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THE EXISTENCE OF RANDOM ATTRACTORS FOR
PLATE EQUATIONS WITH MEMORY AND ADDITIVE
WHITE NOISE

XIAOYING SHEN AND QIAOZHEN MA*

ABSTRACT. We prove the existence of random attractors for the
continuous random dynamical systems generated by stochastic damped
plate equations with linear memory and additive white noise when
the nonlinearity has a critically growing exponent.

1. Introduction

Let (Q,.%,P) be a probability space, where
Q= fw = (rwn, - ) € CRE™) :w(0) = 0},

is endowed with compact open topology, .% is the P-completion of Borel
o-algebra on 2, and P is the corresponding Wiener measure. Define the
time shift via

() =w(-+1t) —w(t), te R, we .

Thus, (Q,.7,P, (0;)er) is an ergodic metric dynamical system.
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In this paper, we are devoted to consider the existence of random
attractors for the following plate equations with linear memory and ad-
ditive white noise:

Uy + aug + Nu+ [ p(s) A% (u(t) — u(t — s))ds+g(u)

= fx)+ X7 bW, relt>r
u(z, ) = uo(x), ue(z, 7) = wa (), reUt<r,
uloy = 2|ov = 0, t>71, TR,

(1.1)

Where U is a bounded open set of R® with a smooth boundary U, u =
u(z,t) is a real-valued function on U x |1, +00), f(x) € HJ(U)NH*(U)

is a given external force. h;(z) € HY(U)NH*(U), (j =1,2,3,---,m),
{W;}jL, are independent two-sided real-valued Wiener processes on (€2, 7, P).
Then we identify w(t) with (Wy(t), Wa(t), -, Wy, (1)), i.e.,

W(t) = (Wi(t), Wa(t), -, Win(t)),t € R.

The memory kernel function u(s) and the nonlinear term g(u) satisfy
the following conditions:

(H)) : pls) € CHRY) N LHRY), u(s) > 0, (s) + 6u(s) <0, Vs €
R* and some § > 0.

(Hs) : Let G(s) = [ g(7)dr, and there exists constants Cy, Cy, Co >
0, such that

19'(s)] < Co(1+Is[*), 9(0) =0, Vs € R, (1.2)
G(s) > Oy(|s|® = 1), Vs € R, (1.3)
hmhﬂsg@)_faG@)ZO,VseR. (1.4)

|s|—o0 S
Following Dafermos [1], we introduce a Hilbert ”history” space R, 2 =
L2(R*, H(U)) with the inner product

%mm¢=//wNNM%Aw®M&Wmm€%m»
0

and new variables

n(t,z,s) =u(t,z) —u(t — s, x).
Set £ = H3(U) x L*(U) xR0, Z = (u,u,n)", then the system (1.1) is
equivalent to the following initial value problem in the Hilbert space E :

{&ZL@%HWZuW@LxEMtzﬂseRﬂ

Z(1) = Z = (uo(x), ur(x),no(z, s)), (z,s) € U xR, (1.5)
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where
u(t,z) =n(t,z,s) =n(t,z,0) =0, x €U, t > 1, s € RT,
u(r,z) = uo(x), u (7, x) = uy(x), © € U, (1.6)
n(r,z,s) =no(x,s) =u(r,z) —u(r — s,x), (x,s) € U xR,
L(Z)=| —A% — au; — f;oo u(s)A2n(s)ds |, (1.7)
Ut — T)s
0 .
NZ W) = | —gw)+ f@)+ Sy | (1)
0
u+ [7 u(s)n(s)ds € HY(U) N H(U),
bty = {Z S (Nevin HA(RY, H(U)). () = 0 } ’

(1.9)
here H,(R*, Hi(U)) = {n : n(s), dn(s) € L;(R*, H5(U))}.

Problem (1.1) models transversal vibrations of thin extensible elastic
plate in a history space, which is established based on the framework of
elastic vibration by Woinowsky-Krieger([2]) and Berger([3]). It can also
be regarded as an elastoplastic flow equation with some kind of memory
effect([1]).

When h; =0 (1 < j < m) and g = 0, (1.1) reduces to a deter-
mined autonomous damped plate equation. There were a lot of publica-
tions concerning the existence of their global attractors, uniform attrac-
tors, pullback attractors and exponential attractors, for instance [4,5] for
the linear damping and see [6-10] for the nonlinear damping.

