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ON THE SPECTRAL CONTINUITY

JAE WoN Lee’ AnD IN HO JEON*

ABSTRACT. In this paper we show that the spectrum is continuous
on the class of x-paranormal operators but the approximate point
spectrum generally is not continuous at x-paranormal operators.

1. Introduction

Let Z() denote the algebra of bounded linear operators on an
infinite dimensional separable complex Hilbert space 7. Given an op-
erator T' € L (), let a(T) = dimker(T) and B(T) = dimker(T*). T
is upper semi-Fredholm if 7.7 is closed and «(T") < oo and T is lower
semi-Fredholm if 7.7 is closed and S(T") < oo. If T' is semi-Fredholm,
then the index of T, ind(7T), is defined by ind(T") = o(T') — B(T). T is
said to be Fredholm if 7.7 is closed and the deficiency indices «(7") and
B(T) are (both) finite. Let .# denote the set of Fredholm operators and
. F the set of semi-Fredholm operators. Let

P(T)={X €o(T): T—Xe /F and ind(T — \) =n}
for n € Z U {00} and let
Py(T) = | J{Pu(T) : n # 0} and P_(T) = | J{Pu(T) : =00 <n < —1}.
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Let 0, and o0,, denote the point spectrum and the approximate point
spectrum, respectively. For an operator T € Z(5¢), it is well known
that 04,(T") = 0y(T). Recall that if € is the ideal of compact operators
on ¢ and

7w L(H)— L(H)]FC

is the natural projection map, then the essential spectrum of 7" is defined
by 0.(T") = o(w(T')) and let 0,.(T") and 0,(T") denote the left and right
spectrum of 7(7T"). So

0o(T) = 016(T) U 0,e(T) = [016(T) N 0,e(T)] U Pioo(T) U P (T).

Recall also that a hole in o.(T) is bounded component of C\ ¢.(7") and
a pseudohole in o.(T) is a component of

[int(0e(T) \ 01e(T)] or [int(ae(T)) \ 0re(T)]

Hence a hole and a pseudohole in 0.(T") is an open subset of the complex
plane C.

Let IC denote the set of all compact subsets of the complex plane C.
Equipping I with the Hausdorff metric, one may consider the spectrum
o as a function o : £ () — K mapping operators T € Z(.7) into
their spectrum o(7T"). Newburgh [16] may be the first to have system-
atically investigated the continuity of the spectrum. he showed that
the spectrum of an element of a Banach algebra is upper semicontin-
uous and that the spectrum is continuous at any element with totally
disconnected spectrum. In addition, he showed that the spectrum is
continuous on an abelian Banach algebra and on the class of operators
satisfying Gi-condition. Studies identifying sets C of operators for which
o becomes continuous when restricted to C has been carried out by a
number authors (see, for example, [7-9,12]). On the other hand, Conway
and Morrel [4,5] have undertaken a detailed study on the continuity of
various spectra in .Z ().

Recall that an operator T' € £ () is said to be *-paranormal if

||T*z||* < ||T?z|| for every unit vector x € .

It is well known [10] that the set of all hyponormal operators is a proper
subset of the class of x-paranormal operators and a kernel property

(1.1) ker(T'— \) Cker(T — N\)* for all A€ C

holds for an *x-paranormal operator T
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In this paper we show that the spectrum is continuous on the class of
*-paranormal operators but the approximate point spectrum generally
is not continuous at x-paranormal operators.

2. Main results

Let T° € £ () denote the Berberian extension of an operator T' €
L (). Then the Berberian extension theorem [3] says that given an
operator T' € Z () there exists a Hilbert space .# 2 J¢ and an
isometric *-isomorphism 7" — T° € Z (%) preserving order such that
o(T) =0(T°) and 0,(1°) = 04p(T°) = 04p(T"). In the following, we shall
denote the set of accumulation points (resp. isolated points) of o(T") by
acco (T')(resp. isoo(T)).

