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GEOMETRIC RESULT FOR THE ELLIPTIC PROBLEM
WITH NONLINEARITY CROSSING THREE
EIGENVALUES

TACKSUN JUNG AND Q-HEUNG CHOI*

ABSTRACT. We investigate the number of the solutions for the ellip-
tic boundary value problem. We obtain a theorem which shows the
existence of six weak solutions for the elliptic problem with jumping
nonlinearity crossing three eigenvalues. We get this result by using
the geometric mapping defined on the finite dimensional subspace.
We use the contraction mapping principle to reduce the problem
on the infinite dimensional space to that on the finite dimensional
subspace. We construct a three dimensional subspace with three
axis spanned by three eigenvalues and a mapping from the finite
dimensional subspace to the one dimensional subspace.

1. Introduction

Let 2 be a bounded, connected open subset of R” with smooth bound-
ary 02 and A be the Laplace operator. Let 0 < Ay < Ay < ... < A\ < ...
be the eigenvalues and ¢ be the eigenfunctions belonging to the eigen-
value A\g, k& > 1, of the eigenvalue problem for the elliptic problem
—Au = Au in Q, u = 0 on 092. We see that ¢;(x) is the positive nor-
malized eigenfunction associated to A\;. In this paper we consider the
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number of the solutions of the following piecewise linear elliptic problem
with Dirichlet boundary condition

(1.1) Au+ f(u) = s¢ in €,
u = 0 on 0f2,

where we consider the case f(u) = bu™ — au~. That is,

(1.2) Au+but —au” = s¢; in €
u = 0 on 0.

This type jumping problems for the wave equations are considered
by the authors in [1, 2, 3, 4]. In [5, 6, 8, 9, 10] the authors considered
this type jumping problems for the elliptic equations. In [7] the au-
thors considered this type jumping problems for the suspension bridge
equation.

McKenna and Walter [8] proved that if a < Ay < Ay < b, there exist
three weak solutions by the Leray-Schauder degree theory. In this paper
we improve this result to the case a < A\ < Ay < A3 < b < A4 by the
geometric method.

Our main result is the following:

THEOREM 1.1. Assume that a < \; < A\g < A3 < b < Ay and s > 0.
Then (1.2) has at least six solutions, two of which are a positive solution

¢1 ; ; ¢1
Spo and a negative solution SaoaT

The outline of the proof of Theorem 1.1 is as follows: In section
2, we use the contraction mapping principle to reduce the problem on
the infinite dimensional space to that on a three-dimensional subspace.
We construct a three-dimensional subspace spanned by three eigenfunc-
tions and a mapping from the three-dimensional subspace to the one-
dimensional subspace spanned by the eigenfunction ¢;. In section 3 we
prove Theorem 1.1.

2. Geometric mapping on the finite dimensional subspace

Let H be the Sobolev space with the norm

Jull = / Vulda.
Q
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Then problem (1.2) is equivalent to the problem
(2.1) Au+but —au” =s¢; in H.

Let V' be the three dimensional subspace of H spanned by {¢1, ¢2, ¢3}
and W be the orthogonal complement of V' in H. Let P be an orthogonal
projection from H onto V. Then any element u € H can be expressed
by v = v 4+ w, where v = Pu, w = (I — P)u. Hence (2.1) is equivalent
to a system

(2.2) Av+ P(b(v +w)" —a(v+w)") = s¢1,

(2.3) Aw + (I — P)(b(v+w)t —a(v+w)”) =0.

LEMMA 2.1. Assume that a < A\ < Ay < A3 < b < \y. Then for
fixed v € V, (2.3) has a unique solution w = 6(v). Furthermore 6(v) is
Lipschitz continuous in terms of v.

Proof. We shall use the contraction mapping principle. Let § = “T“’
Then (2.3) can be rewritten as
(A =d)w=(I-P)bv+w)" —a(v+w)” —dv+w))
or

(24) w=(-A=0)"I-P)bv+w)" —alv+w) —d(v+w)).

The operator (—A — 6)™'(I — P) is a self adjoint compact map from
(I — P)H into itself. The operator L? norm of (—=A — §)~}(I — P) is
I(=A = 8)7'(I = P)|| = 5;=5(L? norm). We note that
[(b(v +w1)T = a(v+wi)™ = d(v+wr)) = (b(v +w2)" —a(v+w2)™ — (v + ws))|
= |((b—d)(v+w1)" = (a—08)(v+w1)”) = ((b—08)(v+wa)" — (a—0)(v+ws))
= |((b—d)(v+w1)" = (b—d)(v+w1)”) = ((b—8)(v+w2)" — (b—3)(v+w2)7)|
< |b—d]|wy — wa.

Thus we have

|(b(v +w1)T —a(v+w)™ —d(v+w)) — (b(v+w)t —alv+wy)™ —§(v+w))
< |b— 6wy — wa.

