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FUZZY SEMIGROUPS IN REDUCTIVE SEMIGROUPS
INHEUNG CHON

ABSTRACT. We consider a fuzzy semigroup S in a right (or left)
reductive semigroup X such that S(k) =1 for some k € X and find
a faithful representation (or anti-representation) of S by transfor-
mations of S. Also we show that a fuzzy semigroup S in a weakly
reductive semigroup X such that S(k) = 1 for some k € X is isomor-
phic to the semigroup consisting of all pairs of inner right and left
translations of S and that S can be embedded into the semigroup
consisting of all pairs of linked right and left translations of S with
the property that S is an ideal of the semigroup.

1. Introduction

The concept of fuzzy sets was first introduced by Zadeh ([11]). Rosen-
feld ([9]) used this concept to formulate the notion of fuzzy groups.
Kuroki ([5], [6], [7], [8]) introduced fuzzy semigroups, fuzzy ideals, fuzzy
bi-ideals, and fuzzy semiprime ideals in semigroups, and developed some
properties of those semigroups and ideals. Subsequently Dos ([4]) stud-
ied fuzzy regular subsemigroups in regular semigroups, fuzzy inverse sub-
semigroups in inverse semigroups, and fuzzy multiplication semigroups
in commutative semigroups. As a continuation of these studies, we con-
sider fuzzy semigroups in a reductive semigroup and find some properties
of those fuzzy semigroups in this note.
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In section 2 we review some basic definitions and properties of fuzzy
sets, fuzzy points, and fuzzy semigroups which will be used in next
sections. In section 3 we consider a fuzzy semigroup S in a right (or
left) reductive semigroup X such that S(k) = 1 for some k € X, find
a faithful representation (or anti-representation) of S, and show that S
is isomorphic (or anti-isomorphic) to the semigroup of all inner left (or
right) translations of S. In section 4 we show that a fuzzy semigroup S
in a weakly reductive semigroup X such that S(k) =1 for some k € X
is isomorphic to a semigroup H(Sy) which consists of all pairs of inner
right and left translations of S and show that S can be embedded into
a semigroup H(S) which consists of all pairs of linked right and left
translations of S with the properties that S is an ideal of H(S) and
every left (or right) translation of S is induced by some inner left (or
right) translation of H(S) iff each left (or right) translation of S is linked
with some right (or left) translation of S.

2. Preliminaries

In this section we review some basic definitions and properties of
fuzzy sets, fuzzy points, and fuzzy semigroups which will be used in
section 3 and section 4.

DEFINITION 2.1. A function B from a set X to the closed unit
interval [0, 1] in R is called a fuzzy set in X. For every x € B, B(x) is
called a membership grade of x in B. The set {x € X : B(z) > 0} is
called the support of B.

DEFINITION 2.2. A t-norm is a function 7" : [0, 1] x [0,1] — [0, 1]
satisfying, for each p,q,r, s in [0,1],
(1) T(p,0) =0, T(p,1) =p=T(1,p),
(2) T(p,q) <T(r,s)ifp<randq<s,
(3) T(p.q) =T(g.p),
(4) T(p, T(q,r)) =T(T(p.q),7)-

DEFINITION 2.3. A t-norm 7" : [0, 1] x [0, 1] — [0, 1] is continuous if
T is continuous with respect to the usual topologies.

It is well known ([1]) that the function 7,, : [0,1] x [0,1] —
defined by T),(a,b) = min(a,b), the function 7}, : [0,1] x [0,1] — [0,
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defined by T,(a,b) = ab, and the function Ty, : [0,1] x [0,1] — [0, 1]
defined by Ty/(a,b) = max(a + b — 1,0) are continuous t-norms.
The following definition is due to Sessa ([10]).

DEFINITION 2.4. Let X be a set and let U,V be two fuzzy sets in
X. Then U oV is defined by

sup T'(U(a), V(b)) if ab=ux

evit)= {Bbx it ab# .

DEFINITION 2.5. A fuzzy set in a set X is called a fuzzy point iff it
takes the value 0 for all y € X except one, say, x € X. If its value at z
is a (0 < a < 1), we denote this fuzzy point by x,, where the point x is
called its support. The fuzzy point z, is said to be contained in a fuzzy
set A, denoted by z, € A, iff a < A(x).

