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HIERARCHICAL ERROR ESTIMATORS FOR
LOWEST-ORDER MIXED FINITE ELEMENT METHODS

KwAaNG-YEON KIiM

ABSTRACT. In this work we study two a posteriori error estimators
of hierarchical type for lowest-order mixed finite element methods.
One estimator is computed by solving a global defect problem based
on the splitting of the lowest-order Brezzi-Douglas—Marini space,
and the other estimator is locally computable by applying the stan-
dard localization to the first estimator. We establish the reliability
and efficiency of both estimators by comparing them with the stan-
dard residual estimator. In addition, it is shown that the error es-
timator based on the global defect problem is asymptotically exact
under suitable conditions.

1. Introduction

In this paper we consider the second-order elliptic problem on a
bounded polygonal domain

—div(aVu) = in Q C R?
) { (aVu) = f C

u=—g on 0f)
for given f € L?(Q2) and g € HY/2(99). It is assumed that the coefficient
a is a symmetric, bounded and uniformly positive definite matrix-valued
function. The Dirichlet boundary condition is assumed only for the sake

Received July 30, 2014. Revised August 31, 2014. Accepted August 31, 2014.

2010 Mathematics Subject Classification: 65N30, 656N15.

Key words and phrases: a posteriori error estimation, mixed finite element
method, hierarchical error estimator, asymptotic exactness.

This study was supported by 2013 Research Grant from Kangwon National Uni-
versity (No. C1009911-01-01).

© The Kangwon-Kyungki Mathematical Society, 2014.

This is an Open Access article distributed under the terms of the Creative com-
mons Attribution Non-Commercial License (http://creativecommons.org/licenses/by
-nc/3.0/) which permits unrestricted non-commercial use, distribution and reproduc-
tion in any medium, provided the original work is properly cited.



430 K.-Y. Kim

of simplicity and subsequent results are easily extended to more general
boundary conditions.

When the primary interest is accurate approximation of the vector
variable & = —aVu, the following mixed formulation of (1) is often
preferred:

find (o,u) € H(div,Q) x L*(2) such that

@ { (a to,T)g — (divT,u)g = (g, 7 - n)aq V7 € H(div, )
(dive,v)q = (f,v)a Vv € L*(9),

where H(div, 2) stands for the space of square-integrable vector-valued
functions whose divergences are also square-integrable. We have partic-
ularly in mind two lowest-order mixed finite element methods(MFEMs)
on triangular meshes for the mixed formulation (2): the standard MFEM
using the lowest-order Raviart-Thomas element [3, 12] and the multipoint-
flux MFEM using the lowest-order Brezzi-Douglas-Marini element [15].

Adaptive refinement based on a posteriori error estimators is now a
well-established tool for efficient implementation of finite element meth-
ods. In the past two decades much effort has been devoted to develop-
ment of a posteriori error estimators for mixed finite element methods
of (2); see, for example, [1, 2,4, 5, 6, 7, 8, 10, 11, 13, 14] and references
therein. We also refer to [16] for comparison of four different kinds of
error estimators. For the reliability and efficiency of an error estimator,
it is required that the ratio of the estimated error to the actual error
stays between two positive bounds independent of the mesh size (up to
higher order terms). For some error estimators this ratio becomes unity
as the mesh is refined under favorable circumstances. In such cases the
error estimator is said to be asymptotically exact.

In this work we study two a posteriori error estimators of hierarchical
type for the lowest-order mixed finite element methods mentioned above.
The first estimator is based on solution of a global defect problem and
the second estimator is obtained through standard localization of the
first one. While the hierarchical error estimator of [16] targeted the
vector error o — o, in the H(div)-norm (and the scalar error ||u —
upllo.n), we aim at estimating the vector error & — o, in the L?-norm.
It turns out that we can use a smaller surplus space for this aim and the
resulting error estimators have lower computational costs. We will show
that this simplification maintains the reliability and efficiency of the
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error estimators (under the saturation assumption for the multipoint-
flux MFEM). Moreover, the first estimator based on the global defect
problem is asymptotically exact under suitable conditions.