Since |b — 6| < Ay — 0, the right hand side of (2.4) defines a Lipschitz
mapping from W into itself with Lipschitz constant r < 1. By the
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contraction mapping principle, for fixed v € V| there is a unique w € W
which solves (2.4). If (v) denotes the unique w € (I — P)L*(Q)) which
solves (2.4), we claim that 6 is Lipschitz continuous in terms of v. In
fact, if w; = 6(v1) and we = O(vy), then

le - w2||L2(Q)

= [[(=A = 6)" (I = P)((b(v1 +w1)* — a(vr +wi)™ = 6(v1 +wi))

—(b(v2 +w2)" — a(vz + w2)” — 6(v2 + w2)))l| 20
S 7“”(1)1 -+ ’LU1) — (1}2 + U)Q)HL2(Q)
< r(flor = vallr2e) + lwr — wellr2ie)) < rllor = v2f| + 7w — w2,

[wi —waf| < Clloy —wef|  C=
Thus 0 is Lipschitz continuous in terms of v. n

By Lemma 2.1, the study of the multiplicity of the solutions of (2.1)
is reduced to that of the multiplicity of the solutions of the problem

(2.5) Av+ P(b(v+0w))" —alv+0(v))") = sp

defined on a three-dimensional subspace V' spanned by {¢1, ¢, 3}
We note that if v > 0 or v < 0, then §(v) = 0. In fact, if v > 0 and
O(v) = 0, then (2.3) is reduced to

A0+ (I — P)(bvt —av™) =0,
which is possible since v = v, v~ =0 and (I — P)(bv™ —av™) = 0.
Let us construct six subspaces of V' as follows: Since the subspace V
is spanned by {¢1, ¢2, #3} and ¢1(x) > 0 in €, there exist a cone Cf, a
small number ¢; > 0, €5 > 0 defined by
C1={v=rc101 + a2 + c3¢3] c1 >0, |ca| < €ercy, Jes| < eof(er, e2)}

so that v > 0 for all v € Cy. Here (¢, c2) with |ea] < €1]cq| is a plane
spanned by ¢;¢1 and cop9 satisfying |co| < €1]cq|. Let us define

Cy = {v = c1¢1 + caga + c303] |ea] > erfer], c2 <0, |es] < exf(cr, e2)l},
Cs ={v=c101 + 2o + 303 c1 <0, |ca] < €1c1, |es| < ef(cr, )}

such that v <0 for all v € C5. Let

Cy = {v=c1¢1 + cadhs + c303| |ca| = erlcr|, c2 >0, |ez| < eaf(er, e2)l},
Cs = {v = c1¢1 + caga + c303] |ea| > er]en], |es| > eal(cr, e2)|, 3 > 0},
Cs = {v = c11 + caga + c303] |ea| > erlen], |es| > ea(cr, )], 3 <0}
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We do not know 6(v) for all v € PH, but we know that 6(v) = 0 for
v € C7 U 5. We consider the map
T:v—Tw) =Av+ P((blv+0()" —al(v+6(v)).
If v € C1, then v > 0 and
T(v) = (b— A)cr1dr + (b — A2)caga + (b — A3)css.

The image of c1¢1 + caga £ 303, |ea| < €11, €1 > 0, |e3| < €2f(cr, )| can
be explicitly calculated and they are

(b= A)crdr + (b — Aa)capa & (b — A3)czps,

leo| < €rc1, 1 >0, |es| < ef(er, o)

or
b— A
dipy + dota £ dsgg, di > 0, |dy| < b )\261(11,
— A1
dy dy
ds| < (b— M\
| 3’—( 3)62|(b—)\1’61b—)\1)|
. Thus T maps C' into the cone
b— A
Dy = {dy1¢1 + dagpy + dsp3| di > 0, |dy| < 5 )\261d1,
— A1
d; d;
ds| < (b= M\ .
| 3‘—( 3)62|(b—)\1761b—)\1)|}
Similarly 7" maps Cj5 into the cone
a— A
D3 = {d1¢1 + dag2 + ds¢s| d1 <0, |da| < |a )\2€1d1|,
— A1

dy dy
a—)\17€1a—)\1)’}.

3| < [(a — Az)ea(

3. Proof of Theorem 1.1

T'(v) = s¢; has one solution bs_¢§1 in C and has one solution % in
C5. We shall find the other solutions in the complements of Cy U C3 of

the map T'(v) = s¢; for s > 0. We need a lemma.

