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SOME INFINITE SERIES IDENTITIES
SuNG-GEUN LiMm

ABSTRACT. B.C. Berndt has established many relations between
various infinite series using a transformation formula for a large class
of functions, which comes from a more general class of Eisenstein
series. In this paper, continuing his study, we find some infinite
series identities.

1. Introduction

B.C. Berndt [3, 4] derived a transformation formula for a large class of
functions which comes from a more general class of Eisenstein series and
found various infinite series identities. In this paper, using his methods,
we derive some new results about infinite series and identities.

At first, we introduce some notations and definitions. Let H = {7 €
C | Im(7) > 0}, the upper half-plane. For a complex number w, we
choose the branch of the argument defined by —7 < arg w < 7. Let
e(w) = e*™. For a positive integer N, let Ay denote the characteristic
function of the integers modulo N, i.e.,

1, ifm =0 (mod N),
N (mod N)

0, otherwise.

Let Vr = V(r) = % denotes a modular transformation with ¢ > 0
and ¢ = 0 (mod N) for every 7 € H.(We say that V' corresponds to a
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matrix (CCL Z) .) Let r = (r1,r2) and h = (hq, hy) denote real vectors,
and define the associated vectors R and H by
R = (Rl, Rg) = ((17’1 + Cra, b7’1 + d?’g)

and
H = (Hl, H2> = (dhl — bhg, —Chl + Clhg)

For any real z, y and complex s with Re(s) > 1, let

n+y>0 (TL + y)s

For a real number z, [z] denotes the greatest integer less than or equal
to z and {z} := x — [z]. For 7 € H and an arbitrary complex numbers
s, define

An (7,857, h) -

_ Z Z e (Nmhy + ((szyzn_—i-h;";z;—i- r2)(n — hg)).

Nm~+r;>0n—ha>0
Let

Hy(T,s;m, h) == An(T,8;7m,h) + € (

S

2) AN(Ta s =, _h)
The following thoerem is a twist version of Berndt’s theorem in [4].
THEOREM 1.1. ([4]) Let Q = {7 € H| Re(7) > —d/c}, on = c{Ra} —
Nd{R,/N} and ¢ = ¢ N. Then for 7 € Q and all s,
(et +d)"°Hn(VT, 857, h)
= HN(TaszaH)

An(r)e(—riha)(er + d) 5T (s)(—2mi) (¢(h2,r2, s)+e (%) b(—ha, —1a, s))

AN (R )e(— Ry H)T(s)(—2mi) (¢(H2,Rz, s)+e (fg) (—Ha, — R, s))
+(27mi) " °Ln(7,s; R, H),
where
Ly(r,s;R,H) :

= " e(—H\(Nj + N[Ry/N] — ¢) — Hy([Ro] + 1+ [(Njd + on)/c] — d))

Jj=

—

e—(er+d)(Nj—N{R:/N}u/c o{(Njd+on)/chu
s—1
/ du,
C

e~(ertdu —o(cHy + dHy) e — e(—Ha)
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where C' is a loop beginning at +o0o, proceeding in the upper half-plane,
encircling the origin in the positive direction so that u = 0 is the only
zero of

(7 + D _o(cH, 4 dH,))(e" — e(—Hy))
lying “inside” the loop, and then returning to +oo in the lower half
plane. Here, we choose the branch of u® with 0 < arg u < 2.

If s is an integer, then we can evaluate the integration in Theo-
rem 1.1 by using the residue theorem. Note that after evaluation of
Ln(7,s; R, H) for an integer s, the transformation formula in Theorem
1.1 will be valid for all 7 € H by analytic continuation. We shall use the
generating function

te:tt © tn
L =Y B (It < 2m)

=0

3

for the Bernoulli polynomials B,,(z), n > 0. The n-th Bernoulli number
B, n > 0, is defined by B,, = B,(0). Put B,(x) = B,({z}), n > 0.
Recall that By,,1 = 0, n > 1, and that Bs,1(1/2) =0, n > 0. We
often use the following formulas [1];