When h; # 0 (1 < j < m) and p = 0, that is the case of without
memory kernel, then (1.1) reduces to a stochastic damped plate equation
with additive white noise. The existence of random attractors for such
system in a bounded domain have been studied in [11,12].

For our problem, to the best of our knowledge, there were no results
on the random attractors for the stochastic system(1.1), moreover, we
know that there need some different techniques. To prove the existence
of random attractors for a RDS(random dynamical system), the key step
is to establish the compactness of the system. For our system (1.5), there
are two essential difficulties in proving the compactness. One difficulty
was caused by the critical growth condition (1.2) of g, which can be
overcome by using the decomposition of solutions and the more accurate
calculation. Another difficulty was caused by the memory kernel itself,
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because there is no compact embedding in the history space; moreover,
we can’t use the finite rank method, that is, we can’t use the (I — P,,)n to
deal with our problem. For our purpose, we introduce a new variable and
define a extend Hilbert space, as well as combine with the compactness
transform theorem.

This paper is organized as follows. In Section 2, we recall some ba-
sic concepts and properties for general random dynamical systems. In
Section 3, we first show that the existence and uniqueness of solutions
for the random differential equation, which generates a RDS. In Section
4, we consider the dissipativeness of solutions of the random differential
equation and obtain the existence of the uniformally absorbing set. In
Section 5, we decompose the solution of the random differential equa-
tion into two parts: one part decays exponentially and another part is
bounded in a higher regular space by using technique in [13] and careful
computation. In Section 6, we construct a compact measurable attract-
ing set and prove the existence of random attractor in .

2. Random dynamical systems

In this section, we recall some basic concepts related to RDS and a
random attractors for RDS in [14], which are important for getting our
main results.

Let (X,]|| - |[x) be a separable Hilbert space with Borel o-algebra
AB(X) and (2, .Z#,P, (0:)icr) be a metric dynamical system.

DEFINITION 2.1. Let (Q,.#,P,(0;)icr) be a metric dynamical sys-
tem. Suppose that the mapping ¢ : RT x Q x X — X is (Z(RT) x F x
PB(X), B(X))-measurable and satisfies the following properties:

(i) 6(0,w)z =z

(77) ¢(s,0w) 0 p(t,w)x = ¢(s + t,w)x;

for all s,t € RY, x € X and w € €. Then ¢ is called a RDS. More-
over, ¢ is called a continuous RDS if ¢ is continuous with respect to
zfort>0and w e Q.

To study the asymptotic behavior of the RDS determined by Eq.(1.1),
we first need to recall some concepts and properties.

A set-valued mapping B : Q — 2% is called a random closed set
if B(w) is closed, nonempty, and w — d(x, B(w)) is measurable for all z €
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X, w € Q. A random set Z := {B(w) },eq is said to tempered if
tlim e "diam(B(0_w)) = 0,
—00

for a.e. w € Q and all n > 0, where diam(B) := sup d(z,y).
z,yeB

Let 2 be the collection of all tempered random sets in X. We will
only deal with the system & of tempered random sets in this paper.

DEFINITION 2.2. A random set &/ := {A(w)},eq € X is called a
random attractor for the RDS ¢ if P — a.s.
(1) o/ is a random compact set, i.e. A(w) is nonempty and compact for
a.e. w € N and w— d(z, A(w))
is measurable for every x € X;
(17) o/ is ¢-invariant, ie. ¢(t,w, A(w)) = A(fw), for all t > 0 and
a.e. w € (;
(1i1) of attracts every set in X, i.e. for all bounded(and non-random) B C
X

Y

tlim dist(p(t,0_yw, B(0_w)), A(w)) =0, a.e. w € Q.
— 00

THEOREM 2.3 Let ¢ be a continuous random dynamical system on
E over (Q,.7 P, (0,)1er). Suppose that there ezists a random compact
set { K(w) }weq which absorbs every bounded non-random set B € 9. Then,
the set

o = {A(w)}wea = UpcxAp(w),
15 a global attractors for ¢, where the union is taken over all bounded B C
X, and Ap(w) is the w-limits set of B given by

Ap(w) = (¢t 0w, B(0_w)), w € Q.

