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SPECTRAL THEOREMS ASSOCIATED TO THE DUNKL
OPERATORS

HATEM MEJJAOLI

ABSTRACT. In this paper, we characterize the support for the Dunkl
transform on the generalized Lebesgue spaces via the Dunkl resol-
vent function. The behavior of the sequence of L} —norms of iterated
Dunkl potentials is studied depending on the support of their Dunkl
transform. We systematically develop real Paley-Wiener theory for
the Dunkl transform on R? for distributions, in an elementary treat-
ment based on the inversion theorem. Next, we improve the Roe’s
theorem associated to the Dunkl operators.

1. Introduction

We consider the differential-difference operators T;, 7 = 1,2,...,d,
attached to a root system R and a multiplicity function k, introduced
by Dunkl in [7], and called the Dunkl operators in the literature.

The Dunkl theory is based on the Dunkl kernel K (i), .), A € C¢, which
is the unique analytic solution of the system

Tiu(z) = iNu(x), j=1,2,..,d,
satisfying the normalizing condition u(0) = 1.

With the Dunkl kernel K (i), .), Dunkl defined in [9] the Dunkl trans-
form Fp and established some of its properties (see also [11]).
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The spectral theorems associated with the partial derivatives opera-
tors are of the most useful subjects in harmonic analysis. In this paper
we present only three subjects.

The first subject of these theorems is one of the fundamental ques-
tions in Fourier analysis and abstract harmonic analysis: the real Paley-
Wiener theorem. The fundamental theorem given by Bang (cf. [4]) can
be stated as follows. Let f be a C*°-function on R such that for all
n € N, the function (;% f belongs to the Lebesgue space LP(R), then the

d" £|12/" exists and we have

dx™

limit Ry = lim, o ||

Ry = Sup{\)\] DS suppf(f)},

where F(f) is the classical Fourier transform of f. Next the analogue
of this theorem was established and improved for many other integral
transforms, for examples (cf. [1,6,14,16-18,23]).

The second subject concerning spectral theorems is the study of tem-
pered distributions with spectral gaps. More precisely a tempered dis-
tributions on R whose Fourier transform is supported in an interval
[—M, M|, where M > 0, can be characterized by the behaviour of its
successive derivatives. On the other hand, a tempered distribution on R
whose Fourier transform vanishes in an interval (—M, M), where M > 0,
can be characterized by the behaviour of a particular sequence of suc-
cessive antiderivatives. This subject was studied for many other integral
transforms, for examples (cf. [2,3,17,18]).

Third subject of spectral theorems, is Roe’s theorem. The fundamen-
tal theorem given by Roe (cf. [19]) can be stated as follows. If a function
and all its derivatives and integrals are absolutely uniformly bounded,
then the function is a sine function with period 27. This result has
been studied and generalized, see [2,13,15-18,21] including generaliza-
tions to differential and differential-difference operators with constant
coefficients in higher dimensions.

Motivated by the treatment in the Euclidean setting, we will derive in
this paper new real Paley-Wiener theorems for the Dunkl transform, on
the generalized Lebesgue spaces and on the tempered distribution space
S'(R?), and we improve the Roe’s theorem in the context of the Dunkl
operators.

The outline of this paper is as follow: In §2 we recall the main results
about the harmonic analysis associated with the Dunkl operators. In §3
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we introduce the Dunkl resolvent function as a solution of the general-
ized Poisson’s equation associated to the Dunkl-Laplace operator on the
generalized Wiener space. Next, we extend the definition of the Dunkl
resolvent function on some subspace of the generalized Lebesgue space
L(RY). The §4 is devoted to characterize the support for the Dunkl
transform on the generalized Lebesgue space L2(R?) via the Dunkl re-
solvent function. In §5 we solve the previous problem on the generalized
Lebesgue space LY (R). In §6 we study the generalized tempered distri-
butions with spectral gaps. Finally, the purpose of the last section is to
improve and generalize a version of Roe’s theorem for Dunkl operators
from [15].

2. Preliminaries

This section gives an introduction to the theory of Dunkl operators,
Dunkl kernel and Dunkl transform. Main references are [7-9,11].

We consider R? with the Euclidean scalar product (,) and ||z|| =
V{(z,7). For a in R\{0}, let o, be the reflection in the hyperplane
H, C R? orthogonal to a, i.e.

(01)
lal?

