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A PROOF ON POWER-ARMENDARIZ RINGS

Dong HwA KiMm, SUNG JU RYU AND YEONSOOK SEO*

ABSTRACT. Power-Armendariz is a unifying concept of Armendariz
and commutative. Let R be a ring and I be a proper ideal of R such
that R/I is a power-Armendariz ring. Han et al. proved that if T
is a reduced ring without identity then R is power-Armendariz. We
find another direct proof of this result to see the concrete forms of
various kinds of subsets appearing in the process.

1. Introduction

Throughout this note every ring is associative with identity unless
otherwise stated. 7Z denotes the ring of integers. Denote the n by n
upper triangular matrix ring over R by U,(R). We use R[x] to denote
the polynomial ring with an indeterminate x over R. For f(x) € R|x],
let Cf () denote the set of all coefficients of f(x). For n > 2, define

a G2 a3 -+ Aip
0 a axyg -+ ao

D,(R) = 00 a - @ [cU,(R)|a,a;€R
0 O o --- a
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A ring (possibly without identity) is usually called reduced if it has no
nonzero nilpotent elements. For a reduced ring R and f(z), g(z) € R[z],
Armendariz [1, Lemma 1] proved that

ab =0 for all a € Cf,),b € Cy(z) whenever f(z)g(x) = 0.

Rege and Chhawchharia [4] called a ring (possibly without identity) Ar-
mendariz if it satisfies this property. So reduced rings are clearly Armen-
dariz. According to Han et al. [2], a ring R (possibly without identity) is
called power-Armendariz if whenever f(x)g(z) = 0 for f(z),g(x) € R[z],
there exist m,n > 1 such that

a™b" =0 for all a € Of(x), b e Og(m).
It is obvious that a™b™ = 0 for some m,n > 1 if and only if a’b’ =

for some ¢ > 1, in the preceding definition. Armendariz rings are clearly
power-Armendariz, but the converse need not be true. In fact, letting
A = Dy(Z)), D3(A) is power-Armendariz by [2, Theorem], but D3(A) is

not Armendariz by [3, Proposition 2.8].

2. Main result

Han et al. proved the following.

[2, Theorem 1.11(4)] Let R be a ring and I be a proper ideal of R
such that R/I is a power-Armendariz ring. If [ is a reduced ring without
identity, then R is power-Armendariz.

We state here another direct proof of this theorem to see the concrete
forms of various kinds of subsets appearing in the process.

Another proof of [2, Theorem 1.11(4)] The first basic part of this
proof is almost a restatement of one of [2, Theorem 1.11(1, 2, 3)].
Suppose that I is a reduced ring, and let f(x)g(z) = 0 for f(z) =
Sryaint, g(z) = Zﬁ:o bja? € R[z]. Since R/I is power-Armendariz,
there exists s > 1 such that ajb; € I for all 7, j. Without loss of gener-
ality, we let m = ¢ by using zero coefficients if necessary.

Suppose 1175 = 0 for 71,75 € R. Then (rylry)? = 0, but rolr; C I
implies ro/7; = 0 since [ is reduced. Similarly we get

(1) 74Sr3 =0 for all S C I whenever r3lry = 0 for some 73,74 € R,
through the computation of
(T4S’f’3)3 Q (7’457"3)](7"457’3) = 7"45(7’3]7’4)57"3 = 0



A proof on power-Armendariz rings 31
Summarizing, we have that
(2) riry = 0 implies 71119 = 0 and r9l7r; = 0

by help of (1).

Suppose that riry---7r, =0 for r; € R and n > 2.
Then ryIrel - - Ir,, = 0 by using (2) repeatedly, and so we furthermore
have

(3) 7“0(1)]7“0(2)[”-17“0@) :0
for any permutation o of the set {1,2,...,n} from the computation of
(royIro@ L - IT@m))* € Rrilrel - Iry R =0,

using the condition that [ is reduced. Especially we have aglby = 0
and bplag = 0 from agby = 0. We will use freely the condition that I is
reduced.

Consider agbiIagb;.
Since aghy = —aqbg, we have agbyIaghy = —agbila1by = 0 from aglby = 0.
This yields b1b1Iagag = 0 by the computation of

(b1b1[a0a0)3 :(blbllaoao) (blbllao&g) (blbllaoao)

(blbllao)(agblbllaoagbl) (b1[a0a0>
g(blbllao)(aoblfaobl)(blla,oao) = 0.

This also yields agaglbib; = 0 by result (1); hence ai™b5t? = 0 because
agbs € 1. Similarly we get a?Ib2 = 0 and a*2b5™ = 0 also from aghy = 0
and apb; + a1bg = 0, by exchanging the roles of ag and by.

Consider agbalagby. Since agby = —a1by — asbg, we have agbslaghy =
aonI(—albl — a2b0) = —aobglalbl from (J,QIbO = (0. But (2) 1mphes

(a0b2]a161)3 = (aobglalbl)(agbglalbl)(aobglalbl) Q aolaofbllbl =0

since a2Ib? = 0, entailing agbalagby = 0. So we get apaglbyby = 0 and
as™?b5™ = 0 by a similar method to one above.