7=>0t>1

3. Existence and uniqueness of solutions

From now on, assume that conditions (H;) — (Hz) hold, the space E,
(Q, Z,P,(0;)er) are defined as in Section 1. With the usual notation, we
denote A = A% and D(A) = HYU) N H(U). We can define the pow-
ers AV of A for v € R. The space V5, = D(A?) is a Hilbert space with
the following inner product and norm

(1,0)2, = (Afu, A%0), [, = (Au, AFu).
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The injection V,, — V,, is compact if v; > vy. In particular, Vj =
L*(U), Vi = H}(U),Vy, = HZ(U), respectively, the inner product and
norm in L?(U) is denoted by (-,-), || - ||, and in HZ(U) is denoted
by ((-;-)), Il - lla- By (H1), the space R, 5, = L>(R*,Vj,) is a Hilbert
space of Vy,-valued functions on R* with the inner product and norm,
respectively

(M1 o)z = / u(s) (A% mu(s), Afma(s)) ds, Ynu, i € Vi,
0

()17 20 = (1,7 20 :/0 p(s)||[AZn(s)|*ds,
and on R, o, the linear operator —d, has domain

D<_as) = {77 S H;(R+v VZV) : 77(0) = 0}7
where H,(R",V3,) = {n:n(s),dn(s) € L2 (R, V3,)},

which generates a right-translation semigroup. The symbol C' and C;(i =
1,2,--+) are used for a general positive number which may change from
line to line.

In this section, we show the existence, uniqueness and continuous de-
pendence of (mild) solutions of initial problem (1.5) in E which generates
a continuous RDS on E over R and (€2, F, P, (6;):er). For our purpose, it
is convenient to convert the problem (1.5) into a deterministic system
with a random parameter, and then show that it generates a RDS. Con-
sider Ornstein-Uhlenbeck equations

de—i-Zjdt:dVVj(t), ]2{1,2, ,m}, (31)
and Ornstein-Uhlenbeck processes
0
z;(Ow;) = —/ e*(Bw;)(s)ds, t € R.

From [12,13], it is known that the random variable |z;(w;)| is tem-

pered, and for every w € €, there is a f;-invariant set {2 C € of full P mea-
sure such that ¢t — z;(w;), j =1,2,--- ,m, is continuous in ¢. Put

2(Ow) = 2(z, ) = Z hjzi(Oww;), (3.2)
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which is a solution to
m
dz + zdt =) hydW;.
j=1
Let
v(t,w, 1) = u(t,w,z) +eult,w,z), t > 7, Y(t,w,x) = (u,v,n)",
here
2 2
. a >0, k= ||M||L1(R+) S
3+ ka+a?/A ++/(B+ka+a2/A\)? — 12ka d

where A\;(> 0) is the smallest eigenvalue of operator A with the Neu-
mann boundary condition on U. The initial problem (1.5) can be written
as the following equivalent system in E :

¢ + HW) = N<Z7t> W(t)), ¢T(w) = (u07u1 + SUOaTIO)Ta t Z T, T € Ra

0,

(3.3)
where
EU — v
H@y)=| Aut(a—ep—ela—eu+ [;7uls)An(s)ds | = ~T.LT.(4),
EU — UV + N
1 00
.= ¢ 1 0
0 0 1
(3.4)
Let

w(t,w,x) = ut(t,w,:r) + su(t,w,m) - Z<9tw)7 Y= (U, w, n)Ta

then the problem (3.3) is equivalent to the following determined system
with random parameters in £ :

QD—FH(QD) - F((,O,@,g(,{),t), QOT(W) - (uo,u1+gu0—z(w),n0)T, t Z T, T € Ra

(3.5)
where
z(6w)
F(p, 0w, t) = | —g(u)+ f(x) —(0(04 )— e—1)z(0w) | . (3.6)

We know from [17] that the operator L in (1.5) is the infinitesimal gen-
erator of a Cj semigroup {e*} of contractions on the space E. Since —H =
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T.LT_., and T is an isomorphism of F, the operator —H also generates
a Cy -semigroup {e '} of contractions on E .