LEMMA 3.1. There exist py, po > 0 such that
(i) (T(ci¢1 + a2 + c33), 1) = pilcal.
(ii) (T(c1¢1 + copa + c33), $1) > palcs].
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Proof. (i)
T(c1¢1 + cagpa + c303)
= A(c1¢1 + c22 + c3¢3) + P((b(c1¢1 + caga + c3ds + 011 + capa + c3¢3)) T
—a(c1¢1 + cago + c3¢3 + 0(c101 + ca¢2 + c3¢3)) )

If u=ci1¢1 + oo + c303 + 0(c11 + a2 + c3¢3), then

(T(c1¢1 + cap2 + c33), P1)
= ((A+ X)(c1¢1 + caga + c3d3) + P(bu™ —au™ — A\u, ¢1).

Since (A + A\)¢; = 0 and A is self adjoint, ((A + Ap)(c1¢1 + capo +
c3¢3), 1) = 0. We note that

but —au” — Mu=(b—\)u" —(a— X \)u” > v|ul,
where v = min{b — \;, —a + A} > 0. Thus
(bu™ —au™ — \u, ¢y) > 7/ ||y .
Q

Thus there exists p; > 0 such that y¢; > p1|¢s|, so that

v/ﬂwwl zp1/9|u||¢2| zp1|/9u¢2| — p|(u, 6)] = pileal.

(ii) We also have that

V/Q|u|¢1 sz/ﬂwuuw 2p2|/9u¢3| — pal(u, 83)| = pales,

for some py > 0 such that y¢; > po|@s|. O

Now we are looking for the preimages of the mapping 7'(v) = s¢y, for
s > 0, in the complement of Cy UCj3. Let us consider the image under T’
of c11 + capa + c303 € Cu, o > er|cr], ca =k, k> 0, |cs] < eaf(cr, ).
By (i) of Lemma 3.1, the image of

1
Cy = ]{Z, ‘Cl| S E—k, |C3| S €2|<Cl>k)’
1

must lie to the right of the line ¢; = pik and must cross the positive ¢,
axis in the image space. Thus if u = c1¢1 + koo + 303 + 0(c101 + kpo +
c3P3), k>0, |c1| < g, les| < eal(eq, k)|, then u satisfies

Au+but —au” = té, for t>pik, k> 0.
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If we set
s

= ;u,
then 4 is a solution of At +bit —at~ = s¢;. Thus we obtain a solution
@ in Cy. Similarly, the image under T of ci¢1 + cos + c3¢3 € O,
‘02’ > €1|Cl|, Cy = k, k< 0, ’Cgl < 62”(01,02)‘. By (1) of Lemma 31, the
image of

1
co =k, k <0, 1] < E—Iﬁ |cs| < eal(er, k)
1

must lie to the right of the line ¢; = p;|k| and must cross the positive ¢,
axis in the image space. Thus if u = c1¢1 + ko + c3¢3 + 0(c191 + kpa +
c303), k <0, || < g, les| < eal(eq, k)|, then u satisfies

Au+but —au” = téy for t > pilk|, k<O.

If we set
.S
U = —u,
t
then @ is a solution of At +but —atu~ = s¢;. Thus we obtain a solution
% in CQ.

Now we consider the image under T of ¢1¢1 + cad + I3 € Cs, |ca| >
e1lerl, 1| > e2|(e1,¢2)|, I > 0. By (ii) of Lemma 3.1, the image of

cs =1, |ca] > er]ea], | > eal(cr, )|

must lie to the right of the line ¢; = po|l| and must cross the positive ¢,
axis in the image space. Thus if u = ¢1¢1+cada+1p3+0(c101+Coada+1p3),
[ >0, |ca] > er]ea], 1] > e2|(c1, c2)], then u satisfies

Au+but —au” =t for t > pol, [ >0.

If we set
s

U = gu,
then @ is a solution of At +but —au~ = s¢;. Thus we obtain a solution
@ in Cj for given s > 0.
Now we consider the image under T' of ¢1¢1 + cagpy + I3 € Cg, |ca| >
erlerl, 1| > e2|(e1,¢2)|, I < 0. By (ii) of Lemma 3.1, the image of

cs =1, |ea] > erlea], l] > €| (c1, )
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must lie to the right of the line ¢; = po|l| and must cross the positive ¢,
axis in the image space. Thus if u = ¢1¢1 4202 +1p3+0(c1P1+Cad2+103),
[ <0, |ca| > ele|, || > €a|(c, c2)|, then u satisfies

Au+but —au” =tp;  for t > pofl], 1<0.

If we set
.S
U= -u,
t
then @ is a solution of At + bu™ — au™ = s¢;. Thus we also have a

solution @ in Cy for given s > 0.
For given s > 0, there exist six solutions, one in each of the six regions.

There exist a positive solution % in ', a negative solution ;_Lﬁl in

(3, a solution @ in Cy, a solution % in Cs, a solution u in C5, a solution
@ in Cg of (1.2). Thus we complete the proof of Theorem 1.1.
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