We will proceed by induction on m. Assume that agb,lagb, = 0
(then agaglbpby, = 0 and aglaglb,Ib, = 0 by (3) and the method above)
for all h < k, where 1 < k < m. Consider agbplagbs. Since agb, =
—albk_l — e — akbo, we have aobk]aobk = aoka(—albk_l — e — ak_lbl)
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from agIby = 0. But (3) implies

(aobkfaobk)2k+3 = (aobpd (—arbg—y — -+ — ak71b1))2k+3
=(aobpd (—arby—1 — - -+ — ag—1b1)) x (aphpl (—a1bp—1 — -+ — ar_1b1))
X (aobkf(—albk—l - ak—1b1))2k+1
C aplagl (I(—arbg—1 — -+ — ak—lb1))2k+1
C aglagl (I(—aibp_y — - — ap_1b1)1)*I
C aolaol (b Tbg_yI + -+ + by Iy I) = 0

since aglaglbyIb, = 0 for all h = 0,1,...,k—1, entailing aobylapgby = 0.

So we get agaglbiby, = 0 and ajt?b;™ = 0 by a similar method to one
above. This implies a2Ib? = 0 and aj"?b;™® =0 for all t = 0,1,...,m.
We similarly get a?Ib2 = 0 and a; 265" = 0 for all t = 0,1,...,m,

by exchanging the roles of ag and by. Summarizing, we now have
(4) agbIagh; = 0,agIb; = 0,a5bi™ = 0,
and a;bplaby = 0, af]bg =0, af+2bg+2 =0forallt=0,1,...,m.

Next consider albllalbl. Since (llbl = —aobg—agbo, we have a1b1]a1b1 =
albll(—aobg — agbo). But

(a1b1[a1b1)6 = ((IlblI(—CLQbQ — a2b0>)6 - ((a1b1]a0b2 + CL1b1ICL2b0>I>3

Q (albllaobgj + a1b1]a2b0])3 = (Ia0b21)2 + (Ia2b0])2 =0
by help of (4). So we get aybiIab, = 0, aya;Ibib; = 0 and a2t = 0
by the method above.

Consider aibylaiby. Since aijby = —agbs — asby — asby, we have
a1b2[a1b2 = aleI(—aobg — a2b1 — agb[)). Then albllalbl = 0 and (4)
yield

(a1b21a1b2)8 = (aleI(—Clobg — CLle — agbo))g
Q ((aleI(—aobg — agbl — CL3b0))])4
g((albglaobg, + a1b2]a2b1 + a1b21a360)1)4
C (TagIbsl)* + (IayIb I)? + (IaglbsI)? =0
by help of (3), entailing a;byla by = 0, aja;Ibyby = 0, and a5™2b5™2 = 0.
We will proceed by induction on m. Assume that ayb,lab, = 0

(then ajaqIbyby, = 0 and a1layIb,Ib, = 0 by (3) and the method above)
for all h < k, where 1 < k < m. Consider aibplab,. Since a1b, =
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—agbk_1 — = akbl, we have albk]albk = albkl(—agbk_l — = akbl).
But (3) implies

(arbplaybp)* ™ = (arbpl (—agbp_y — - - - — apby))?
=(a1bpI(—agbk_1 — -+ — agby)) X (a1bpI(—asby_1 — -+ — aiby))
X (ar1bpl (—agbp—1 — -+ — akbl))%Jrl
C ayla I(I(—agbp_y — -+ — apby))*
C aylay I(I(—agbp_y — - — apb))I)*I
C ayIayI(by_1Ibj_I + -+ by Ib 1) =0

since aylayIbplb, = 0 for h = 1,...,k — 1, entailing a1b,la b, = 0.
So we get aja,Ibyb, = 0 and aj*?b;™ = 0 by a similar method to one
above. This implies a?Ib? = 0 and a™2b;™* = 0 for all t = 0,1,...,m.
We similarly obtain a?Ib? = 0 and a; "> =0 for all t =0, 1,...,m.

Lastly we will show that a,b,la,b, = 0 if a;bplab, = 0 for all t < u
and h =1,...,m, where 1 < u < m. We will proceed by induction on
m. Assume that a;b,la;b, = 0 (then a,a;lbyby, = 0 and a;la, Ib,1by, =0
by (3) and the method above) for all ¢ < uw and h = 1,...,m, where
1 < u < m. Consider a,by,la,b;,. From Ziﬂ.:wh a;b; = 0, we have
aybplaby, = (—ay_1bpyr — -+ - — apby,)Ia,b, by assumption. So we can
let w > h. Let w be the number of monomials of degree u + h. But (3)
implies

(aubrlanbn)® ™ = ((—@u—1bnpr — - -+ — anby)Layby)**?
C ((—au_1bns1 — == — apby) Taybp)* ' x ((—ay_1bns1 — - — anby)Ia,by)
X ((—@y—1bps1 — - -+ — apby)Lay,by)
C (I(—au_1bpsr — - — apbu)1)" IbuIby
C Iay—layI+ -+ aplapl)b,Ib, =0

since a,la,lb,lby, = 0 for all p < u, entailing a,b,la,b, = 0. So we get
auay, Ibyby, = 0 and a372b5"? = 0 by the method above. This implies that
af*?b3*? = 0 for all 4, j. Therefore R is power-Armendariz. O
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