PROPOSITION 2.6. Let xp,y, be fuzzy points in a groupoid X. Then
Tp 0 Yg = (TY)T(p,q)-

Proof. It z = xy, then

(Tpoyy)(z) = (09, (zy) = a?:lgyT(xp(a)a Yq(b))

= T(xy(2),y,(y)) = T(p,q)

If z # xy,
(2p 0 yg)(2) = %EIZ) T(zp(a), yq(b)) = 0.

Thus, z, 0y, = (xy)T(p,Q)'
O

ProrosITION 2.7. Let A, B, C be fuzzy sets in a set X and let T' be
a continuous t-norm. If X is associative, then (Ao B)oC = Ao (Bo().

Proof. See Proposition 2.8 of [2]. O

From now on, we assume that every t-norm in this paper is contin-
uous.

The following definition is due to Anthony and Sherwood ([1]). That
is, they replaced the minimum condition proposed by Rosenfeld ([9])
with a t-norm.
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DEFINITION 2.8. Let X be a groupoid and 7" be a t-norm. A function
S X — [0,1] is a fuzzy groupoid in X iff for every x,y in X, S(zy) >
T(S(x),S(y)). If X is a group, a fuzzy groupoid G is a fuzzy group in X
iff for each z € X, G(z7!) = G(x).

See [1] for examples of fuzzy groups.

PROPOSITION 2.9. Let A be a non-empty fuzzy set of a groupoid X .
Then the followings are equivalent.
(1) A is a fuzzy groupoid.
(2) For any z,,y, € A, x,0y, € A.
(3) Ac AC A.

Proof. See Proposition 2.7 of [2]. O

If B is a fuzzy groupoid in a semigroup X, (z, 0 y,) o z, = x, 0
(yq © 2,) for every x,,y,, z- € B from Proposition 2.7. We call B a fuzzy
semigroup in X.

Example of a fuzzy semigroup. Let X be a set of all natural numbers
which are greater than or equal to 2, that is, X = {2,3,4,...}, and let
- be a multiplication. Then (X, ) is a semigroup. Let S : X — [0, 1]
be a function defined by S(a) = -%;7. Then S(p - q) = 24, and hence

p-g+1’
S(p-q) > S(q). Thus

Sp-q) =T, 5(p-q) =2T(S(p),Sp-q) =T(S(p),5(q))
That is, S is a fuzzy semigroup in S.

We write x,y, for z, o y, in the next section 3 and section 4.

3. Representations of fuzzy semigroups in a reductive semi-
group

In this section we discuss the representations of fuzzy semigroups in
a semigroup and a reductive semigroup. First of all, we define a left and
a right translation of a fuzzy semigroup which play important roles for
the representations of fuzzy semigroups in semigroups.

DEFINITION 3.1. Let S be a fuzzy semigroup in a semigroup X. A
transformation [ : S — S is called a left translation of S if I(z,)y, =
[(zpy,) for all z,,y, € S. A transformation r : S — S is called a right
translation of S if z,r(y,) = r(z,y,) for all z,,y, € S.



Fuzzy semigroups in reductive semigroups 175

It is easily checked that a transformation [,, : S — S defined by
la,(by) = apby for a, € S is a left translation and a transformation
Ta, : S — S defind by r,,(by) = bya, for a, € S is a right translation. We
call l,, a inner left translation of S and call r,, a inner right translation

of S.

DEFINITION 3.2. Let f be a mapping from a set X to a set Y. Let
A be a fuzzy set in X. Then the image of A, written f(A), is the fuzzy
set in Y with membership function defined by

sup A(z), if f71(y)is nonempty,
FA) ) = { =110
0, otherwise,

forally e Y.

PROPOSITION 3.3. Let S be a fuzzy semigroup in a set X. Then
the set Wg of all transformations of S forms a semigroup under the
operation of composition o.

Proof. Let f,g,h € Wg and let x, € S. Then it is easy to see
f(xp) = [f(2)], from Definition 3.2. Since z, € S and f € Wg, f(z,) €
S, and hence [f(z)], € S. Since g € Ws, g([f(x)],) € S. Since (g o
@p) = g([f(@)]p), (90 f)(xp) € 5. That is, go f € Ws. Clearly
[(f og) o hl(xy) = [f o (g0 h)](xp). O

We define a representation of a fuzzy semigroup in a semigroup and
find a representation of the fuzzy semigroup.

