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PERTURBATION ANAYSIS FOR THE MATRIX
EQUATION X =] - A*X'A+B*X'B

Hosoo LEE

ABSTRACT. The purpose of this paper is to study the perturbation
analysis of the matrix equation X = I — A*X 'A+ B*X ! B. Based
on the matrix differentiation, we give a precise perturbation bound
for the positive definite solution. A numerical example is presented
to illustrate the shrpness of the perturbation bound.

1. Introduction

We consider the matrix equation
(1.1) X=Q-A*'X'A+B*X'B,

where A, B are arbitrary n x n matrices. Some special cases of Equation
(1.1) are problems of practical importance, such as the matrix equation
X + M*X M = @ that arises in the control theory, ladder networks,
dynamic programming, stochastic filtering, statistics, and so on [5, 8,
10]. The matrix equation X — M*X M = @Q arises in the analysis of
stationary Gaussian reciprocal processes over a finite interval [1, 7].

In [2], Berzig, Duan and Samet established the existence and unique-
ness of a positive definite solution of (1.1) via the Bhaskar-Lakshkanthan
coupled fixed point theorem(|[3]).
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THEOREM 1.1 ([2]). If there exist a,b > 0 satisfying following condi-
tions

(i) atA*A+al <Q <bI,
(ii) bA*A — aB*B < ab(Q — al),
(iii) bB*B — aA*A < ab(bl — Q),
(iv) A*A< <1, B*B< %1
then (1.1) has a unique solution X € [al,00) and
X €[Q+b'B*B—a'A*A, Q+a 'B'B - b A A
The following result is immediate consequence of Theorem 1.1.

THEOREM 1.2. If there exist 0 < a < % such that

2 2
A*A < %I, B*B < %I,

then the matrix equation
(1.2) X=1I-AX'"A+B*X'B.
has a unique solution Xy € |al,c0) and

1 2

1
B*B—-A*A, [+ -B*B — A*A| .
a a 2

2
(13)  Xpe I+

a +a

In this paper, we study the perturbation analysis of the matrix equa-
tion (1.2). Based on the matrix differentiation, we firstly give a differ-
ential bound for the unique solution of (1.2) in certain set, and then use
it to derive a precise perturbation bound. A numerical example is used
to show that the perturbation bound is very sharp.

Throughout this paper, we write B > 0 (B > 0) if the matrix B is
positive definite (semidefinite). If B — C' is positive definite (semidefi-
nite), then we write B > C' (B > (). If a positive definite matrix X
satisfies B < X < (', we denote that X € [B,C]. The symbols \;(B)
and A, (B) denote the maximal and minimal eigenvalues of an n x n
Hermitian matrix B, respectively. The symbol || B|| denotes the spectral
norm of the matrix B.

2. Perturbation Analysis for the Matrix equation (1.2)

Based on the matrix differentiation, we firstly give a differential bound
for the unique positive definite solution Xy of (1.2), and then use it to
derive a precise perturbation bound for X in this section.
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DEFINITION 2.1. ([6, 9]) Let F' =
ation of F'is dF = (dfi;), .

125

( fij)mm then the matrix differenti-

. For example, let

_ s+t s2—2t
k= ( 2s 17 ) '
Then
IF — ds + dt 2sds — 2dt
—\ 2ds + 3t3dt 2tdt ‘

LEMMA 2.2 ([6, 9]). The matrix differentiation has the following prop-

erties:

) =dX +dY;
(dX)Y + X(DY);
(dX)*;

—XY(DX)X .

0 for a constant matrix A;
= «o(dX), where « is a complex number;

THEOREM 2.3. If there exist 0 < a < % such that

2
(2.4) JAI? < 5

2

a
1B]* < =,

-2

then then (1.2) has a unique solution Xy € [al,00), and it satisfies

2a (|| Al [1dA] + (Bl l4Bl})

(2.5) ldXy| <

Proof. Since
A1 (A"
A\ (B*B
then
(2.6)

B*B < \(B*B)I <
Combining (2.4) and (2.6) we haver

2= Al =

1811

A) < JlAA] < || A]%
) < |B°B|| < || BI

A*A < )\ (A* < ||A*A||I < || 4|1,

IB*BI[I < ||B|*1.

2 2
AA<Lr BpB<Zr
2 2

Then by Theorem 1.2 we have that
[al, 00), which satisfies

(2.7) Xy €

(1.2) has a unique solution Xy in

! Al

24+a
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Since Xy is the unique solution of (1.2) in [al, c0),
(2.8) Xy + A*XyA— B*XyB = 1.