The rest of the paper is organized as follows. In the next section we
introduce some notation and the mixed finite element methods. In Sec-
tion 3 we present our hierarchical error estimators and then discuss their
reliability and efficiency in Section 4. Finally, the asymptotic exactness
of the error estimator based on the global defect problem is established
in Section 5.

2. Preliminaries

Suppose that 7, is a shape-regular triangulation of Q = | J ke, I8 nto
triangles with the mesh size h = maxge7, hi. For an element K € T,
we denote the diameter of K by hx and the set of three edges of K by
Ex. The collection of all edges of Tj, is denoted by &, = {e}, and we set

El={ec & :eCQ}, E)={ec & :eC o}

Throughout the paper, we denote by C' (with or without a subscript)
a generic positive constant independent of the mesh size h which may
take different values in different places.

Let Py(K) denote the space of all polynomials on K of total degree
< k and let

W, = {Uh S LZ(Q) : Uh’K c Pk(K) VK € 7;L}

The Raviart-Thomas and Brezzi—-Douglas—Marini spaces over 7, are de-
fined by

RT), = {’T € H(le, Q) : T|K € RTk(K) VK € E},
BDM, = {1 € H(div; Q) : T|x € (P(K))* VK € T,},
where
RT,(K) == (Pu(K))* @ (21, 29) Py (K).
In this paper we will consider the following mixed finite element meth-
ods based on the mixed formulation (2):

(Raviart—Thomas MFEM): Find (o, u;) € RTy x Wy such that

) (a oy, Th)a — (div Ty, up)o = (9, Th - M)oq V7, € RTy
(dives,vp)a = (f,vn)a Y, € Wy.
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(Multipoint-flux MFEM): Find (o, u,) € BDM; x Wy such
that
(4) (a_lo'h, Th)h,Q — (le Th7uh)Q = <g,‘l’h . ’I’I,>ag \V/Th - BDM1
(diveon, vn)a = (f, vn)a Yo, € Wy.
Here (-, )q (resp. (-,-)sq) denotes the standard L? inner product over
Q (resp. 0f2). We refer to [15] for more details on the multipoint-flux
MFEM, where the bilinear form (¢!, 74)5.q is defined by applying the

3-point trapezoidal rule to the local integral (a ‘o, 71 )k and summing
the results over all K € T,. An important observation is that

(5) ('€, Th)na = (@&, Th)a V€, € RT,

if a and 7, is piecewise constant over 7,. Both of the mixed finite
element methods defined above have the lowest order of convergence (cf.

(3, 15])
(6) lo = onlloe < Chllofa
and satisfy the local conservation law

dive), = f,

where f represents the L? projection of f onto Wj.
Finally, we recall the following integration-by-parts formula for a do-
main 7' C R?

(rot T,v)r — (7, curlv)r = (7 - tr,v)or

which will be frequently used throughout the paper. Here £ is the unit
tangent vector on 9T oriented in the counterclockwise orientation and
the differential operators are defined as

1“0137'—%—% curlv = @ —ﬁ
N 8:61 833'2’ N 8:52’ (9:1:'1

for a vector-valued function 7 = (71, 72) and a scalar-valued function wv.
3. Hierarchical Error Estimators
In this section we present two a posteriori error estimators of the

hierarchical type for the vector error |la='/?(o — a)||o.q of the mixed
finite element methods (3) and (4).
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The first estimator is closely related to the global minimization prob-
lem

(7) min ||CL_1/2(0'h+Cllrlg0h—0')“0,97
pnePy

where the trial function space is defined by

P):={p € H(Q): p|x € P(K) for all K € T;, and
© vanishes at vertices of Tj}.

This problem was motivated in [9] by the desire to find a vector function
oy + curlyp, € BDM,; which is more accurate than o, and may be
regarded as based on the hierarchical splitting

BDM, = RT, + curl .

