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ON THE QUASI-(θ, s)-CONTINUITY

Seungwook Kim

Abstract. The quasi-(θ, s)-continuity is a weakened form of the
weak (θ, s)-continuity and equivalent to the weak quasi-continuity.
The basic properties of those functions are investigated in concern
with the other weakened continuous functions. It turns out that the
open property of a function and the extremall disconnectedness of
the spaces are crucial tools for the survey of these functions.

1. Introduction

The concept of (θ, s)-continuous function is introduced by Joseph and
Kwack ([2]) to investigate S-closed spaces due to Thompson ([7]). T.
Noiri and Saeid Jafari ([1],[6]) obtained several properties of this func-
tion and the relationships between (θ, s)-continuity, contra-continuity,
regular set-connectedness and other related functions.

The weak (θ, s)-continuity is a weakened form of (θ, s)-continuity.
The properties of the weak (θ, s)-continuity and the relationships with
the other generalized continuity are studied in ([4]). In the present paper
we introduce the quasi-(θ, s)-continuity which is a weakened form of the
weak (θ, s)-continuity and study here the properties of this function.
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In section 4 the relationships between the quasi-(θ, s)-continuity and
some weakened continuous functions such as weakly quasi-, and precon-
tinuous functions are investigated. In section 5 a weak s-quasi-continuity
which implies weak quasi-continuity is defined and we will see that un-
der certain conditions the weakly (θ, s)-, weakly quasi-, weakly s-quasi-
continuous and precontinuous functions are equivalent. In sections 4,5
we will see that the open property of the functions and the extremall
disconnectedness of the spaces play the essential role for a study of the
equivalence of these functions. At the end of this paper, as a remark, a
table clarifying the whole relationships of the functions appeared in this
paper is established.

2. Preliminaries

Throughout the present paper, X and Y are always topological spaces.
For a subset S of X we denote the interior and the closure of S by
Int(S) and Cl(S), respectively. S is said to be semi-open ([3]) if S ⊂
Cl(Int(S)). The family of all semi-open sets of X is denoted by SO(X).
We set SO(X, x) = {S|x ∈ S, S ∈ SO(X)}. S is said to be semi-closed
if X \ S is semi-open. S is said to be regular open (resp. regular closed)
if S =Int(Cl(S))(resp. S =Cl(Int(S))).
X is called extremally disconnected if a closure of an open set is open.
A function f : X → Y is said to be weakly quasi-continuous at x ∈ X

if to each open set V in Y containing f(x) and to each open set U in X
containing x there is a non empty open set G contained in U such that
G ⊆ f−1(Cl(V ))). f : X → Y is said to be weakly quasi-continuous if it
is weakly quasi-continuous at each point x ∈ X.

3. The quasi-(θ, s)-continuous functions

In this section we introduce the concept of the quasi- (θ, s)-continuity
and show that this is equivalent to the weakly quasi-continuity.

Definition 3.1. A function f : X → Y is quasi- (θ, s)-continuous at
x ∈ X if to each open V ⊂ Y containing f(x) there exists a semi-open
set R ⊂ X containing x such that f(R) ⊂ Cl(V ).
f : X → Y is said to be quasi- (θ, s)-continuous if it is quasi- (θ, s)-

continuous at each x ∈ X.
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Theorem 3.2. A function f : X → Y is quasi- (θ, s)-continuous iff
f is weakly quasi-continuous.

Proof. “←− ” : Let x ∈ X and V be open in Y containing f(x) and
define the set G :=

⋃
{W |W ⊆ X, open and f(W ) ⊆ Cl(V )}. Then

G ∪ {x} is the desired semi-open set.
“ −→ ” : Let x ∈ X and V be open in Y containing f(x). Let W

be open subset in X containing x. There exists a semi-open R in X
containing x such that f(R) ⊆ Cl(V ). Then ∅ 6= R ∩W ⊆ f−1(Cl(V ))
where R ∩W is semi-open. Hence there exists a non empty open set
T ⊆ R ∩W such that f(T ) ⊆ Cl(V ).

Theorem 3.3. Let f : X → Y be open. The following are equivalent.

(a) f is quasi- (θ, s)-continuous.
(b) f−1(Cl(S)) is semi-open for each semi-open S ⊂ Y .
(c) f−1(Cl(V )) is semi-open for each open V ⊂ Y .

Proof. “(a) −→ (b)” : Let S ⊆ Y be semi-open. We show

f−1(Cl(S)) ⊆ Cl(Int(f−1(Cl(S)))).

Let y ∈ f−1(Cl(S)) and W be an open subset of X containing y. Then
f(y) ∈ Cl(S) = Cl(Q) where Q is an open set in Y . Thus f(W )∩Q 6= ∅.
There exists z ∈ W such that f(z) ∈ Q. By the quasi- (θ, s)-continuity
of f there exists a semi-open R such that x ∈ R and R ⊆ f−1(Cl(Q)).
Since W ∩ R is semi-open set containing x, there exists a non empty
open G ⊆ W ∩R such that

G ⊆ f−1(Cl(Q)) = f−1(Cl(S)).

