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GENERALIZED (6,¢)-DERIVATIONS ON BANACH
ALGEBRAS

CHOONKIL PARK' AND DONG YUN SHIN'

ABSTRACT. We introduce the concept of generalized (6, ¢)-derivations
on Banach algebras, and prove the Cauchy-Rassias stability of gen-
eralized (6, ¢)-derivations on Banach algebras.

1. Introduction

Let X and Y be Banach spaces with norms ||-|| and || - ||, respectively.
Consider f : X — Y to be a mapping such that f(¢z) is continuous in
t € R for each fixed x € X. Rassias [12]| introduced the following
inequality, that we call Cauchy-Rassias inequality : Assume that there
exist constants € > 0 and p € [0, 1) such that

1z +y) = f@) = W) < ell]]” +[lyl[")
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for all z,y € X. Rassias [12] showed that there exists a unique R-linear
mapping 7' : X — Y such that
2€

I17() = T(@)] < 5=

for all x € X. Beginning around the year 1980 the topic of approximate
homomorphisms, or the stability of the equation of homomorphism, was
studied by a number of mathematicians. Gavruta [5] generalized the
Rassias’ result in the following form: Let G be an abelian group and X
a Banach space. Denote by ¢ : G x G — [0, 00) a function such that

[|[”

Plx,y) = 27Fp(2k,2%y) < o0
k=0

for all z,y € G. Suppose that f: G — X is a mapping satisfying

1z +y) = fl2) = FW)ll < ez, y)

for all z,y € G. Then there exists a unique additive mapping 7' : G — X
such that

—_

/(@) = T@)l < 33(,2)

for all z € G.
Jun and Lee [7] proved the following: Denote by ¢ : X \ {0} x X \
{0} — [0,00) a function such that

_ <1 o
gp(x,y) = 3790(3]1’,3]3/) < 00
7=0

for all z,y € X \ {0}. Suppose that f: X — Y is a mapping satisfying
Tty
I2f (=) = f@) = f)l < (@, y)

for all z,y € X \ {0}. Then there exists a unique additive mapping
T : X — Y such that

17(x) — F(0) ~ T(@)| < 3 (B, ~0) + B, 30))

for all z € X \ {0}. The stability problem of functional equations has
been investigated in several papers (see [4,13,14] and references therein).

Recently, the stability of derivations on other topological structures
has been recently studied by a number of mathematicians; see [3,10,11].
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In this paper, we introduce the concept of generalized (6, ¢)-derivations
on Banach algebras, and prove the Cauchy-Rassias stability of general-
ized (6, ¢)-derivations on Banach algebras.

Throughout this paper, we denote by R the set of real numbers or
complex numbers. Let 6, ¢ be endomorphisms of an algebra B over
R. An additive mapping D : B — B is called a (6, ¢)-derivation on
B if D(zy) = D(x)8(y) + ¢(x)D(y) holds for all z,y € B. An additive
mapping U : B — B is called a generalized (6, ¢)-derivation on B if there
exists a (0, ¢)-derivation D : B — B such that U(zy) = U(x)0(y) +
¢(x)D(y) holds for all z,y € B (see [1,2,6]).

2. Generalized (0, ¢)-derivations on Banach algebras

Throughout this section, let B be a Banach algebra over R with norm

DEFINITION 2.1. Let 0, ¢ : B — B be additive mappings. An additive
mapping D : B — B is called a (0, ¢)-derivation on B if D(xy) =
D(x)0(y) + ¢(x)D(y) holds for all x,y € B.

An additive mapping U : B — B is called a generalized (0, ¢)-
derivation on B if there exists a (6, ¢)-derivation D : B — B such
that U(zy) = U(2)0(y) + ¢(x)D(y) holds for all z,y € B.