It is known that the elements of X;; are differentiable functions of the
clements of A and B. Differentianting (2.8), and by Lemma 2.2, we have

dXy + (dA)X;'A — A XN dXy) X A + A* X (dA)
—(dB*)X;;'B + B* X' (dXy)X;'B — B*X;;'(dB) = 0,

which implies that
(2.9)
dXy — A* X5 (dXy) X A+ B X (dXy) X' B
= —(dA")X,;'A — A* XY (dA) + (dB*)X;'B + B*X;'(dB).

By taking spectral norm for both sides of (2.9), we have that
(2.10)
| — (dA)X;'A — A* X' (dA) + (dB*) X' B + B* X' (dB)||
< [(dA) Xy Al + | A* X5 (dA)|| + [I(dB*) Xy Bl + || B* X' (dB)|
< N1 dAIX G AN + 1A X5 AT+ [[dB=[[11X5 1 Bl
+ B[ X [lldB]
21X5 I CIdAINNA] + 14BI|]| B

< 2UldAlll[A[l + llaBll[ BI)

and

|dXy — A* X (dXy) X A+ B* X (dXy) X, ' B

> [|dXyl| — |AX5' (dXp) X5 Al - | B* X5 (dXu) X5 B
Sy 2 Xl = A X Xl X A
(2.11) —1B| x5 dxo x5 B

= (1 - JAPIXG 2 = IBI2IXG ) dXo|

> (1- L - 2 jlaxy)).

Due to (2.4) we have
IAI* _ I1BIP

a? a?

Combination (2.10),(2.11) and noting (2.12), we have

(2.12) 1— > 0.

41 _ BJ2 )
(1= 125 - B0 haxon < 2aanan + paznsn
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which implies to
2a(||All 1dA] + [IB]] ldB]|)
a® — [|A[]> — || B|>

ldXy]l <

O

THEOREM 2.4. Let~fl,é be perturbed matrices of A, B in (1.2) and
AA=A— A, AB = B — B. If there exist 0 < a < % such that

2 2
2.1 AR <L <
(2.13) ||||_2,||||_2,
2
a
(2.14) 2| A[|AA| + |AA|? < 5~ || A%,
2
a
(2.15) 2||B||[|AB| + |AB|]? < 5~ |B|?,

then then (1.2) and its perturbed equation

(2.16) X=I-AX'A4+BX'B

have a unique solutions Xy and Xy in [al, 00), respectively, which satisfy
HXU — XUH < Serr

where
[AIJAA] + JAA]* + I BJ[|AB]| + IIABHz)'
a? — ([|A[l + [AA[)? = ([ B]| + [[AB])?

Proof. Set A(t) = A+ tAA and B(t) = B+ tAB, t € [0,1] then by
(2.14)

Se?“r = 20’(

[A@I? = A +AAI < (4] + ] AA])?
= [lAJ2 + 2t AT AA] + £ AAJ?
< || 4|12 + 2] Al AA] + a4)?
<A + 5 ~ 1412 = 5,

similarly, by (2.15) we have

(2.17)

2

(2.18) IBO)I? < 5

By (2.17), (2.18) and Theorem 2.3 we derive that for arbitrary ¢ € [0, 1],
the matrix equation

X=1—-A@t)*X"TA@t) + B(t)*X ' B(t)
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has a unique solution Xy (¢) in [al, 00), especially,

Xu(0) =Xy, Xu(l) =(X)v,

where Xy and Xy are the unique solutions of (1.2) and (2.16), respec-
tively.
From Theorem 2.3 it follows that

%0 - xo]| = 1% - x0(0) = dXUtH / 4 (1)

/1 2a((|A@)| [IdA@)] + [ B(t

— Jo a* —|[AQ)|* - ||B
/1 2a((|A@)| [|AA]ldE + |B@)I] [AB]dt)

— Jo a* — [|A@)[2 = 1B®)]?

/1 2a([[A@|| [|AA] + [ BO|| [|ABI]) ,,

0 = [AD[* = I1B@)[* '

~—

I ldB(#)
Ol

\_//\

/‘\

Noting that
[A@) = [|A + tAA| < [[A]l + t]|AA],

IBO)| = 1B+ tAB|| < [|B]| + t[|AB]],

and combining Mean Value Theorem of Integration, we have
|- %]
/1 2a([[A@) | [JAA[ + [|B®)|| [AB]])
0 — [[A®I* = B[
/1 2a(([[All + tIAA]) IAA]+ (1Bl + t[ABI) ABI)
0 — ([[All + ¢l AA])? = ([ Bl + t[[AB])?
2a(([[All + €I[AA]) [|AA]+ (1Bl + €l[AB]) [ABI)
B a? — ([[All + €l[AA[)? = (I B]| + £[|AB[)?
x(1-0) (0<¢<1)
2a(([[All + IAA]) [JAA] + ([B] + [AB]]) |ABJ])
- a? — (Al + [AA])? = (1Bl + [AB])?

dt

dt

= Sem“
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3. Numerical Experiments

In this section, we use a numerical example to confirm the correctness
of Theorem 2.4 and the precision of the perturbation bound for the
unique positive definite solution X of (1.2).