Bu(1 =) = (=1)"Bn(x),
i B, (% + a:) = c"""B,(cx),

1
B, (5 =—(1-2""B,, n>0.
n ¢

(s), we see in [1] that

22M—1 ‘BZM‘T(QM
2M) =

For the zeta functio

, M >0,

and

Bom
1-2M)=——"—, M >0.
C(1—2M) = -2,

Let ((s,x) be the Hurwitz zeta-function. Here, for brevity, we set
Di(ha,72,8) i= —(er +d)T(s)(=270)~* (¥(h2,72,5) + ¢ (g) =z, =12,5))
and

Do(Ha, Ro, 5) == I(s)(—2mi) = (uJ(HQ, Ro,s) + e (—g) W(—Ha, —Ro, s)) .
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We have two lemmas as follows.

LEMMA 1.2. Let n be an arbitrary integer and assume that ro, Ry are
not integers. If n < —1, then

Jim D1(0,79,8) = =(2mi)"T(=n)(er + d)"((=1)"C(=n, {r2}) + ((=n, 1 = {r2})),
T Dy(0, R, ) = (20)"T(~n)((~=1)"¢(~n, {Ra}) + (=1, 1~ {Ra})).
If n = —1,0, then
£1_IH D1(0,73,5) = (2i) " (er + d) " (cot(mry) — i),
lim Dy(0, 72, 5) = —(24) " (cot(mry) +14),

lim Dy (0,72,s) = log (1 — e ™),

s—0 ) _

lim Dy (0, Ry, s) = —log (1 — e ™) — 21i By (Ry).
s—0

If n > 0, then
lim Dy(0,79,8) = (—1)""(er + d)"(—7r2,0,1 + n),
s—=—n
lim Dy(0, Ry, s) = ¥(R2,0,1 4 n).
s——n

Proof. We only give a proof for the case of s = 1. The others are
immediate consequences of facts in [2], pp. 501-502 and an elementary
calculus. From [10], we see that

lim(((s,z) — !

s—1 s—1

) = _wO(x)a

where 1)y is the digamma function, i.e., ¥g(z) = % log['(x). It is known
[1] that vy satisfies
o(1 — x) — tho(x) = mcot(mz).
Use now the expansions at s = 1,
1

((s,2) = a1 —tho(z) +- -+,

efm's: —1—0—7T(S—1)i+"' ,
to conclude that

llir% (((s, x)+e <§> C(s,1— x)) = 7 cot(mx) — Ti.
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LEMMA 1.3. Let n be an arbitrary integer and assume that ro, Ry are
integers. Then

liné(Dl(O, T9,8) + Do(0, Ra, s)) = mi — log(cr + d).
s5—
If n # 0, then

lim D;(0,79,8) = (—1)""(er + d)"¢(1 4+ n),

S—>—n

lim DQ(O,RQ,S) = C(l —+ n)

S——n

This last lemma is obtained by the similar way in the proof of Lemma
1.2.

2. Infinite series

In this section, we find some infinite series from Theorem 1.1 under a
modular transformation. Let N be a positive integer, and let r; and 79
be arbitrary real numbers. Put

N -1 1 1 11
r= () b= 00 s=n = e e vr = Lo 12

for Re z > 0 and for any integer n. Here, V' is a modular transformation
corresponding to the matrix

1 -1
N —-N+1)°

Then (Ry,Ry) = (r1 +re,—r1 — 19+ 13/N). Now we let N | r; and
N 1 (ry +1r2). By Theorem 1.1, we see that
2"Hy(V1,—n;r,0) = Hy(1,—n; R,0) + (2m8)" Ly (1, —2n; R, 0)

7“2
+ lim D, (o = s>.