By the standard argument the minimization problem (7) is reduced
to the problem of finding 1), € PY such that

(a™ ! curl gy, curlpy)o = —(a” (o) — @), curlpr)g Vo, € P

By virtue of the equality a o = —Vu and the integration by parts, this
equation becomes

(8)

which is exactly the global defect problem based on the above splitting of
BDM;. The matrix system arising from (8) is symmetric and positive
definite, and moreover, is known to be well-conditioned with respect to
the mesh size h. Hence it can be efficiently solved, e.g., by applying the
conjugate gradient method (even without any preconditioning when a is
smooth).
Now the error estimator is defined as
1/2

(a™" curlyy, curlpy,)o = — (a” o), curl pp)q

+ (g,curlyy, - n)an Ve, € Py,

nac = |la”/* curl Yy o.q,

where v, € Py is the solution of the global defect problem (8).

The locally computable error estimator is constructed by means of the
well-known localization technique for the hierarchical surplus space Py.
Let 6, € P be the nodal basis function associated with the midpoint
me of the edge e € &, (that is, 6.(me) = 0.) and let w. := supp b..
Then we define the error estimator

1/2
NHL = (Z |a=1/2 Curl%Ha%) :

eesy
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where 1), € span{f.} is the solution of the local defect problem
(9)

(a_1 curley,, curlp,), = —(a_lo'h, curlp.),. + (g, curl g, - n)son.,
for all ¢, € span{6.}.

REMARK 1. Based on the hierarchical splitting of the first-order
Raviart—Thomas element

—1 —
RT, = RT, + curl P) + RT}, Wy = Wy + Wy,

the hierarchical error estimator of [16] (designed to estimate o — o},
in the H(div)-norm) has two contributions coming from curl P) and

—1 —~

RT, x W;. The global defect problem (8) was introduced in connection
with curl P, but instead of considering nyq, it was replaced by the
local defect problems (9) to obtain 1y, as the contribution coming from

—1 —~
curl P). The contribution from RT, x Wi is locally computable by
solving 4 x 4 saddle-point problems. Because nyq and ny are equivalent
to the residual estimator of [2] (up to higher order terms) as shown below,

we may exclude the contribution from ﬁl X /Wl when estimating the
L?-norm of o — o},, which implies that our error estimators have lower
computational costs.

The following equivalence of nye and 1y can be established in a
standard manner and is valid for both the Raviart—Thomas MFEM (3)
and the multipoint-flux MFEM (4).

THEOREM 1. There exist positive constants C7 and Cy such that

Cinur < naa < Conur.
Proof. Taking ¢, = 1. in (9) and ¢}, = ¥, in (8), we find that

Ha_1/2 curl ¢e||(2),wg = (a_l curl )y, curl ),

< Jla™' curlylog, a2 curl velo, .

from which the left inequality immediately follows.
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To derive the right inequality, let ¢, = > . g, Qebe for e € R. Taking
©n = ¥y, in (8) and using (9), we obtain

Ha_1/2 curl @/}h||(2)7Q = Z oze{ — (atoy, curld,),, + (g, curld, - n>3mwe}

ee&y
=Y aua” curly,, curld,),,
e€e€y
< 3 acfla™ curl o, a2 curl 6, o,
ecéy
1/2
< 77HL< Z Ozz||a_1/2 curl 96||(2)7we> )

ec&y,

Now the right inequality is proved by invoking the well-known equiva-
lence

Cs Y aZlla™'? curlb, |3, < [la™"* curlyyfq
e€Ey

<Cy Y alfacurl |,

ee&p

with some positive constants C3 and C}. This completes the proof. [

4. Reliability and Efficiency

4.1. Lower bounds. A global lower bound for ngs can be directly
derived from (8):

|la=*2 curl Uil = —(a" op, curl y)g — (u, curl ¥y, - 1) s
= (a (o — o), curl¥y)q
< lla?(0 — an)oalla™’ curlvyllog

Likewise a local lower bound for 1y, can be derived from (9):

a2 curl weHawe = —(a 'oy, curly,),, — (u, curli, - n)son.,
= (a (o — o), curli,),,

< ||a_1/2(0' — o) a2 curl Yellowe

0,we
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Note that nye and ngp provide guaranteed lower bounds for the global
error ||a=Y2(a — o) ||o.q and the local error ||a=/2(a — o) |0, , TESPeC-
tively. We remark that guaranteed upper bounds for the global error
la=2(0 — &) |00 were studied in [1, 8, 13].