By (H>) and the embedding relation HZ < L'°, the function F(y, fw, t)
is locally Lipschitz with respect to ¢ from E into F for ¢ in bounded in-
terval and w € Q, and F(ip, fyw,t) is continuous in (p, t) and measurable
in w w.r.t. .%. By the standard theory of operators semigroup concerning
the existence and uniqueness of solutions of evolution equations [17], we
have the following theorem.

THEOREM 3.1. If (H,)—(H>) and (1.2)—(1.4) hold. Then for eachw €
Q and ¢, € E, there exists T' > 0, such that (3.5) has a unique mild
solution ¢(-,w,¥,) € C([r,7+T); E) with o(T,w, ¢;) = ¢,, and

t
o(t, w, pr) Ze‘H(t‘T)%(W)Jr/ e U= B (s, 0w, p(s,w,¢,))ds. (3.7)

Furthermore, p(t,w, ¢,) is jointly continuous in ¢,, and measurable in w.

From Theorem 3.1 and Lemma 4.1 below, the solution ¢(-,w, ¢;) ex-
ists globally fort € [1,00). Then the solution (-, w, @,) € C([1,4+00); E),
which can define a continuous random dynamical system over R and
(Qv f, Pv (Qt)teR) :

O(t,w) : v, = (t,w, v,). (3.8)
It is easy to see that

Y(t,w, Z,) = RL ®(t,w)Regp : Zr — Z(t,w, Z,) (3.9)

£,0tw
and
U(t,w, ) =T.XT . : b, — )(t,w, ;) (3.10)

are continuous random dynamical systems over R and (2, . %, P, (6;):cr)
associated with systems (1.5) and (3.3), respectively, where

U(t,w, 1) = o(t,w, ¥r) + (0, 2(hw), 0)7, (3.11)

and R.g,, : (a,b0,¢)7 — (a,b+ ea — 2(6w),c)” is an isomorphism
of E . Therefore, ®, T, and ¥ are equivalent to each other in dynam-
ics. In this article, we will study the existence of a random attractor for
RDS @ based on Theorem 2.3.
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4. Random absorbing set

THEOREM 4.1. Assume that (H;)—(H,) and (1.2)—(1.4) hold. There
exists a random variable ri(w) > 0 and a bounded ball By C E, centered
at 0 with random radius ro(w) > 0 such that for any bounded non-
random set B C E, there exists a deterministic T(B) < —1, such that
the solution ¢(t,w; p,(w)) of (3.5)
with initial value (ug,u; + cug,no)? € B satisfies, for P-a.s.w € €,

le(=1,w; (T, w))lle < ro(w), 7 <T(B),

and for all T <t <0,

lio(t, ws (7, w) |7 <2e7H7 (HUOH% + [lur + euoll* + Inoll2 + l2(w)l]

+/UG(u0)dx> + 72 (w)

=ry(w).

Proof. Taking the inner product (-,-)g of (3.5) with ¢(r) = (u(r),
w(r),n(r))’, we have

%%HQPH%E + (H(p),0)e = ((2(6iw),u)) — (g(u), w) (4.2)

+(f(2) = (@ —e = D2(0w), w) + (2(610), 0 2-

Similar to the estimates of Lemma 2 in [16],

€ o a
(H(p),2)e 2 S(llulls + wl®) + Znlliz + lwl® (43)
We estimate each term of the right-hand side of (4.2) as follows,

(=(6), ) < Sl + Zl=(0) (14)
()~ (@ —e=1)=(6), w)| < 5 JwlP+all=0) 2 + @I, (4.5

1 )
(2(01w), )2 < 5||Z(9tW)||§ + §||?7||Z,2- (4.6)



456 Xiaoying Shen and Qiaozhen Ma

Using (1.2) and (1.3), we have

(g(u), () <Co / (L4 ) 2(B)| de

§CO/ |2(6w)|dx 4+ Cy (/ |u]6dx> |2(6:w)]l6
U U

SCO/U|2(9tw)|d:U+COC’12 (/U(G(u)+01)d:v) [2(6w) 6

602 80102]U]