We also obtain the following results regarding Hy(7,s;r,h). Let n be
an arbitrary integer. For N|rq,

(2.1) Hy(Vr, —2n;7,0) = 22 kcos (2mrak/N)

2n+1 627rzk/z _ 1)

and

sin(27rak /N)
2n+2(627rzk:/z _ ]_)

(22)  Hy(Vr,—2n—1;7,0) —2zzk
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For Nt Ry =11 + 1o,

(2.3) Hy(r

—

7,—2n; R, 0)

cosh(mik(=2r1/N + (2{(r1 +72)/N} — 1)2))
k2n+1 sinh(—mikz)

Pﬂg

e
Il
—

(2.4) Hy(1,—2n —1; R,0)
= sinh(mik(—2r1 /N + (2{(r; +r3)/N} — 1)2))
kz k2n+2 sinh(—mikz) '

1

Next, we have

(25) LN(’/' —n'R 0)
_ —27rznz+:2 By((r1 +72)/N)Buya- k(QN/N)Zk—l‘

kl(n+2—k)!

Since oy /N = —[—ro+1r9/N]— Nlre/N]+ [ra/N], we have {on/N} = 0.
Using Lemma 1.2, Lemma 1.3 and (2.1)—(2.5), it follows that

Lon . 2cos(27wr2k/N) _ i cosh(mizk(2{rs/N} — 1))
k2n+1(62ﬂ-zk/z —1) kPt sinh(—mizk)
2n+2
. By, (r2/N)Bapia—k
(2.6) —(2mi)>n ! Z El(2n + 2 7};) 7+ Ko(n),
where
—2%"(2mi)*"(=2n — N(C(=2n, {ra/N}) + ((=2n,1 — {r2/N})),
ifn<0
K = ) 7
O(n) lOg(l _ e—27rzr2/N)’ ifn= 0,
—22)(—ry /N, 0,2n + 1), ifn >0,
and
2ntl i 2i sin(2mrok/N) i sinh(mizk(2{r2/N} — 1))
f2n+2(e2mik/z _ 1) P k272 sinh(—mizk)
2n+3
B N)B
(2.7) —(2ni) 2n+2 Z k(r2/N)Banys—k A1y Ko(n),

kl(2n + 3 — k)!
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(i) (~20 — DN(C(~2n — 1, {ra/N}) — C(~2n — 1,1 — {ra/N}),

if n < —1,
(=)~ limy (s, {ra/NY) + e(s/2)C(s, 1 {ra/NY), ifm= 1,
22t hh(—re /N, 0,20+ 2), if n > 0.

THEOREM 2.1. Let o, 8 > 0 with a8 = 7% and let 0 < v < 1. Then,
for any integer n,

2 cos(2mvk)

(28) a™ k2n+1(e20k — 1)

k=1

= cosh((1 — 27)3k) " B ~)Ban, e
o (_5) (( 22 +1 Z 216 2n+2—2k o k—i—l(_ﬁ)k

k2t sinh(Sk) 2n +2 — 2k)!

k=1
(=a)” (277)2”“an+1(7)
e 22n + 1) +Ki(n),
where
=227 (=B)"(—=2n — DI(C(=2n,7) +((-2n,1 —9)), if n <O,
Ki(n) := ¢ log(1 — e~ 27), if n =0,

_Oé_nl/J(_%Oa 2n + 1)7 if n > 0.

Proof. Put z = mi/a and let {ry/N} = 7 in (2.6). Use By = —1/2
and By, = 0 for £ > 0. O

THEOREM 2.2. Let o, 8> 0 with a8 = 72 and let 0 < v < 1. Then,
for any integer n,

- . 2i sin(27vk) _ e 1/22 sinh((1 — 2v)Bk)
= k2n+2(e20k — 1) k2n+2 ginh(Bk)
n+1
) B (7)Ban+2— k4l
_ 92n+2 2k+1 2n+2—2k n—k+3(_ g\k
2 me:O(Zk+I)!(2n+2—2k)!a (=8)
(=)t (2m)2 2072 By o (y)
(2.9) + 2@ 1 2] + Ki(n),
where
22nH (B2 (—2n — 2)(¢(—2n — 1,7) — ((—2n — 1,1 — 7)), ifn< —1,
Ki(n) :== ¢ —a'/?(1 +icot(my))/2, if n=-1,

a " V2(=~,0,2n + 2), if n>0.