4.2. Upper bound for Raviart—Thomas MFEM. To derive the
upper bounds for nyg and nyp, we will compare them with the residual
estimator of Alonso [2]. From now on it is assumed that the coefficient a
is piecewise constant over 7,. Then we have rot(a™'o,)|x = 0 for every
K € T, and the residual estimator for the Raviart-Thomas MFEM (3)
is given by

- ( S helllaon 12, + 3 hella'on -t — 2

e€€y? ecEp

2
0,e

B 1/2
EY BT %,T> |
TET

where h, is the length of the edge e, t|. is a fixed unit tangent vector
on e, [w]|. is the jump of w across e € &;}, and ‘fl—f’e is the derivative
of wl|, in the direction of t|. on e. The following local equivalence of
nur and ng was established in [16] for the Poisson equation with the
homogeneous Dirichlet boundary data. It is straightforward to extend it
to the piecewise constant tensor coefficient a and the nonhomogeneous
Dirichlet boundary data g.

THEOREM 2. Let 1. be the solution of (9). Then we have for every
e €&}

Crlla™2 curlg[[3,, < hellla~" o - 8]3.
< Co([la=2 curle[fg,, + B[ F(E"a " )]I[G.)

and for every e € £

Cilla™? curlye|§,, < hella™ on -t — L[5,

< Co([la™"2 curle|[g,,, + A2 F(E )3,
+ RN

Proof. Integration by parts in (9) gives for e € &5

(10) (a ! curly,, curl ), = ([a o - t], pe)e.
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Taking . = 1. and using the inequality ||Ye|lo. < C’hl/2||V¢e||0we, we
obtain

la™"? curl g |lf . = ([a" o - t],e)e
||[[a Ohp - t]]HOe hi/2||a_1/2curl¢e||07we7

which proves the left inequality for e € £} Similarly, we obtain for
ee&?

(11) (a~tcurl v, curlp,),, = (e 'oy -t — %, Ve)es

and the same proof leads to the left inequality for e € £7.
On the other hand, following the proof of [16, Theorem 7.1], we can
derive for e € &5

hellla™on - 2[5, < ChZ|la~ o - t]le(me)|* + CHE[FE a " B)] 3.,
and for e € &)
hella™toy, -t — %Hae < C’hz‘a’lo'h ~t(me) — - eds 2 ds ‘
+CRY| f(ta *1t)|!o€ + Ch 1% —

Furthermore, Simpson’s rule and (10) yields for e € &}

hella o - 1o (m0)| = g|<[[a_10'h 4],0.)]

eds

1/

3., _ _
< §||a 1/2cur11/16H0,wﬁHa QCurleeHOM

< Clla™? curl ¢ |o, ,
and (11) yields for e € &7

he‘a_lah ~t(me) —

h 6dsals‘ —’(a‘lah-t— —I———h— dgds&)‘

eds

< CHa_ /2 Curl@beHO,we + Chi/guﬁ -
< Clla? curl ¥, oo, + Chifﬂud?—gnw,

eds

ds?
where we used the estimates ||VO,|ow. < C, |0, HOe < ChY” and then
the Poincaré inequality ||w — —f wds|loe < Chel|%2]|o,e. Combining the
results above yields the right 1nequaht1es O

The extra terms on the right inequalities of Theorem 2 as well as

(Xrer, W2l f = Flls.r) "2 are of higher order if f and g are piecewise
smooth and thus become negligible for sufficiently small h. As a corollary
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of Theorems 1-2, we also obtain the global equivalence of ny¢ and ng up
to higher order terms. Since 7y is reliable (and efficient) for estimating
la='%( — o4)||oq, this implies that 7y and 1y are reliable (and
efficient) for the same error up to higher order terms.