The following result is not new and was essentially proved in [9], but
we give a proof for the completeness and revising mistakes in the proof
of Theorem 1.1 of [14].

PrROPOSITION 2.1. The spectrum o is continuous on the set of all
*-paranormal operators.

Proof. To prove the theorem it would suffice to prove that if {7} C
Z(H) is a sequence of x-paranormal operators such that

lim ||T,, —T|| =0

n—oo
for some x-paranormal operator 7T, then
(2.1) acco(A) C liminfo(A4,).
because the function o is upper semi-continuous [11] and it is well known
that, from an argument of Newburgh [16, Lemma 3],
(2.2) isoo(T) C liminf o(T,).
Now, we consider corresponding the Berberian extensions to 7" and the
sequence {7} as mensioned above, and then have that

o(T)=0(T°),0(T,) = o(T}) and 04,(T) = 04p(T°) = 0,(T°).

Since if T' is x-paranormal then 7T° is x-paranormal, we have that

(2.3) acco(T') C liminf o(7},) <= acco(T°) C liminf o(7})).

n
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Now, assume that A € acco(7°). First, we consider the case that
(2.4) A€ a(T)\ 0ap(T°).

So T° — X is upper semi-Fredholm and «(7° — A) = 0. Suppose that
A ¢ liminf, o(77), then there exists a 0 > 0, a neighbourhood Ns(\) of
A and a subsequence {7, } of {7},} such that

o(Ty,) N Ns(A) = 0 for every k > 1.
Evidently, Ty — A is Fredholm, with ind(7}; — A) =0, and
T [[(T5, — \) — (T° = A)|| =0.

It follows from the continuity of the index that ind(7° — A) = 0 and
T° — X is Fredholm. Since a(T° — \) = 0, A\ ¢ o(T°). This contradicts
to (2.4). Hence we have that A\ € liminf, o(A).

Second, we consider the case that

A€ g, (T°).

Since T° is x-paranormal and o0,,(T°) = 0,(7°), T° is reduced by an
eigenspace ker(7° — \) [10, Lemma 2.2]. So we have a representation of
e,

T°=X®B on # =ker(T° — \) @ {ker(T° — \)}*
Evidently, B — X is upper semi-Fredholm and «(B — A\) = 0. There
exists an € > 0 such that B — (A — p,) is upper semi-Fredholm with
ind(B — (A — p)) = ind(B — \) and «(B — (A — p,)) = 0 for every
o satisfying 0 < |u,| < €. Choose 0 < € < § and set u = A — p,
(0 < |uo| < €). (Here § > 0 as above mentioned.) Then B — yu is upper
semi-Fredholm, ind(B — ) = ind(B—\) and a(B — ) = 0. This implies
that

T°—pu=A—pu®B—pu
is upper semi-Fredholm ,
ind(7° — p) = ind(B — p) and o(7T° — p) = 0.

Assume to the contrary that A ¢ liminf,, o(7};), then evidently, T} —u
is Fredholm, with ind(7;; — u) = 0, and

Jim (T3, — ) — (T° = ]| = 0.

It follows from the continuity of the index that ind(7°—p) = 0 and T°—p
is Fredholm. Since a(7° — p) = 0, u ¢ o(T°) for every u in a deleted
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e-neighbourhood of A. This contradicts to the assumption A € acco(7°).
Hence we must have that A € liminf, o(7}). O

For the following lemma, we need some concepts. It is well known [2]
that an operator is quasitriangular if and only if for each A € C such
that 7' — A semi-Fredholm, ind(7" — X) > 0. It follows that an operator
T is biquasitriangular if and only if for each A € C such that T — A
semi-Fredholm, ind(T" — \) = 0. Consequently, T is biqusitriangular if
and only if Py(T) =)

LEMMA 2.2. If an operator T' € £ (7€) is x-paranormal, then T is
quasitriangular if and only if T is biquasitriangular.

Furthermore, if T' is x-paranormal and quasitriangular, then o,,(T)
is continuous at 1.