<Colz(Biw)| + T/ G(u)dx + 5 +C’0Hz(9tw)\|g,
U

(4.7)
and by condition (1.4), there exists a constant M; > 0, such that

@) =Ca [ G+ Pl > =M (49

then by (4.7) — (4.8) and Poincaré inequality, it derives
—(g(w), w) = = (g(w), u + cu = 2(6,w))

d A

<—— [ Glu)dz — 502/ G(u)dx + 8—1Hu\|2 +eM
C C1CL|U
+Gle0)] + 552 [ e+ L2 a0
U

d eCly €. 12
< _ = _ = -
<- - UG(u)dx 5 UG(u)dx—i— 8||u||2—|—5M1

50102|U|

2+ ol (0

+Colz(6w)| +

(4.9)
Collecting all above (4.3) — (4.9), it yields

d 2
— (|l +2/Gudx>
7 (e +2 [ 6
4 2

3 o
<= Sl — <l = Sl - <Cs [ G+ (2+2) lstowl

2
4 2e M + 20| 2(8yw)]|? + 2Co|2(0yw)| + eCLCo|U| + a||f(x)||2

+ 20| 2(0:w) ||S. w10
4.10
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Let Ro(Oiw) = 1+ [|2(0,w) 13+ ||2(0w) ||* + | 2(0sw) | + || 2 (8:w) ||, it follows
that

d
% (et 2 [ cwac) + 5 (ol +2 [ Gluie) <20R0000),
U U
where C' = max{2+3, a,5M1+%M+§Hf(x)H2, Co}, B1 = min{§, 3, <2}
Applying Gronwall’s inequality
lp(t,w, (7, ) I

t
<e At (65” (||g0(r, w)||% + 2/ G(uo)dx)) + 2(]/ Ro(f,w)e P1t=9) s
U

T

<2000 ([l + s + cvolP + l2 + 1= + | Glun)d )
U

t
+20/ Ro(Asw)e P1t=9) s,

(4.11)
by Lemma 3.1 of [12],

t t 0
/ Ro(fw)e™)ds S/ Ry (s,w)e”ds S/ Ry(s,w)e P0=9)ds

< +o0, -
where
Ru(tw) =1+ (e 'r(w))? + ;l(“)) + 5 ;:_(1“) + (et (w))°
PR R 2 ¢ 7r(w) —ot 6
=1+ " (e 7'r(w)) +T+(e r(w))”.
Put

-1

7’(2)((,0) = 20eM <1 + s<uE)1 66”|]:5(w)||2 +/

—0o0

Rl(s,w)eﬁl(s)d8> ,

0
r%(w):/ PRy (s, w)ds.

Obviously, the quantities 73 (w) and r#(w) are finite P-a.s. as s — oo, for
any bounded set B C E, choose T'(B) < —1, such that for all (ug,u; +
gug, M)’ € B, one concludes

661(_1_7) (HU()”g + ||U1 + €U0||2 + ||7’]0||i72 ‘f‘/ G(UO)dl’) < 17 T < T(B)>
U
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and
BT (HU0H§ s+ eug|? + ||7]0||Z72 _|_/ G(uo)dx) <1, 1 <T(B),
U

the proof is completed. O

5. Decomposition of solutions

In order to obtain the regularity estimates later, as in [13], we decom-
pose the nonlinear term g(u) as

9(u) = g1(u) + g2(u),
where g1(u), go(u) satisfy
91(0) = 0, gi(w)u >0, |gy (u)| < Cs(1 + [ul?), (5.1)
92(0) = 0, |go(u)| < Ca(1+ [u["), 0 <y < 4. (5.2)

Cisful® — Cs < Gi(u) < Crugs(u)+ Cs, Gi(u) = / Gi(r)dr >0, i = 1,2.
0

(5.3)
And we decompose ¢ = (u,w,n)’ of the system (3.5) into p = ¢ +
on, where o, = (ur,vr,n)" and oy = (un, wyn,nn)T solve respectively
the following equatins,

@L + H(90L) + Fl(gpl) = O? SOL(Ta w) = (uo,u1 +€U07770)T7 t > T, TC Ra

(5.4)
and
SD'N_’_H(QDN)_"F?(QO’ ¢L) - FQ(W)’ QDN(T?(")) - (07 —z(w), O)T> t > T, TE R7
(5.5)
where
0 0
Fi(er)= | o (gL) P (ppn) = | g(w) —Ogl(uL) :
~ 6 (5.6)
Fyw) = | flz) = (@—e—1)z(0(w))
2(6,w)

For the solutions of equations (5.4) and (5.5), we have the following
estimates and regularity results, respectively.
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THEOREM b5.1. Let B be a bounded non-random subset of E, for any
or(T,w) = (ug, uy + cug,no)” € B, there holds

(0,05 (7, W)l < ri(w), (5.7)

where @1, = (ug,vr,n.)T satisfies (5.4).