DEFINITION 3.4. Let S be a fuzzy semigroup in a semigroup X, let
L be a fuzzy set, and let W, be the semigroup of all transformations
of L. A homomorphism 1 : S — W, is called a representation of S by
transformations of L and a representation ¢ of S is called faithful if it
is one-to-one. An anti-homomorphism ¢ : S — W, is called an anti-
representation of S by transformations of L and an anti-representation
¢ of S is called faithful if it is one-to-one.

PROPOSITION 3.5. Let S be a fuzzy semigroup in a semigroup X
and let Wg be the semigroup of all transformations of S. Then there is
a representation ¢ : S — Wy of S and there is an anti-representation

¢:S — Ws of S.

Proof. Let 1o, : S — S be an inner right translation and let [, :
S — S be an inner left translation. Let ¢ : S — Wg be a map defined
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by ¥(a,) = l,, and let ¢ : S — Wy be a map defined by ¢(a,) =
Then [i:(ayby)l(er) = luys,(e:) = (abg)er. [i(a,) o ¥(b,)](c r) = (

I,)(cr) = la, (bgcy) = ap(chr). Since X is associative, (ayb,)c, = a,(b, c,n)
by Proposition 2.7. Thus, ¢(a,b,) = ¥(a,) o w(bq). Slmllarly we may
show ¢(a,b,) = ¢(by) o d(ay). O

We now turn to a faithful representation of a fuzzy semigroup in a
reductive semigroup.

DEFINITION 3.6. A semigroup X is called right reductive if ax = bx
for all z € X implies a = b. A semigroup X is called left reductive if
xa = xb for all z € X implies a = b. A semigroup X is called reductive if
X is right reductive and left reductive. A semigroup X is called weakly
reductive if ar = bx and xra = xb for all x € X imply a = b.

THEOREM 3.7. Let S be a fuzzy semigroup in a right (or left) reduc-
tive semigroup X such that S(k) = 1 for some k € X and let Wg be the
semigroup of all transformations of S. Then there is a faithful represen-
tation ¢ : S — Ws of S (or a faithful anti-representation ¢ : S — Wg
of 5).

Proof. Let [,, : S — S be an inner left translation and let ¢ : S —
Ws be a map defined by 1(a,) = l,,- Then ¢ is a representation of
S by Proposition 3.5. Suppose 9(a,) = 1(bg). Then l,, = l,. For
all ¢, € S, lo,(¢;) = ly,(c;), that is, apc, = byc.. By Proposition 2.6,
(ac)rpry = (bc)pqry for all ¢, € S. Since a, b, and c are in a right
reductive semigroup X, a = b. Since S(k) =1, k; € S, and hence a,ky =
bgky1. That is, (ak)rp1) = (bk)rg1). Since a = b, T(p,1) = T(q, 1), and
hence p = ¢. Thus, a, = b,, that is, ¢ is injective. Similarly we may
show that for an inner right translation r,, of S, a map ¢ : S — Wsg
defined by ¢(a,) = 74, is a faithful anti-representation. O

COROLLARY 3.8. Let S be a fuzzy semigroup in a reductive semi-
group X such that S(k) = 1 for some k € X and let Ws be the semigroup
of all transformations of S. Then there are a faithful representation
S — Ws of S and a faithful anti-representation ¢ : S — Ws of S.

Proof. Immediate from Theorem 3.7. n

THEOREM 3.9. Let S be a fuzzy semigroup in a right (or left) re-
ductive semigroup X such that S(k) = 1 for some k£ € X. Then §
is isomorphic (or anti-isomorphic) to the semigroup of all inner left (or
right) translations of S.
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Proof. Let W§ be the set of all inner left translations of S. Let
la,,ly, € W§. Then (lo, o ly,)(c:) = ay(bgey) and lop,(cr) = (apby)cy.
Since S is a fuzzy semigroup, a,b, € S and (a,b,)c, € S from Proposition
2.9. Thus, I, € Wg. Since X is associative, a,(byc,) = (apby)c, from
Proposition 2.7, and hence, lq,b, = la, 0 ly,. Thus l,, oly, € Wg. Clearly
[(la, 0 lp,) 0 le,)(2¢) = [la, © (I, ©1c,)](w:). Hence, W5 is a semigroup. Let
¥+ S — W¢ be a map defined by 9(a,,) = l,,. Then ¢ is an isomorphism
by Theorem 3.7. Similarly we may prove that S is anti-isomorphic to
the semigroup of all inner right translations of S. O]

COROLLARY 3.10. Let S be a fuzzy semigroup in a reductive semi-
group X such that S(k) = 1 for some k£ € X. Then S is isomorphic to
the semigroup of all inner left translations of S and S is anti-isomorphic
to the semigroup of of all inner right translations of S.