Therefore G ⊆ Int(f−1(Cl(S))) that means W ∩ Int(f−1(Cl(S))) 6= ∅.
The proof for “(b) −→ (c)” is obvious and ”(c) −→ (a)” follows easily

from the fact that the intersection of semi-open set and open set is semi-
open.

4. The relationships between functions

Recall that a function f : X → Y is said to be (θ, s)-continuous if
for each x ∈ X and each S ∈ SO(Y, f(x)), there exists an open set
U in X containing x such that f(U) ⊂ Cl(S). Next we introduce a
weakened form of (θ, s)-continuity and show partial results about this
function ([4]).
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Definition 4.1. A function f : X → Y is said to be weakly (θ, s)-
continuous if for each x ∈ X and each S ∈ SO(Y, f(x)), there exists
R ∈SO(X, x) such that f(R) ⊂ Cl(S).

The following example shows that the weak (θ, s)-continuity does not
imply the (θ, s)-continuity.

Example 4.2. A function

f : R→ R, x 7→
{

1 if x ∈ [0,∞)
0 if x ∈ (−∞, 0)

where on both R the natural topologies are given is weakly (θ, s)-continuous,
but not (θ, s)-continuous at x = 0.

Through the following counterexample and corollary we can see that
the weak quasi-continuity is generaller than the weak (θ, s)-continuity
([4]).

Example 4.3. Consider a function

f : R→ R, x 7→
{
x+ 1 if x ∈ [0,∞)
x if x ∈ (−∞, 0)

where on both R the natural topologies are given. Then f is weakly
quasi-continuous, but, considering the semi-open set (0, 1] containing
f(0), we see that f is not weakly (θ, s)-continuous at x = 0.

Corollary 4.4. Every weakly (θ, s)-continuous function is weakly
quasi-continuous and also quasi-(θ, s)-continuous by Theorem 3.2.

Remark 4.5. The next implications are valid.
The (θ, s)-continuity ⇒ the weak (θ, s)-continuity ⇒ the weak quasi-

continuity ⇔ the quasi-(θ, s)-continuity.

In [4] the following statements are shown:

Theorem 4.6. The following are equivalent for a function f : X → Y .

(a) f is weakly-(θ, s)-continuous.
(b) f−1(Cl(S)) is semi-open for a semi-open set S in Y .
(c) f−1(R) is semi-open for a regular closed set R in Y .
(d) f−1(T ) is semi-closed for a regular open set T in Y .
(e) f−1(S) is semi-open for a θ-semi-open set S in Y .

With Theorems 3.2, 3.3 and 4.6 we have:

Theorem 4.7. Let f : X → Y be open. Then the following are
equivalent.
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(a) f is weakly (θ, s)-continuous.
(b) f is weakly quasi-continuous.
(c) f is quasi- (θ, s)-continuous

Recall that a function f : X → Y is said to be precontinuous at x ∈ X
if for each neighborhood V of f(x) in Y , Cl(f−1(V )) is a neighborhood
of x. f : X → Y is called precontinuous if it is precontinuous at each
x ∈ X. To obtain relations between the weak (θ, s)-, weak quasi-and
precontinuity we need the following.

In [4] we obtained the following result concerned with the preconti-
nuity.

Definition 4.8. If Cl(A∩B) = Cl(A)∩Cl(B) for every A,B ⊂ X,
we say that X satisfies the closure equality.

Theorem 4.9. Let X satisfy the closure equality. If f : X → Y
precontinuous and open, then f−1(Cl(S)) =Cl(f−1(S))for each semi-
open S ⊂ Y .

Theorem 4.10. Let X satisfy the closure equality and be extremally
disconnected. If f : X → Y is open, the following are equivalent. ([4])

(a) f is weakly (θ, s)-continuous.
(b) f is weakly quasi-continuous.
(c) f is precontinuous.

According to theorem 4.7 we can add one equivalent condition to
theorem 4.10 as follows.

Theorem 4.11. Let X satisfy the closure equality and be extremally
disconnected. If f : X → Y is open, the following are equivalent.

(a) f is weakly (θ, s)-continuous.
(b) f is weakly quasi-continuous.
(c) f is quasi- (θ, s)-continuous.
(d) f is precontinuous.

Theorem 4.12. Let f : X → Y be precontinuous and open. If Y
is extremally disconnected, Cl(f−1(S)) is semi-open for every semi-open
set S ⊂ Y .

Proof. Let S ⊆ Y be semi-open. We show Cl(f−1(S)) ⊆Cl(Int(Cl(f−1

(S)))). Let x ∈ Cl(f−1(S)) and x ∈ W,W ⊆ X be open . Then W ∩
f−1(S) 6= ∅, thus there exists y ∈ W such that f(y) ∈ S. There exists
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an open set T in Y such that Cl(S) =Cl(T ) which is also open in Y . By
precontinuity of f there exists an open set Q in X containing y such that
Q ⊆ Cl(f−1(Cl(S))). By openness of f , Cl(f−1(Cl(S)))=Cl(f−1(S)).
Hence

∅ 6= W ∩Q ⊆ Int(Cl(f−1(S))).