ExaAMPLE 3.1. Consider the matrix equation
X=I-AX1'A+B*X'B,

and its pertubed equation

(3.19) X=I-AX'A+B*X'B,

where
0.1 0.05 0 ~ 05 0.1 —0.1

A= 0 005 —002 |, A=A+ —01 05 05 | x107,
0.05 —0.05 —0.05 —0.2 0.1 —0.1
—0.05 0.1 0 ~ 0.1 0.02 0.05

B=| -005 0 —005 |,B=B+| —02 012 0.14 | x107,
005 0 —0.1 —0.25 0.2 0.26

jeN.

It is easy to verify that the conditions (2.13)-(2.15) are satisfied with

a = 0.5, then (1.2) and its perturbed equation (3.19) have unique positive
definite solutions Xy and Xy, respectively. From Berzig, Duan and
Samet [2] it follows that the sequence { X} and {Y;} generated by the
iterative method

Xo =051, Yy=5I

Xp1 =1 - A X, 'A+ B*Y, 'B

Vi =1—-AY A+ B*X,'B, k=0,1,2,....

both convege to Xy. Choose 7 = 1.0 x 107! as the termination scalar,
that is,

R(X}) = | Xp + A*X'A—- B* X, 'B - I

R(Y:) = ||V + AY, 'A—-BY, 'B— I
and

R(X) = max{R(X}), R(Yx)} < 7=1.0x 107",

By using the iterative method we can get the computed solution X of
(1.2). Since R(X) < 1.0 x 1075, then the computed solution X has a
very high precision. For simplicity, we write the computed solution as
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the unique positive definite solution Xp. Similarly, we can also get the
unique positive definite solution Xy of the perturbed equation (3.19).

Some numerical results on the perturbation bounds for the unique
positive definite solution Xy are listed in Table 1. From Table 1, we
see that Theorem 2.4 gives a precise perturbation bound for the unique
positive definite solution of (1.2).

TABLE 1. Numerical results for the different value of j

J 2 3 4 5 6

IXo — Xull/lIXull 1.644x 1073 1.604 x 10~%  1.600 x 10~° 1.599 x 1076  1.600 x 10~7

Serr /|| X 7.867 x 1073 7.356 x 10~* 7.305 x 10~® 7.300 x 10=6  7.299 x 10~7
References

[1] P. Benner and H. Fabbender, On the solution of the rational matriz equation
X =Q+ LX'L*, EURASIP J. Adv. Signal Pro. 1 (2007), 1-10 .

[2] M. Berzig, X. Duan and B. Samet, Positive definite solution of the matriz equa-
tion X = Q — A*X YA + B*X ' B via Bhaskar-Lakshmikantham fized point
theorem, Math. Sci. (Springer) 6 (2012), Art. 27.

[3] T.G. Bhaskar and V. Lakshmikantham, Fized point theorems in partially ordered
metric spaces and applications, Nonlinear Anal. 65 (2006), 13791393.

[4] X. Duan and Q. Wang, Perturbation analysis for the matriz equation X —
Yo AT XA, +Z?:1 B¥XBj =1, J. Appl. Math. 2012 (2012), Art. ID 784620.

[5] J.C. Engwerda, A.C.M. Ran, and A.L. Rijkeboer, Necessary and sufficient con-
ditions for the existence of a positive definite solution of the matriz equation
X + A* X 'A = Q., Linear Algebra Appl. 186 (1993), 255-275.

[6] B.R. Fang, J.D. Zhou, and Y.M. Li, Matriz Theory, Tsinghua University Press,
Beijing, China, 2006.

[7] A. Ferrante and B.C. Levy, Hermitian solutions of the equations X = Q +
NX~IN* Linear Algebra Appl. 247 (1996), 359-373.

[8] V.I. Hasanov, Positive definite solutions of the matriz equations X + A*X 1A =
Q, Linear Algebra Appl. 404 (2005), 166-182.

[9] T.P. Minka, Old and new matriz algebra useful for statistics, December 2000.
Notes.

[10] X. Zhan, Computing the extreme positive definite solutions of a matrixz equation,
SIAM J. Sci. Comput. 17 (1996), 632-645.



Perturbation Anaysis for the Matrix equation

Hosoo Lee

School of General Education
College of Basic Studies
Yeungnam University
Gyengsan 712-749, Korea
E-mail: hosooQyu.ac.kr

131