Proof. Immediate from Theorem 3.9. m

4. Embedding of fuzzy semigroups into semigroups

In this section we discuss the embedding problem of a fuzzy semi-
group in a reductive semigroup into a semigroup. First we define a
translational hull of a fuzzy semigroup into which the fuzzy semigroup
is embedded.

DEFINITION 4.1. A right translation r and a left translation [ of a
fuzzy semigroup S in a semigroup X are said to be linked if x,l(y,) =
r(xp)y,. The set of all pairs (r,1) of linked right and left translations r
and [ of S is called the translational hull of S and is denoted by H(S).

We define an operation in H(S) by (r,0)(r',I') = (r' or,lol') for
(r,0), (r",I") € H(S). The following proposition shows that H(S) is a
semigroup under this operation.

PROPOSITION 4.2. The translational hull H(S) of a fuzzy semigroup
S in a semigroup X is a semigroup.

Proof. Let (r,1),(r',l') € H(S). It is easy to check that " or is a
right translation of S and [ o’ is a left translation of S. Since (r,1) and
(r', ') are linked pairs, a,l(b,) = r(a,)b, and ayl’'(b,) = 1’(a,)b, for all
ap, by € 5. ap[(lol")(by)] = ap[l(I'(by))] = (ap)l'(by) = 1" (r(ap))bg = [(r'o

r)(ap)]bg. Thus, a,[(1ol')(bg)] = [(r'o7)(ap)lby, that is, (r, 1)(r',I') = ("o
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T,lOl/) € H(S) Let (Tl,ll), (Tz,lg), (7‘3,[3) S H(S) [(7"1,[1)(’/"2,[2)](7"3,[3) =
(7"2 ory,lio 52)(7“3713) = (7“3 orgoryliolyo l3)- (7“1, ll)[(ﬁ,lz)(?“:a, l3)] =
(r1,l1)(rgorg,lyoly) = (r3orgory,ly olyols). Thus, H(S) is associa-
tive. D

For a fuzzy semigroup S in a semigroup X, let H(Sy) = {(7a,,la,)
a, € S}, where r,, is an inner right translation of S and [, is an inner
left translation of S. It is esay to see that r,, and [,, are linked, that is,
H(Sy) C H(S). We characterize H(Sp) in Theorem 4.3 and Lemma 4.5.

THEOREM 4.3. Let S be a fuzzy semigroup in a weakly reductive
semigroup X such that S(k) = 1 for some k& € X. Then H(S)) is a
subsemigroup of H(S) and S is isomorphic to H(.Sy).

Proof. Let (rq,,la,), (76, lb,) € H(So). Then (ry, 0r,,)(cr) = (crap)by
= Ta,p,(¢r) and (lg, 0l ) (cr) = ap(bycr) = layp, (¢r). Thus, (ra,,la, ) (76, lb,)
= (7o, © Tapsla, © lb,) = (Tapbyslayy,). Since a,, by € S, ayby, € S from
Proposition 2.9. Hence, (7q,,la,)(rs,,l,) € H(Sy). Clearly H(Sy) is as-
sociative. Thus, H(Sp) is a subsemigroup of H(S). Let ¢ : S — H(Sp)
be a map defined by ¥ (a,) = (rq,,la,). Then (apby) = (Ta,b,:lays,) =
(Tbg © Taysla, © o) = (Tayslay) (1o, Ib,) = ¥(ap)h(by). Suppose 1(a,) =
Y(by). Then (rq,,la,) = (rs,,1,), that is, 7o, = 1, and l,, = I,
Since 74,(c;) = 1p,(cy) for all ¢, € S, c,ap, = cby. By Proposition
2.6, (ca)rip) = (cb)r@q for all ¢, € S. Thus, ca = cb for all ¢ € X.
Since I, (¢,) = ly,(¢,) for all ¢, € S, aye, = byc,. By Proposition 2.6,
(ac)rpry = (b¢)r(gr for all ¢, € S. Thus ac = be for all ¢ € X. Since
a, b, ¢ are in a weakly reductive semigroup X, a = b. Since S(k) = 1,
ki € S, and hence, (ka)p@p) = (kb)ra,q)- Since a = b, T(1,p) = T(1,q),
and hence, p = ¢. Thus, a, = b,, that is, ¥ is injective. Clearly 1 is
surjective. Hence, S is isomorphic to H(S). ]