Proof. Taking the inner (-,-)g of (5.4) with ¢; = (ur,vr,nz)?, in
which vy, = urs + eur, whose initial value is (ug, u; + eug, 7o)7,
1d 9
S lerllm +2 | Gi(up)dz ) + (H(pL), or)e + € (g1(ur),ur) =0,
U
(5.8)
by simple computation there holds

€ 1) «Q
(H(or)spr)p 2 5 (lcllz + llozll?) + ;lHTILHi,z + §||ULH2- (5.9)

By (5.1) and (5.3), we have

1
Gaur) 2 0. (ga(ur)un) = /U (G1(ug) — Cs)dz. (5.10)

Thus, by (5,9) — (5.10), we have

d 5
i (oulis +2 [ Gutunddn) + elhual + oul®) + Sl
5 26
+O-/||UL|| + = Gl(uL)de Og,
v (5.11)
that is,
d 9 )
%H?JLHE+52H?/LHE < Cy, (5.12)

where 2 = min{e, g, C%}, and

vo = sl +2 / Gi(ur)dz > oul > 0.
U

Since 30(07 W ()0(7—7 w)) = 90L<07 W SDL(Ta LU)) + (07 Z(w>7 O) € Bo(&)), by def-
inition of By(w), it follows that

1920, w, (T, W)l < ra(w) + [2(w)] = My(w).
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By Gronwall’s inequality to (5.12), we have

||90L(O7W7SDL(T’W))H2E < yL(Oa("J?QDL(T?w))
C.
S yL(Tawa @L(Tv w))eBQT + _9

e

C
< (HQOL(T,(,U)H]QE + 010(|U| + ||UL||5)) 6,327 + ~9

Ba
< (M) + Cuo (0] + 230))) e + 2 = i),
2

(5.13)
the proof is completed. O

THEOREM b5.2. Let B be a bounded non-random subset of E, for
any ¢r(1,w) = (ug,u1 + €ug,m0)’ € B, we have
lor(0,w, ¢r(r,w))lI% < ri(w)e* @, 7 <0, (5.14)
where @1, = (ug,vr,n.)7 satisfies (5.4).
Proof. Consider (5.8). By (5.1), (g1(ur),ur) > 0,91(0) = 0 and |g; (ur)| <

Ch1(|ur|® + |ug]). By Sobolev embedding H3 C L® C L? and (5.7), there
exists My(w) such that

0< / Gi(ur) < Cui(lulgs + [url?) < Ma(w)lurlf?, (5.15)
U
ie.,
2 1 /
> . .
||U‘LH - MQ(W) UG1<U’L>dx (5 16)

By (5.8),(5.9) and (5.16), we have

d €
s (houli o2 [ Gutun)de) + Sl + usP)
U

5 c (5.17)
e 2 <
almlie + 530 /UGl(uL)dx <0.
Thus,
d
- (HmH%H/ Gl(uL)dx> + 201 () (HSOLH%EH/ Gl(uL)dx) <0,
v U
(5.18)
where 5
. (€ £
o1(w) = mln{z, T m} >0 (5.19)
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By (5.18), it yields

lon (0,05 1 (m )l < (nw(n )% +2 / & mm)dz) 2

< (ME(w) + C(|U] + M(w))) e

STZ (w)ezal (UJ)T'
(5.20)
]

THEOREM 5.3. Assume that (5.1) — (5.3) hold, there exists a random
radius 75(w), such that for P-a.e.w € €,

[ASunl3 + [ AZuni]? + [ ASnw2s < rslw).  (5:21)

Proof. By (5.7),(4.1) and ¢y = ¢ — ¢y, there exists a random vari-

ables r(w) > 0, such that
max{|e(0,w, (7, )|z, [len (0, w, on (7T, w)) [ 2} < 7(w).
Taking the inner of (-, -) g of (5.5) with Aoy = (Auy, Awy, A¥ny)T, v =
min{}, 22}, we find
1 d v 2 v 2 L4 2 v
o7 [Azun|l; + [[A2wn]]” + |A2nn]50 +2 [ (9(u) — gi1(ur)) A"undz
U