THEOREM 2.2. Let f,g,h,u : B — B be mappings with f(0) =
9(0) = h(0) = u(0) = 0 for which there exists a function ¢ : B x B —
[0,00) such that

1) Blay): = Y e(@r2y) < oo
(2) [f(z+y) = fl@) = fWI < elz,y),
(3) lg(z +y) —g(z) =gl < w(z,v),
(4) [h(z +y) = h(z) =Ry < olz,y),
(5) [u(z +y) —u(z) —u(y)] < e(z,9),
6) |[f(zy) = f(@)g(y) — h(x) fWI < e(z,y),
() Mu(zy) —u(@)g(y) — @) fWI < o(x,y)
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for all x,y € B. Then there exist unique additive mappings D, 0, ¢, U
B — B such that

0 @)~ D@l < 58,7,
) lo(e) 0@ < 53(a,)
(10) Ihz) o) < 55 ),
(1) Ju(e) ~ U@ < 53(,7)

for all x € B. Moreover, D : B — B is a (0, ¢)-derivation on B, and
U : B — B is a generalized (0, ¢)-derivation on B.

Proof. By the Gavruta’s theorem [5], it follows from (1)—(5) that there
exist unique additive mappings D,0,¢,U : B — B satisfying (8)—(11).
The additive mappings D,#,¢,U : B — B are given by

(12) D) = Jim _f(2'n)
(13) o) = Jim g(2),
(14) or) = Jim Sh(2),
(15) U@@) = lim %u(qu:)
for all z € B.

It follows from (6) that

1 1 1
5ai £ (2% wy)=F(2'2)g(2'y)=h(2'2) f(2'y)]| < (22, 2) < (22, 2'y),
which tends to zero as [ — oo for all z,y € B by (1). By (12)-(14),

D(zy) = D(x)0(y) + ¢(x)D(y)
for all z,y € B. So the additive mapping D : B — B is a (0, ¢)-
derivation on B.
It follows from (7) that

1 1 1
ﬁ||U(22133y)—U(Ql:v)g(?y)—h(QZl“)f@ly)|| < ﬁw(%ﬂy) < 59@(2%,2@),
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which tends to zero as [ — oo for all z,y € B by (1). Thus

Ulzy) = U(x)0(y) + ¢(z) D(y)
for all x,y € B. So the additive mapping U : B — B is a generalized
(0, ¢)-derivation on B. O

COROLLARY 2.3. Let f,g,h,u : B — B be mappings with f(0) =
g9(0) = h(0) = u(0) = 0 for which there exist constants ¢ > 0 and
p € 10,1) such that

[fx+y) = f(@) = fWI < e(llzl]” +vl"),
lg(z +y) —g(x) — gl < e(llz[|” + [[yl["),
[h(z +y) —h(z) —hy) < ="+ lyl"),
Ju(z +y) —u(z) —uly)l < (=" + yl"),
| f(zy) = f(z)g(y) — h(@)f)I < e(llzl|”+ [[yl"),
lu(zy) —u(z)g(y) — h(z) fWI < e(lzl|”+ [lyl”)

for all x,y € B. Then there exist unique additive mappings D, 0, ¢, U
B — B such that

/@)~ D@ < g lal”
lo() — 6@)]| - <
Ihx) — 6(a)]| <
Ju(r) - UG <

for all x € B. Moreover, D : B — B is a (0, ¢)-derivation on B, and
U : B — B is a generalized (0, ¢)-derivation on B.

Proof. Defining ¢(z,y) = €(||z||” + ||y||?) to be Th.M. Rassias upper
bound in the Cauchy-Rassias inequality, and applying Theorem 2.2, we
get the desired result. O

COROLLARY 2.4. Let 0,¢ : B — B be additive mappings. Let f,u :
B — B be mappings with f(0) = w(0) = 0 for which there exists a
function ¢ : B x B — [0, 00) satisfying (1), (2), and (5) such that
(16) 1f(zy) = f(2)0(y) — (@) f W) < o(z,y),
(17) Ju(zy) —u(x)0(y) — ¢(@) W < o(z,y)
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for all z,y € B. Then there exists a unique (6, ¢)-derivation D : B — B
satisfying (8), and there exists a unique generalized (0, ¢)-derivation
U : B — B satisfying (11).