A finite set R C R?\{0} is called a root system if RNR.ac = {a, —}
and o,R = R for all « € R. For a given root system R the reflections
Oa, @ € R, generate a finite group W C O(d), called the reflection group
associated with R. We fix a positive root system R, = {a € R
{a, B) > 0} for some 8 € RN\UyerH,. We will assume that (o, o) = 2
for all &« € R,.. A function k : R — C on a root system R is called a
multiplicity function if it is invariant under the action of the associated
reflection group W. For abbreviation, we introduce the index

(2.2) y=7k) = ko).

a€ERL

(2.1) o) =2 —2

Moreover, let wy denotes the weight function

(2.3) wr(z) = T Kewz)H,

aER
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which is invariant and homogeneous of degree 2v. We introduce the
Mehta-type constant

(2.4) cp = / d e wy() da.
R

In the following we denote by

C(R%)  the space of continuous functions on R

CP(R?) the space of functions of class C? on R?.

CP(RY) the space of bounded functions of class C?.

E(RY)  the space of C*®-functions on R%.

S(R?)  the Schwartz space of rapidly decreasing functions on R
D(R?)  the space of C*®-functions on R? which are of compact support.
S'(RY)  the space of temperate distributions on R¢.

The Dunkl operators T;, ;7 =1 ,..., d, on R? associated with the

finite reflection group W and multiplicity function k are given by

of f(z) = f(0a()) 1 (Rd
(25) Tyf(e) = g () + 3 koo m O L € CURY)
aER
Some properties of the Tj, j =1, ...,d, are given in the following :
For all f and g in C'(R?) with at least one of them is W-invariant,

we have

(2.6) Ti(f9) = (T;1)g + f(Ti9), j=1,..d.
For f in C}(R?) and g in S(R?Y) we have
(2.7)

| Tt ds = - [ @)t dej =1,

We define the Dunkl-Laplace operator A\, on R? by

d
Dpf(@) =Y "T?f(x)=Of(@) +2 Y k(a)<<v<f(x),a> _ f@) —f(aa(x))>’
=1

ol a, ) (o, )2

where A and V are the usual Euclidean Laplacian and nabla operators
on RY, respectively.
For y € RY, the system

EU(Q?,y) = y]u(xvy)v j = 17 "'7d7
(2:8) { u(0,y) 1,
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admits a unique analytic solution on R¢, which will be denoted by
K(z,y) and called Dunkl kernel. This kernel has a unique holomor-
phic extension to C? x C9.
The Dunkl kernel possesses the following properties:

i) For z,t € C¢, we have K (2,t) = K(t,2); K(2,0) = 1 and K (\z,t) =
K(z,At) for all A € C.

ii) For all v € N, x € R? and z € C? we have

(2.9) IDYK (2, 2)| < [a]|" exp(]|]| |[Rez])),

with

|
=
0zt - -0z

In particular for all z,y € R%:

and |v|=v1+ -+

| K (—iz, y)| < 1.

Notation. We denote by L (R?) the space of measurable functions on
R? such that

1
Pl = ([ 1@l dz)” <o it 1<p<oc,
R4
||f||L;°(Rd) = ess sup |f(z)| < oo,
z€R4

The Dunkl transform of a function f in L}(R?) is given by

1

(2.10)  Fp(f)ly) = o /Rd f(x)K (—iy, z)wi(z)dz, forall y € R%

In the following we give some properties of this transform (cf. [9,11]).
i) For f in L}(R?) we have
1
(2.11) [ Fp (Lo may < C_k||f||L}c(Rd)'

ii) Inversion formula: Let f be a function in L}(R?), such that
Fp(f) € LL(RY). Then

(2.12) Fol(f)(x) = Fp(f)(—x), ae zcR%
iii) For f in S(RY) we have
(2.13)  Fo(Tif)(y) = iy; Fo(f)(y), forallj=1,..,dandy € R%
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PROPOSITION 2.1. The Dunkl transform Fp is a topological isomor-
phism from S(RY) onto itself. If we put for f in S(R?)

(2.14) Fo(F)y) = Fo(f)(~y), yeR’,

we have -
FpFp = FpFp = Id.
ProposITION 2.2. i) Plancherel formula for Fp.
For all fin S(R?) we have

(2.15) » |f (@) Pwr(x) dv = » IFo(£)(E)Pwi(€) dé.

ii) Plancherel theorem for Fp.
The Dunkl transform f — Fp(f) can be uniquely extended to an iso-
metric isomorphism on L3 (RY).

