discrete generator for the rescaled Markov chain. Choi(
[2] ) defined the operator of projection Sy on limiting diffusion and
new measure d@Q = SidP. and showed the martingale property
on this operator and measure. Let P, be the unique solution of
the martingale problem for £y starting at p and 71,7, -+ , 7, the
projection of E™ on x1,x2, - ,Zy. In this note we define
dQ, = SidP,

and show that @), solves the martingale problem for £, starting at
p.

1. Introduction

Let E (a locally compact separable metric space) be the set of all
possible allels and vy(in P(E) , the set of Borel probability measures
on E) the distribution of the type of a new mutant. Suppose that N(a
positive integer) is the diploid population size and s(x) is the selection
coefficient of allele x.
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We now consider the normal-selection model which define in W. Choi(
[1]). The type space E is unspecified. However, 1, and the function s
must jointly satisfy the following condition; If X is a random variable
with distribution vy, then s(X) has the normal distribution with mean
0 and variance o2. Furthermore, o = 0¢/2N for an appropriate constant
09. There are therefore a number of possible choice for E, vy, and s,
including;;

E=(0,1), 1o =U(0,1), s(x) = c® '(x),
where ® is the standard normal distribution function,
E =R, vy=N(0,0%), s(x)=x,
and
E =R, vy=N(0,0}), s(x) =x/2N.
For each positive integer M, let wy; be a positive, symmetric, bounded,

Borel function on E?, let Ry((p,q),dx x dy) be an one-step transition
function on E? x B(E?) satisfying

Ru((p, q), dv x dy) = Ry ((q,p), dy x dx),

and Q/(p, dz) be an one-step transition function on E x B(E).
Let N be the diploid population size. We consider M = 2N gametes
and the mapping 1y : EM — P(FE) by letting
1
77M(p1ap2a T 7pM) = M((Spl + (5]?2 +ot 5P1M)‘

Here 9, € P(E) denotes the unit mass at p € E. The state space for
this model is

K (E) = nu(EY).
Given p € P(E), we define py € P(E?) and pg, u3 € P(E) by

pa (dp x dq) = w(p, @)p*(dp x dq) [ {ww, 1),
pa(dx) = /E2 Ry((p,q),dx x E)py(dp x dq),

() = /E Qar(p. dr)pn(dlp).

The Markov chain has one-step transition function Py (u, df) on Ky (E) X
(K (E)) defined by

PM(N) ) = /EM(:U3)M<dp1 X dpy X+ X dpM)(STIM(phmf"7PM)(')'
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Choi( [1]) identified and characterized the limiting diffusion of this
diploid model by defining discrete generator for the rescaled Markov
chain. Also he defined the operator of projection S; on limiting diffusion
and new measure d@) = Si;dP, and showed the martingale property on
this operator and measure. ( [2]) Let P, be the unique solution of the

martingale problem for L starting at p and 7y, mo, - - - , 7, the projections
of E" on x1,x, -+ ,x,. In this note we define
dQ, = SidP,

and show that @), solves the martingale problem for £, starting at p.

2. Main Results

We define the discrete generator £, for the M-the rescaled Markov
chain and canonical coordinate process {p;, t > 0} :

(Lrud)(pe) =M | (o(vr) — d(pr)) Par(pr; vt)

Pum
where P, is given in the diploid models as described above.
We restrict our attention to test functions 6 of the form

Q(Vt) = 51<f171/t> o '5k<fk7Vt>7 9<pt) = <f1;pt> T <fk;pt>

where fi,---, fr € B(E) and {8;} is a set of non-negative constants
satisfying that sup, ; < +00. Assume that “mutation or gene conversion
rate” is

> Bilfi o) — Bi — B; for every i < j,

kes
in the diploid models as described above. This means the mutations or
gene conversions occur with particular rate in case of i < j. See [3].

We start with;

LEMMA 1. Suppose that there exist a selection function o on E* and
bounded linear operator A, B on B(E) such that

1 1
wy(p,q) =1+ Ma(p, q) +o(==),
1

M
/S F(@)Rar((prq). dz x S) = f(p) +

(Bf)(p,q) + of !
/S F(2)Qu(p, dz) = f() +

M)a
(Af)(p) + ol 7).

=

1

=
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Then there exist ay, ;;, by, € B(P(E)) such that
lim (La0)(pr) = (L£20)(pe) =
M — oo

k
Z afi,ijZiZj«f? pt>) + Z bszZz(<f7 Pt>)

1<i<j<k

uniformly in p; € Ky (E), where F,, and F,.; mean the partial derivative
with respect to i and i, j, respectively. Here

0(pc) = F((fr, pe), (f2r i) (fro i) = F((E, 1)
ayg, s, = Bilfifj, pe) — <fi’pt><fj7pt>(z Be{fis pr) — Bi — Bj)

kes
by, = (Afi, pe) + (Bfi, pi) + ((fi o m)a, pi) — {fi pe) (o, p7),

and m is the projection of E?.