DEFINITION 4.4. A non-empty set L (or R) of a semigroup S is a
left ideal (or right ideal) of S if SL C L (or RS C R). I is an ideal of S
if ISUSICI.

LEMMA 4.5. For a fuzzy semigroup S in a semigroup X, H(Sy) is
an ideal of H(S).

Proof. Let g € H(So)H(S). Then g = (74,,1a,)(r,1) = (r 0 7q,,la,
[), where r and [ are linked. Since 7,.(,)(by) = b,r(a,) = 7(bgay)
7(Ta,(bg)) = (1 074,)(bg), Tr(a,) = T 07Tq,. Since apyl(by) = r(a,)by, (la,
)(bg) = la,(I(bg)) = apl(by) = r(ap)by = lr(a,)bg, that is, (Ia, o)

o Il o
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ly(,)- Thus, g = (rore,,la, ©1) = ("), lr(a,)) € H(So). That is,
H(So)H(S) € H(Sy). Let g € H(S)H(Sp). Then g = (r,1)(ra,,la,) =
(Ta, o 1,1 0ly,), where r and [ are linked. Since lj,,)(by) = l(ap)by =
l(apbg) = U(la,(bg)) = (I 01a,)(bg), lita,) =10 la,. Since byl(a,) = r(bg)ay,
(Ta, 07)(bg) = 74, (1(bg)) = 7(bg)a, = byl(a,) = 7Ti(a,)(by), that is, 74,01 =
Ti(ap)- Thus, g = (ra, 07,0 0ly,) = (Ti(ay): lia,)) € H(Sp). That is,
H(S)H(So) C H(Sp). Hence, H(Sy) is an ideal of H(S). O

It is well known ([3]) that a weakly reductive semigroup S can be
embedded in a semigroup 7" with the properties that S is an ideal of T
and every left (or right) translation of S is induced by some inner left
(or right) translation of 7" iff each left (or right) translation of S is linked
with some right (or left) translation of S. The following theorem may
be considered as the corresponding one in fuzzy semigroups.

THEOREM 4.6. Let S be a fuzzy semigroup on a weakly reductive
semigroup X such that S(k) = 1 for some kK € X. Then S can be
embedded into a semigroup H(S) with the properties that

(1) S is an ideal of H(S).

(2) every left (or right) translation of S is induced by some inner left
(or right) translation of H(S) iff each left (or right) translation of
S is linked with some right (or left) translation of S.

Proof. We may identify S with H(Sy) by Theorem 4.3. By Lemma
4.5, S is an ideal of H(S).

Suppose [ is a left translation of S such that (r,l) € H(S) for some
right translation r of S. Since r,, or = ryqy,) and [ ol,, = lya,),
(r,0)(ray,la,) = (1, o710 la,) = (Ti(a,), lia,))- We may identify a,
with (rq,,le,) and identify [(a,) with (rya,), li,)) from Theorem 4.3.
By the identification, (r,1)(a,) = (7,1)(ra,,la,) = (Ti(ay)s li(ay)) = (ap)-
Thus, I (a,) = (r,)a, = (a,). Hence, [ = [, |s. Conversely, suppose
that the left translation [ is induced by some inner left translation of
H(S), that is, | = l(;, ;)]s for some right translation r of S and some
left translation l; of S. Then z,l(y,) = @pli 1) (Yg) = @p(r1, 1) (yg)-
Let r = 7 ls- Then r is a right translation of S and r(xp)y, =
) (@p)Yg = Tp(r1, 1) (yq). Thus, x,l(ye) = r(xp)y,, that is, r and I
are linked. Similarly we may prove the dual case. O
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