+(H(90N)=AV90N)E+€/U(9(U)—91(UL))A”uNdx

- / ((g1(w) = g1(n) ) we + gy + gy (s uwe ) Aunda
= ((2(0), A"un)) + (F(2) = (@ = £)2(0,w), Awy) + (2(0), A7) 2

+ (9(u) — g1(ur), A”2(6iw)).
(5.22)
Now, we deal with the right terms in (5.22) one by one as follows

v 9 v v ) v « v
(Hlon) An)s 2 5 (14T un3 + [ 45wy |2) + S| AS |Gt S A5 02
(5.23)
€, v 1., .
((z(0w), Aun)) < ZHAMNH% + g||A§Z(9tW)||§a (5.24)

| (f(2) — (@ —e = 1)z(6w) , A"wn)| < %IIA%wNIIQﬂLéIIA%Z(@tw)||2+oz||f(x)||2,
(5.25)
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1. . O, v
(2(0iw), AN )2 < gHAfz(@tw)H% + ;IHAanHi,za (5.26)
€ 1
(9(u) = g1(ur), A”2(6w)) <7 llg(u) g1(up)||* + gHz‘l”Z(@w)H2
1
<Cs(1+ Jlulls + 1+ Jlucll3) + g||A”Z(9tw)I|2

1, v
<Cha(w) + Z[A22(0)];

(5.27)
/gll(uL)uNtA”uNdx <Cj (/(1 + |UL|4)3> . (/ |UNt|519“’)
U U U
1«{611/
([
U
<Cy(1+ lur]3) - JAZunel - [[Azun]2
<Cis(w)||AZunl2(|AZwn | + €),
(5.28)

/g;(u)utA”uNdx §C4/ lug| (1 + |ul")| A un|dz
U U

<, (/ |ut|2dx) -(/(1—|—|u|7)4i9;u)
U U

1+4v

()
U

<Cilug| - (1 + [|ul3) - [|AZun |l < Cra(w)[[AZun]s,
(5.29)

[ l6100) = g unlu A uxds <Cq [ ful( + usl + Jux Pl A"uyds
U U

3

<y ( / \utﬁdx) ( / <1+|uL|3+|uN|3>%°)
U U

1—4v 1+4v

X (/ |UN|119‘”) h (/ ’AVUNPB") h
U U

< Ci5(w) | A2 unla-
(5.30)
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Let

y = lA2un |3 + | AZwy* + A2 ny[}, +2 / l9(u) = g1(ur)] A" uydz,
U

(5.31)
and by putting (5.23)-(5.31) into (5.22), yields

d 2 1 1 v
0+ Culy < Cu) + (2424 1) 14Tl

dt (5.32)

v

< Cir(w) + Crs[| A2 2(0w) I3,
by Gronwall’s lemma and Lemma 3.1 in [12], it follows that

y(0,w, p(7,w)) <eWTy(r,w, (7, w))

(5.33)

Note that
/@M—m%ﬁWwMZ/MWHMWﬂMﬂNwMJWQ
U U

where

/gg(u)A”uNdx §C4/(1+|u|7+1)|A”uN|dx
U U
14+4v

" R " 10
< Cy (/(1 + |u|7+1)9—4vd:v) : (/ \A”uN|1+4vd:E>
U U

124 1 v
< Cy(w)[|AZunllz < Ch(w) + Z||A§UN||§7

(5.35)
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and

[ 01w = ga(un)) A"ude <Cq [ (Ut fusf*+ funl Dlux A"
U U

S 03 (/ (1 + |UL|4 + |UN|4)gdZL‘)
U

5—4v 14+4v

10 10 10 10
X (/ |uN|5—4udx> (/ |A”uN|1+4udI)
U U

v 1 |4
< On()|A2unlz < Coi(w) + ZllA7un|
(5.36)

Therefore, by (5.31), (5.33) — (5.36), we conclude

[AZun|3 + | AZune|* + |AZnn]|2
<2y +4 (0220(“)) + 031(90))