Therefore W∩ Int(Cl(f−1Cl(S)))) 6= ∅ that means x ∈Cl(Int(Cl(f−1

(S)))).

By Theorems 4.6, 4.9 and 4.12 the following hold.

Theorem 4.13. Let X satisfy the closure property and Y be ex-
tremally disconnected. If f : X → Y is open, the following are equiva-
lent.

(a) f is weakly (θ, s)-continuous.
(b) f is weakly quasi-continuous.
(c) f is quasi- (θ, s)-continuous.
(d) f is precontinuous.

5. s-Quasi-continuous functions

Definition 5.1. A function f : X → Y is called weakly s-quasi-
continuous at x if for each open subset V of Y containing f(x) and for
each S ∈SO(X, x), there exists a non empty R ∈SO(X) such that R ⊆ S
and R ⊆ f−1(Cl(V )).
f is said to be weakly s-quasi-continuous, if it is weakly s-quasi-

continuous at each x of X.

It is easy to see that the weak s-quasi-continuity implies the weak
quasi-continuity, but the same function of example 4.2 shows that the
converse of both cases does not hold.

Theorem 5.2. If a function f : X → Y is weakly quasi-continuous
and X is extremally disconnected, then f is weakly s-quasi-continuous.

Proof. Let x ∈ X and V be an open set in Y containing f(x). Let
S ∈SO(X, x). There exists an open T in X such that Cl(T ) =Cl(S)
which is also open in X. Hence there exists an non empty open set
G ⊂Cl(T ) such that G ⊂ f−1(Cl(V )). From G ⊂Cl(S) follows

∅ 6= G ∩ S ⊂ f−1(Cl(V )) ∩ S
where G ∩ S is semi-open.
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Theorem 5.3. Let X be extremally disconnected. Then the following
are equivalent.

(a) f : X → Y is weakly quasi-continuous.
(b) f is weakly s-quasi-continuous.

Due to theorem 4.7, if the condition of openness of a function f is
added in theorem 5.3, we have

Theorem 5.4. Let f : X → Y be open and X be extremally discon-
nected. Then the following are equivalent.

(a) f is weakly (θ, s)-continuous.
(b) f is weakly quasi-continuous.
(c) f is quasi-(θ, s)-continuous.
(d) f is weakly s-quasi-continuous.

Theorem 5.5. If the conditions of the theorem 4.11 are satisfied in
5.4, then the following are equivalent.

(a) f is weakly (θ, s)-continuous.
(b) f is weakly quasi-continuous.
(c) f is quasi-(θ, s)-continuous.
(d) f is weakly s-quasi-continuous.
(e) f is precontinuous.

Theorem 5.6. If a function f : X → Y is weakly s-quasi-continuous
and Y is extremally disconnected, there exists an open T ⊆ X such that
Cl(T ) =Cl(f−1(Cl(S))) for all S ∈SO(Y ).

Proof. Let S ∈SO(Y ). Define

R =
⋃
{R|R ∈ SO(X), R ⊂ f−1(Cl(S))}

and it is enough to show that Cl(R) =Cl(f−1(Cl(S))). Let x ∈Cl(f−1(
Cl(S))) and x ∈ U which is open in X. Then U ∩ f−1(Cl(S)) 6= ∅.
Hence there exists y ∈ U such that f(y) ∈Cl(S). Since Cl(S) is open
in Y and containing f(y), there exists non empty R ∈SO(X) such that
R ⊂ U ∩ f−1(Cl(S)). From this follows R ⊂ R. Thus R ⊂ U ∩R which
is not empty. Hence x ∈Cl(R). The other inclusion is obvious.

By Theorem 4.11 the next theorem holds.

Theorem 5.7. Let X satisfy the closure equality and Y be extremally
disconnected. Then the following are equivalent.
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(a) f : X → Y is weakly quasi-continuous.
(b) f is weakly s-quasi-continuous.

Theorem 5.8. Let f : X → Y be open, X satisfy the closure property
and Y be extremally disconnected. Then the following are equivalent.

(a) f is weakly (θ, s)-continuous.
(b) f is weakly quasi-continuous.
(c) f is quasi-(θ, s)-continuous.
(d) f is weakly s-quasi-continuous.
(e) f is precontinuous.

Remark 5.9. Here a table is established to clarify the whole rela-
tionships between the functions considered in this paper as follows:

X Y f Equivalence Theorem
open w.(θ, s)-, w.q.-,q.-(θ, s)- 4.7

CE+ED open w.(θ, s)-,w.q.-,q.-(θ, s)-, prec. 4.11
CE ED open w.(θ, s)-,w.q.-,q.-(θ, s)-, prec. 4.13
ED w.q.-,w.s-q.- 5.3
ED open w.(θ, s)-, w.q.-,q.-(θ, s)-,w.s-q.- 5.4

CE+ED open w.(θ, s)-,w.q.-,q.-(θ, s)-, prec.,w.s-q.- 5.5
CE ED w.q.-, w.s-q.- 5.7
CE ED open w.(θ, s)-,w.q.-,q.-(θ, s)-, prec.,w.s-q.- 5.8

CE=closure equality, ED=extremally disconnected
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