Proof. First, since T is x-paranormal, the equivalence relation imme-
diately follows from that 7" satisfies the kernel condition (1.1).

Second, suppose that 7' is quasitriangular. We claim that o(T") =
0ap(T). Let X € C\ 04p(T). Then T'— X is semi-Fredholm and a(T —
A) = 0. Since T is biquasitriangular, 7' — X has ind(T" — ) = 0. Thus
A € C\o(T). Therefore o(T') = 0,,(T"). Consequently, from Proposition
2.1, it is immediately follows that o,,(T") is continuous at T’ O

An operator T' € £ () is said to have the single valued extension
property at Ay € C, SVEP at )\ for short, if for every open neighbour-
hood U of Ay, the only analytic function f : U — 5 which satisfies
the equation (7" — \)f(A\) = 0 for all A € U is the zero function. T is
said to have the SVEP if T has the SVEP for every A € C. The sin-
gle valued extension property was introduced by Dunford [6] and plays
an important role in local spectral theory. It is well known [10] that a
*-paranormal operator has finite ascent and so have SVEP.

For an operator T' € £ (), the quasi-nilpotent part of T is the set

(2.5) Ho(T) = {x € A : lim ||T"z||» = 0},

which is a linear subspace of 77, generally not closed. It is well known
[10] that for a x-paranormal operator T,

Ho(T — \) = ker(T — \) for every A € C.
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Recall that an operator T' € £ () is said to be semi-regularif T'()

is closed and
ker(T) C T™(#) = () T"().
neN

Following Mbekhta [15], we shall say that 7" admits a generalized Kato
decomposition, GKD for short, if there exists a pair of T-invariant closed
subspaces (M, N) such that # = M @& N, the restriction 7|y, is semi-
regular and 7’|y is quasinilpotent. We say that 7" is Kato type at a point
Ao if (T'— Ao)|w is nilpotent in the GKD for T — X,.

In [5, Theorem 5.1}, Conway and Morrel characterized the continuity
of the approximate point spectrum at an operator T' € £ () as the
following;:

PROPOSITION 2.3. If T € (), then o,, is continuous at T' if and
only if the following conditions are satisfied:

(a) o is continuous at T

(b) P_(T)No,(T) = 0.

(c) T satisties (CC)y, for —oo < k < —1.

(d) Pooe(T) = int(Po(T)).

Where (C'C') means that for each point A € [int(Py(T"))] \ Px(T) and
for every € > 0, the ball B(\, €) contains a component of 0;.(T") No,..(T).

If T is x-paranormal, we can see from Lemma 2.2 that T is biquasi-
triangular if and only if P_(7') = 0 and in that case, o,, is continuous
at T

Now we consider the case that o,, is not continuous at a x-paranormal
operator 7.

THEOREM 2.4. Let an operator T € £ () be *-paranormal and
P_(T) # 0. Then o, is not continuous at T.

Proof. To prove the theorem, we use the characterization of Proposi-
tion 2.3 for continuity of o,,(T"). To put it concretely, provided P_(T") #
(), we will show that the necessary condition

P (T)YNo,(T)=10
does not hold for a x-paranormal operator T'. We claim that

(2.6) P_(T) C 0,(T).
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Let \g € P_(T). Since T — Xy is semi-Fredholm, Kato’s classical
result [13, Theorem 4] implies that T'— )¢ is a Kato type. So there exists
a pair of T-invariant closed subspaces (M, N) such that 5 = M & N,
the restriction (7" — A\g)|as is semi-regular and (7" — Ag)|x is nilpotent in
the GKD for T"— A\g. Since T is x-paranormal, T" has the SVEP at A
( [10]) and

N = H()(T - /\0) = ker(T - /\0)

Assume to the contrary that Ay ¢ 0,(7"). So it follows from [1, Theorem
2.6] that (T"— A\o)|ar is injective and M = 7. This is a contradiction.

Thus (2.6) holds, and so P_(T) N o,(T) # (. Hence Proposition 2.3
implies that o4, is not continuous at 7. O
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