Proof. Letting 8 = g and ¢ = h in the statement of Theorem 2.2, we
get the result. O

THEOREM 2.5. Let f,g,h,u : B — B be mappings with f(0) =
9(0) = h(0) = u(0) = 0 for which there exists a function ¢ : B x B —
[0, 00) satistying (6) and (7) such that

(18) olx,y): = Zgljgp 3]:16 3] < 00,
19) 2/ — @) = W)l < elay),

20) 12905 - g(a) — 9wl < (o),

) 12 — he) — A < (o),

22)  J2u(=Y) —u(e) —u)| < (z,y)

2

for all x,y € B. Then there exist unique additive mappings D, 0, ¢, U
B — B such that

@) @ -D@I < (3w —a) +3(-r,30),
(24) lo(e) ~ 6@ < 3 (3w —2) + F(-,30)),
05) @) - 6@l < 5B )+ 5w 30),
26) ) - U@ < (3 —a) + 3~ 30)

for all x € B. Moreover, D : B — B is a (0, ¢)-derivation on B, and
U : B — B is a generalized (0, ¢)-derivation on B.

Proof. By the Jun and Lee’s theorem [7, Theorem 1], it follows from
(18)—(22) that there exist unique additive mappings D,60,¢,U : B — B
satisfying (23)—(26). The additive mappings D,0,¢,U : B — B are
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given by

(27) D) = fim 3 f(3e),
29 b) = Jim 9(3%)
(29) b)) = lim h(3),
(30) Ux) = Jim %u(Bl;ﬁ),
for all z € B.

It follows from (6) that

1

1 1
3l /(3% ay) = [(32)g(3'y)=h(3'2) fB'y)|| < 932, 3'y) < (3, 3y),

which tends to zero as [ — oo for all z,y € B by (18). By (27)—(30),
D(zy) = D(x)0(y) + ¢(x)D(y)
for all z,y € B. So the additive mapping D : B — B is a (0, ¢)-

derivation on B.
It follows from (7) that

1 1 1
(3 zy)—u(3'2)g(3'y)—h(3'2) fB'y)| < z70(3'%,3'y) < 0(3'x,3'y),
which tends to zero as [ — oo for all z,y € B by (18). Thus

U(ry) = U(x)0(y) + ¢() D(y)

for all z,y € B. So the additive mapping U : B — B is a generalized
(0, ¢)-derivation on B. O

COROLLARY 2.6. Let f,g,h,u : B — B be mappings with f(0) =
g(0) = h(0) = u(0) = 0 for which there exist constants ¢ > 0 and
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€ [0,1) such that

Mﬂx+y> f@) = F@Il < e(llllP + lylP).
129( ;yy—mm—g@w < e(|lz?+ IyllP),
[ 2y>—hu»—mwnfzemﬂv+uwﬂ,
12 ;ywwm>—u@m < e(|l=z”+ IyllP),
1 (zy) — F(2)g(y) — h@) FQIl < el + ly]).
lu(zy) — u(@)g(y) — h(@) f@)] < ell=]” + lv]?)

for all x,y € B. Then there exist unique additive mappings D, 0, ¢,U :
B — B such that

1f@) = D@l < Felal,
3+ 3°
lo(a) — 6@)| < 5 ellal”
3+ 3°
Ih@) = o) < 5 ellal”
3+ 3
Ju@) - U@ < S el

for all x € B. Moreover, D : B — B is a (0, ¢)-derivation on B, and
U : B — B is a generalized (0, ¢)-derivation on B.

Proof. Defining ¢(z,y) = €(||z||” + ||y||), and applying Theorem 2.5,
we get the desired result. O]

COROLLARY 2.7. Let 0,¢ : B — B be additive mappings. Let f,u :
B — B be mappings with f(0) = w(0) = 0 for which there exists
a function ¢ : B x B — [0,00) satisfying (18), (19), (22), (16) and
(17). Then there exists a unique (0, ¢)-derivation D : B — B satisfying
(23), and there exists a unique generalized (6, ¢)-derivation U : B — B
satisfying (26).