Proof. Put z = mi/a and let {ro/N} =~ in (2.7). For n = —1, apply
Lemma 1.2. O
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Theorem 2.1 for n > 0 and Theorem 2.2 for n > 1 have been given by
Berndt [3] in different forms employing

cosh((1 —2v)Bk)  2cosh(28ky) L+ o2k

sinh (k) ek ¢ '
Some special cases of Theorem 2.1 and Theorem 2.2 have been given by
other authors. In case of n = —1, Schlémilch [7, 8] established (2.8) and
(2.9) in different forms using (2.10). For n = —1 and a = 5 = 7, (2.8)
was given by Watson [9]. Lagrange [5] has given a proof for (2.9) in case
of n = —1 and a proof of (2.8) in case of n = 0. With replacing « by
o?, B by 32, and letting v = ¢/, (2.9) in cases of n = —1 and n = 0 are
found in Ramanujan’s Notebooks [6]. By equating the imaginary parts
and the real parts of (2.8) and (2.9), respectively, we have the Fourier
series of the Bernoulli polynomials [3], i.e., for any positive integer M,

22M — D)(-=DM X sin(2myk)

(2.10)

Bay1(7) =

M— M— ’
(27T)2 1 — k2 1
22M)1(—=1)M 1 X cos(27mvk)
Bon () = (27)2M Z p2Mo
k=1

Let (—) be the Legendre symbol.

PROPOSITION 2.3. Let o, 8 > 0 with o8 = w2. Then, for any integer

n}

E—2n—2 sinh(8k/3)

7n 1/2 o n+1 n—1/2
/ Z( )eQak = (-)rrigmy Zm
n+1
B 1/3 )B

2n+2 2k+1 2n+2-2k  n—k+1/2/  o\k

ES T e g A+ Ko,
where

—372=3/2q =12, 1(1/3)/(2n + 1), if n < —1,

K4(n) = _\/§a1/2/6’ lf?’l:—l,

—271372m=3/2 = =1/2(¢(2n 4 2,1/3) — ((2n +2,2/3)), if n > 0.
Proof. Put v = 1/3 in Theorem 2.2. For n < —1, we obtain

(2.11) ¢ (—2n —1, %) —¢ (—Qn —1, ;)

(=1)"(6m)~*" "' B_3,-1(1/3)
V3(—2n —1)! '
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For n > 0, we see

Im <w —;,0,2n+2)>

V3 1 1
=—2(MZ w2n+e Z k2n+2)

=1 (mod 3) k=2 (mod 3)

—2n—3/2
:—3 5 (C(2n+2,§)—((2n+2,§>>.

Equate the imaginary parts in Theorem 2.2. O]

COROLLARY 2.4. Let o, 3> 0 with a3 = 2. Then
= [k 1 1 sinh(Bk/3) 1
301/2 Lo W ROV SIMPR/S) L 1)
Vo (; (3) 2k 1 " 6) & ]; Soh(3k) 6
Proof. Put n = —1 in Proposition 2.3. m

COROLLARY 2.5. For any positive integer M,
i (k) k2M (—D)M X KM sinh(nk/3)  32M Byyri1(1/3)

ek —1 /3 “~  sinh(mk) 2M +1

3

k=1
Proof. Put n = —M — 1 and let « = 8 = 7 in Proposition 2.3. O

Corollary 2.5 should be compared with Proposition 4.24 and Proposition
4.25 in [3], p. 185.

PROPOSITION 2.6. Let o, 8 > 0 with o8 = w2. Then, for any integer
n?
k+1k 2n—2

a™" ”2Z< ) S

k=272 sinh(28k/3)
— n 1p—n—1/2
(=16 Z sinh(3k)

n+1
Bopy1(1/6)Bopyo ok,
_92n+2 2k+ n—k+1/2/  o\k K
Z 2k + )l2n+ 2 — 2k~ (=8)" + Ks (),

—372n=3/2(2=2n-1 4 o 2B, 1 (1/3)/(2n+ 1), if n < —1,
Ks(n) == —@al/{ ifn=-1
—§6_2n_2a_n_%fny ifn 2 0

and f, == C(2n+2,1/3) — C(2n +2,2/3) + C(2n +2,1/6) — ((2n + 2,5/6).