4.3. Upper bound for Multipoint-Flux MFEM. The argument of
the preceding subsection does not seem to apply to the multipoint-flux
MFEM (4). We are thus led to make the following saturation assump-
tion: there exists a positive constant v < 1 independent of the mesh size
h such that
(12) la™'?(a — a2) o0 < Va7 (e = an)oe,
where o, is the vector solution of the lowest-order Brezzi-Douglas—
Marini MFEM given by

(BDM-MFEM): Find (o2, us) € BDM; x Wy such that

(13) (a 'oe, ) — (div Ty, uz)a = (9,71 - MYaq VT, € BDM,
(diV 0'2;Uh>Q = (f, Uh)ﬂ Yo, € W.

This assumption seems to be reasonable in view of the a priori error
estimates (6) and

lo — o2lloe < Ch*|lo |20,
and was also made in [2] for the error estimator of the Bank-Weiser
type.

THEOREM 3. Under the saturation assumption (12), there exists a
constant C' > 0 such that

la=**(a — ap)|lon < Cnuc.
The same result holds as well for ngy.

Proof. Thanks to Theorem 1, it suffices to prove the result for ny¢.
Combining (12) with the triangle inequality

a0~ o)loa < a0~ o2)lloa + = (02— o) os,
we obtain

_ 1
(14) la=2(a — an)loe < 1

la= (o2 — a4) o0

Since div o, = dive), = f, there exists a continuous piecewise quadratic
function ¢, such that

oy — o, = curlyy.
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Let I, be the continuous piecewise linear nodal interpolant of ¢, sat-
isfying
(15) IVLen)lloe < ClVenllog:

Then we have curl(l;p,) € RTy and ¢p, — L1, € P2, and it follows by
the first equations of (13) and (4), (5), (8) and (15) that

la™'?(g2 — a4)l[5.0 = (a7 (g2 — &), curlpy)q
= (g,curlyy, -n)sq — (a oy, curl gy )g
= (g, curl(py — Iion) - nYoq — (0~ o, curl(pn — Iiop))a
= (a ! curl ¢y, curl(py, — I1op))a
< Clla™2 curl ¢y lo ol V(en — Lipn)lloo
< Clla™? curl ¢y ||o.0 curl o, ||oo
< Clla™? curlyyfloalla (o2 — o4) o0,
which gives
la™ (a2 — o) |00 < Cnpc.
Now the proof is completed by combining the last result and (14). O

REMARK 2. The above proof may be used to derive the same upper
bound for the Raviart—Thomas MFEM (3) under the saturation assump-
tion (12). In particular, this removes the extra higher order terms of
Theorem 2 derived without the saturation assumption (12).

5. Asymptotic Exactness

In this section we show that the error estimator nys based on the
global defect problem (8) is asymptotically exact under suitable condi-
tions. For this purpose we need the Fortin projection IIj, : (H'(Q))? —
RTy defined by

/HhT-neds:/‘r-neds Ve € &,
e e
where n. denotes a unit normal vector to e.

THEOREM 4. Assume that o € (H'**(Q))? and ||a~Y?(o,—11,0)|j0.0 =
O(h'*?) for some p > 0. Then we have

la=%(o — o) |00 = nue + O(h'T).
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In addition, if the non-degeneracy condition |la='/?(o — a})|loq > Ch
holds for some constant C' > 0, then

Ylite
— 1| = O(h*).
[ ((o ~ on)loa )
Proof. Let ¢, € P) be the solution of (8). Then the proof of [9,
Theorem 4.1] yields

la=%(e), + curlyy, — o)|oa = O(h'),
and consequently,
lla™2(a = an)lloe = nuc| = [la™*(a = on)llon — [la™/? curl ¢y lo0]
< |la=V*(o — o), — curlyy)|loq
< Ch'*r,

which gives the first result. The second result is a direct consequence of
the first result. O

REMARK 3. It was proved in [5] that ||o), — Lo ||oo = O(h'™”) holds
for the Raviart-Thomas MFEM (3) with p = 3 under the restrictive
conditions that the triangulation Tj, is uniform and o € (H?*(2))?. Nu-
merical experiments suggest that this condition may be relaxed with a
smaller value of p > 0. For the multi-point MFEM, this super-closeness
has not been rigorously derived but may be conjectured by numerical
results in [15].
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