0
<2 (eclﬁ(w)Ty(T, w, o(T,w)) + Cro(w) + 018/ o) (w)ds)

+2(C3(w) + O3 (w)) = r35(w),
(5.37)
the proof is completed. O

6. Existence of random attractor

LEMMA 6.1. [13,18] Let Xy, X, X; be three Banach spaces such
that Xg — X — X, ,the first injection being compact. Let Y C
L2(R*, X) satisty the following hypotheses:

(1) Y is bounded in L2(R*, Xo) N H}(R*, X),

(7) sup,cy [n(s)|1% < Ko, Vs € R, for some Ko >0 .

Then'Y is relatively compact in L7 (RT, X).

Note that for any Vr e Riw € Q,t >0

uy(t,w,p(T,w)) —un(t —s,w,(T,w)), s <1,
(6.1)

une(t — s,w, p(T,w)), s <1,
et plrw), ) = { gl s ) (62)
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Define a set

B(T, w) = U@(T,w)EBo(To(w)) UtZO TIN (ta w, 90<7—7 LU), 5)7

where ¢ = (u,w,n)T is the solution of (3.5), then from Lemma 5.3 and
(6.1)-(6.2), it follows that

maX{HnNS(tv W, (p(T, w)v S)HZ,QV’ HnN<t7 W, 90(7_7 w)? 5) Hi,2u+2} < 27’5(&)), Vs >0,

) (6.3)
which imply B(7,w) is bounded in L2 (R, Vo, 45) N Hy (R, V3,). Again,
by Lemma 4.1, Lemma 5.3 and (6.2), there holds

sup  [[n(s)]> =sup  sup Inn (t,w, (7, w), 8) I < 2ra(w).
n€B(t,w),s>0 t>0 o(r,w)€Bo(ro(w))

(6.4)
Thus, by (H,), it follows that for any n € B(7,w)

e = [ ue) (o) IPds < 2na(e) [ ats)eas < 22,

’ ’ (6.5)
which shows that B(r,w) C L2(R*, H3(U)) is bounded. By Lemma
6.1,we know that the set B(7,w) is compact in L2(R*, H3(U)). we prove
our result about the existence of a random attractor for the RDS ® as
follows.

THEOREM 6.2. Suppose (1.2) — (1.4) and (H1) — (H2) hold, then
for any 7 € R,w € (Q, the RDS ® associated with (3.5) possesses a
uniformally attracting set A(t,w) C E, and possesses a random attrac-
tor A(T,w) C A(1,w) N By(w).

Proof. For any 7 € R, w € €, in view of Lemma 5.3, let B, (7,w) be
the closed ball in Hy, ;5 X Hs,, which radius is r5(w). Set

A(T,w) = B,(1,w) x B(1,w), (6.6)
then A(7,w) € Z(E). Since Hy, 19 X Hay, = H5(U) x L*(U), B,(7,w) —
H3(U) x L*(U). Again, B(7,w) is compact in R, 2, thus A(7,w) is com-

pact in E. Now we show the following attraction property of A(7,w) :
for every B(1,w) € Z(F),

1tlim dy(®(t, 7 —t,0_yw, B(t —t,0_w)), A(T,w)) = 0. (6.7)

From Lemma 5.2, we have

QDN(Oa W, 90(7_7 w)) :90(07 W, 90(7_’ w)) - SOL(()? W QDL(T’ w)) S A(Tv (,d).
(6.8)
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Thus, by Lemma 5.2, yields

d)GiArbf'w) HSO(O’W’ 90(7-7 w)) - ¢||125’ < ||90L(07w7 QOL(Taw))”%? < Ti(w)GQUI(W)Ta

T <0.
(6.9)
Furthermore, for all t > 0

dist (®(t, 7 —t,0_w, B(T —t,0_,w)), A(T,w)) < r2(w)e 21 (6.10)

Finally, from the relation between ® and W, one can easily obtain that
for any non-random bounded B C E P-a.s.

dist(V(t, 7 —t,0_yw, B(T —t,0_w)), A(T,w)) = 0, t - 4+00. (6.11)

Hence, the RDS & associated with (3.12) possesses a random attrac-
tor A(T,w) C A(7,w) N By(w).
The proof is completed. O
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