)
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Proof. Put v = 1/6 in Theorem 2.2. For n < —1, we have

1 5\ (=12 21 +1)(6m) 2" ' B_g,—1(1/3)
C(—?n—LG) —( (—2n—1,6> = V(20 —1)! .

For n > 0, we see

Im(¢(—é,0,2n+2>>:\g§( 3 %— > Eﬂ)

k=1 (mod 3) k=2 (mod 3)
V3o 1 2 1 5
Equate the imaginary parts in Theorem 2.2. O

COROLLARY 2.7. Let o, 3> 0 with a3 = 2. Then
(kN (D)1 sinh(26k/3) 1
31/2 N Y L pe SIEPR/S) 2 )
Vo (; (3) gk —1 T3] =F ; Soh(Bk) 3
Proof. Put n = —1 in Proposition 2.6. [

COROLLARY 2.8. For any positive integer M,

> k (_1)k E2M

(=M S kM sinh(27k/3)  32M(22MFL L 1) By (1/3)
V3 p sinh(7k) 2M +1 '

Proof. Put n=—M — 1 and let a« = 8 = 7 in Proposition 2.6. O]

REMARK 2.9. In case of N | r; and N | (r; 4 r2), we have
22"Hy(Vr, —2n;7,0) = Hy (7, —2n; R, 0) + (2m8)?" Ly (1, —2n; R, 0)
T2 T2
+ dim (D1 (0.5:8) + D2 (0 —rak .5))

Hence employing Lemma 1.3, we obtain

— 1 2
2n
(212) = 192::1 L2n+l g2mik/z _ |

e’} 2n+2
— 1 2 2n+1 By Bonto—k k—1
= ; an 1 gmamiks — 1~ (270) Z en+2 k)~ +J(n),

where
J(n) = {(122") ¢(1+2n), %f n # 0,
—logz, if n=0.
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For z = mi/a, (2.12) was fully studied by Berndt [3]. In fact, many
authors containing Ramanujan established various infinite series which
come from (2.12) and these are written very well in [3]. For example,
‘Ramanujan’s Formula for ((2M/+1)’ that is stated twice in Ramanujan’s
Notebooks [6](vol. I, p.259, no.15; vol. 11, p.177, no.21) can be obtained
from (2.12).

Acknowledgement. The author thanks B.C. Berndt for his sugges-
tions and comments throughout this work.

References

[1] M. Abramowitz and I.A. Stegun, editor, Handbook of mathematical functions,
New York 1965.
[2] B.C. Berndt, Generalized Dedekind eta-functions and generalized Dedekind sums,
Trans. Amer. Math. Soc. 178 (1973), 495-508.
[3] B.C. Berndt, Modular transformations and generalizations of several formulae of
Ramanugan, Rocky mountain J. Math. 7 (1) (1977), 147-189.
[4] B.C. Berndt, Analytic Eisenstein series, theta-functions, and series relations in
the spirit of Ramanujan, J. Reine Angew. Math. 304 (1978), 332-365.
[5] J. Lagrange, Une formule sommatoire et ses applications, Bull. Sci. Math. (2) 84
(1960), 105-110.
[6] S. Ramanujan, Notebooks of Srinivasa Ramanujan (2 volumes), Tata Institute of
Fundamental Research, Bombay, 1957.
[7] O.Schlomilch, Ueber einige unendliche Reichen, Berichte iiber die Verh. d. Konige
Sachsischen Gesell. Wiss. zu Leipzig 29 (1877), 101-105.
[8] O. Schlémilch, Compendium der hoheren Analysis, Zweiter Band, 4th ed.,
Friedrich Vieweg und Sohn, Braunschweig, 1895.
[9] G.N. Watson, Theorems stated by Ramanujan II, J. Lond. Math. Soc. 3 (1928),
216-225.
[10] E.T. Whittaker and G. N. Watson, A course in modern analysis, 4th ed. Cam-
bridge, England, 1990.

Department of Mathematics
Mokwon University

Mokwon Gil 21, Seo-gu

Daejeon, 302-318, Republic of Korea
E-mail: sglimj@mokwon.ac.kr