Proof. See [1]. O

In particular, the set of possible alleles, known as the type space, is
a locally compact, separable metric space £ and the mutation operator
A is given

Af = S00(Fw) = )
where 6 > 0.

Let 7y, mo, - - -, ™, be the projection of K™ on x1, xs, - - - , x,-coordinate,
respectively. Define

t
Szrx,mc+7ry = eXp{<7Ty7pt> - <7Ty,po> _/ ei<ﬂy.ps>£7rze<ﬂy’ps>d5}
0

where z,y = 1,2,--- ,n, * # y. For p, we denote by P, the unique
solution of the martingale problem for Ly (i.e., the distribution of the
neutral model) starting at po.

Theorem 2 allows us to define a mean one {F;}-martingale.

THEOREM 2. Suppose {F;} is corresponding filtration with respect
to topology of uniform convergence on compact sets. For 0 < ¢ < dg,
there exists 0y such that
go.m

t+5|ﬂ] —1.

B | =
s
Sy
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Proof. Define 7y = (—K)V (r AK), K =1,2,--- ,n and note that
{S)7™} is mean-one martingale from [2]. Hence

6<7"'K7Pt>+§95<7r1(7’/0>|ft] — e(ﬂK,Pt>+%95<7TK7V0>_

But,
1 1 t+0
exp ((Wmﬂﬁ + 505<7TK7 Vo>> < exp <<7TK,/%> + 59/ <7TK7ps>dS>
t

1 t+6
< exp (<7r17pt+5> 30 [ (m,ps>d8) -
t

We apply the dominated convergence theorem to show that the right
hand side of above inequality is integrable. Let ¢ = ﬁ and define
do = 2p/0q. By the Hélder and Jensen inequalities,

1 t+4
EP[exp (<m,pt+5> 50 [ (Wl,ps>d8>]
t

< (B iexplplm a5 [exp (300 [ s |

1 1/q

t4-0
< ER[(e™, prys)]'7 (5 / EPer@qW?,ps)]ds)
¢
Let {U(t)} be the semigroup on B(FE) with generator A. Since

E"[(g, p)] = (Ut)g. p) < {g.0) V {9, 10)

for g € B(E), we have

1 t+0
B%exp ((mops) 430 [ (. pids )
t
< [(e7™, p) V(™ o) VP [(P0TR, p) v (P02 )]
< ("™ p) V("™ 1)
if 0 < 0 < dg, and the proof is complete. n

Theorem 2 allows us to define @), by
dQ, = S;"™"dP,.
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Choi( [2]) proved that QX solves the martingale problem for L, starting
at po. In advance, we now show that (), solve the martingale problem
for L, starting at py.

THEOREM 3. The measure ), is a solution of the (E", Ly, po)-
martingale problem.

Proof. Define

M7 = é(p1) — blpo) — / (£26)(p2)ds
and .
MEE = d(pe) — d(po) — / (Lo ®)(p2)ds

for ¢ € D(Ly). Then M is QX -martingale for Q% from the result of
[2] with 7 replaced by 7k and we have

E9F M5 — MT|F,] = 0.

t+6
Hence
BT [(MIfs — M) S5 | F] = 0
and
S )
BR (M5 = MI) ggelmonaimem| B = 0.
t

Note that the integrand in above equation is bounded by the argument
used for Theorem 2. For such ¢ used at Theorem 2, we conclude that

0,7

S
PP (M5 = M7) orze 0 3| ] = 0.
t

On the other hand,
E"[(M7*)*S)™] = E% [(M]*)*] = E% [((Mrx)):] < Ct
where ((Mmg)): = fg Y(ms)ds is increasing process and C' is a constant

with

P(ms) =

k

Z (ﬁi<fifja pe)—{ fis pt><fj> Pt>(z Br( fi, pt>_/8i_5j))FZiZj<<f7 pe)) < C.

i,j=1 k
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From the Fatou’s lemma, we have
E"[(MF)?8)™ < Ct
and
E@[(MF)?] < Ct.
Therefore the integrands in below equations are integrable and we con-
clude that
BT [(Mf.s — M{) S5 F] =0
and
E% (M7, — M| F] = 0.

O

By Theorem 3, we know that there exists a probability measure @,
satisfying the following conditions ;

(1) Q,(p(0) = po) =1 and
(2) denoting My, (t) = ¢1(p(t)) — [} Latri(p(s))ds, My, (t) is a Q-

martingale.

Therefore we conclude with;

COROLLARY 4. Defining

(b1, 2) = Lr(d1 - ¢2) — ¢1LrP2 — P2 L,
(Mo (£ = [ (61,03) (5))ds

t
0
is a @) ,-martingale.
Proof. Since the measure @), is a solution of L,-martingale problem,
the result directly follows from quadratic covariation process. O
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