Proof. Letting 8 = g and ¢ = h in the statement of Theorem 2.5, we
get the result. O

THEOREM 2.8. Let f,g,h,u : B — B be mappings with f(0) =
g(0) = h(0) = u(0) = 0 for which there exists a function ¢ : B x B —
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[0, 00) satisfying (19)—(22), (6) and (7) such that

(31) > 3e(g ) <

7=0
for all x,y € B. Then there exist unique additive mappings D, 0, ¢, U :
B — B such that

(32) If@) = D@l < G5 —3)+3(=5.2),
(33) lg(e) = 6@)| < B(5.—3)+3(=5,2).
(34) k() = 6@) < B(5.—3) +B(=5.2),
(35) lu() = U@ < 35, —3) +E(—5.2)

for all x € B, where

> Nt Y
@(xuy) T 203 90<3]7 ?)J)
j:
for all z,y € B. Moreover, D : B — B is a (0, ¢)-derivation on B, and
U : B — B is a generalized (0, ¢)-derivation on B.

Proof. By the Jun and Lee’s theorem [7, Theorem 7], it follows from
(31) and (19)—(22) that there exist unique additive mappings D, 0, ¢, U :
B — B satisfying (32)—(35). The additive mappings D,0,¢,U : B — B
are given by

(36) D) = lm3 (),
(37) o) = lim3'g(5),
(39) o@) = Jim 3h(5),
(39) U@) = Jim 3u(5)
for all x € B.

It follows from (6) that

£ — F(9() — () F Gl < 8% (5 ).

which tends to zero as [ — oo for all z,y € B by (31). By (36)—(39),
D(zy) = D(x)0(y) + ¢(x) D(y)
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for all z,y € B. So the additive mapping D : B — B is a (0, ¢)-
derivation on B.
It follows from (7) that

Ty T Y T ) Ty
(20 ~u()a( )~ hCE D < 35 B,
which tends to zero as [ — oo for all z,y € B by (31). Thus
Ulxy) = Ux)0(y) + ¢() D(y)
for all z;y € B. So the additive mapping U : B — B is a generalized
(0, ¢)-derivation on B. O

COROLLARY 2.9. Let f,g,h,u : B — B be mappings with f(0) =
g(0) = h(0) = u(0) = 0 for which there exist constants ¢ > 0 and
p € (2,00) such that

Tr+y

12F(52) = F@) = F@) < elllal” + yll?),
29 22) = g(x) — g)l < el + IylP),
202 = () = )l < elllel + [IP),
l2u(" 1Y) = u(a) — u)ll < elalP + lyl”)
1£(@y) = F@)g(y) = @I < elllzll” + 1))
lu(zy) = u(@)g(y) = h@) F@)| < el + yl")

for all x,y € B. Then there exist unique additive mappings D,0,¢,U :
B — B such that

3P +3
1) - D@ < S elal,
lo() ~ 6@ < 2 eljal,
Ihz) 6@ < S oelalr,
Jux) ~ U@ < S el

for all x € B. Moreover, D : B — B is a (0, ¢)-derivation on B, and
U : B — B is a generalized (0, ¢)-derivation on B.
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Proof. Defining ¢(z,y) = €(||z||” + ||y||*), and applying Theorem 2.8,
we get the desired result. O]

COROLLARY 2.10. Let 0,¢ : B — B be additive mappings. Let
f,u: B — B be mappings with f(0) = u(0) = 0 for which there exists
a function ¢ : B x B — [0,00) satisfying (31), (19), (22), (16) and
(17). Then there exists a unique (0, ¢)-derivation D : B — B satisfying
(32), and there exists a unique generalized (6, ¢)-derivation U : B — B
satisfying (35).

Proof. Letting 8 = g and ¢ = h in the statement of Theorem 2.8, we
get the result. O
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