DEFINITION 2.1. Let y be in RY. The Dunkl translation operator
[+ 7,f is defined on S(R?) by

(2.16) Fo(r,f)(x) = K(iz,y) Fp(f)(z), forallz € R%

Using the Dunkl translation operator, we define the Dunkl convo-
lution product of functions as follows (see [22,24]).

DEFINITION 2.2. The Dunkl convolution product of f and g in S(R?)
is the function f xp g defined by

(2.17) f*pg(x) = / Tof (=y)g(y)wi(y)dy, forall z € R4,
Rd
This convolution is commutative and associative and satisfies the fol-
lowing properties (see [22]).

PROPOSITION 2.3. i) For f and g in D(R?)( resp. S(R?)) the function
f *p g belongs to D(R?)( resp. S(RY)) and we have

(2.18) Fo(f *p 9)(y) = Fo(f)(y)Fp(g)(y), forallye R

ii) Let 1 < p,q,r < oo, such that i + é — % = 1. If f is in LE(R?) and
g is a radial element of L} (R?), then f*pg € Li(R?) and we have
(2.19) |f*p g”Lz(Rd) <C Hf”Lg(Rd) ”g“LZ(Rd) :

iii) Let W = Z4. We have the same result for all f € LF(R?) and
g € Li(RY).
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DEFINITION 2.3. i) The Dunkl transform of a distribution 7 in &'(R¢)
is defined by

(2.20) (Fp(r),¢) = (1, Fp(9)), &€ SRY).

ii) The Dunkl transform of f in L} (R?) denoted also by Fp(f), is
defined by

(Fp(f),¢) = (Fo(Ts).0) = (T, Fp(9)), € SRY).
Thus from (2.20) we have

(Fp(f),9) = y f(z)Fp(o)(x)wk(z)d.

PROPOSITION 2.4. The Dunkl transform Fp is a topological isomor-
phism from S'(R?) onto itself.

Let 7 be in §'(R?). We define the distribution Tj7, j = 1,...,d, by
(Tim, )y = —(r,Tj), for ally € S(RY).

Thus we deduce
(2.21) (AT, ) = (1, Aap), for allyp € S(RY).
These distributions satisfy the following properties
(2.22) Fo(Tyr) = iy Fp(r), j=1,...d.
(2.23) Fo(Lwr) = —=|lylPFn(r).

In the following 7; will be denoted by f.

3. Generalized Poisson’s equation for the Dunkl-Laplace op-
erator

For z,y € R and t > 0, we put

(31) pt(xay) =

1 - qu?LHy\P K(i Y
(2t) 2 ¢, V2t 2t

For fixed y € R?, the function u(x,t) = p;(z,y) is solution of the heat
equation:

).

%(%ﬂ — Agu(z,t) =0, on RY x (0, 00).
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The function p; has the following properties

(3.2) Vi >0, /Rd pe(@, y)wi(y)dy = 1.
1 _ Ulzll=1lyID?
(33) Vi > 0, pt(x,y) S W—Jrng@ 4t .
_ 4 €N e (s :
B4 V>0 pley) =5 [ K i K (v Ol
k d

PROPOSITION 3.1. Let u € C with Rep > 0. The integral G, (z,y) =
/00 e py(z,y)dt is finite for v # y in R? and Rep > 0. If Rep = 0, the
fl(;nction G, is finite for x # y in R if and only if 2y + d > 2.

Proof. The proof follows immediately from the relation (3.3). O
Notation. We define the generalized Wiener space Wy (R?) as follows:

Wi(RY) = {f e LL(RY) : Fp(f) e L;(Rd)}.
Let u € C, we say that p satisfies the hypothesis (H) if

Rep > 0,
(H)] or
Rep=0and 2v+d>2.

PROPOSITION 3.2. Let i € C, we assume that yu satisfies the hypoth-
esis (H). Let f be in Wj(R?). The function

Rufl@) = [ ol fu)entudy

called the Dunkl resolvent function of f, is bounded, of class C* and
satisfies the generalized Poisson’s equation

(—Ak + /L)U = f

Proof. Let us first prove that R, is well defined and bounded. We
can assume f > 0 and g > 0. Fubini’s theorem for positive functions
gives that

R.f(z) = / ) / () () )
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From (3.4), we can write

/ // WIS K (i, €) K (—iy, €) f (y)w(€)wi (y) dEdydt.
Ck: Rd JRA

Now using relation (2.9) and the hypothesis on f, we first obtain

/]Rd /Rd e—t(u+H§ll2)|K(i:E,{)K(—@'y,g)f(y)|wk(§)wk(y)d£dy <

/Rd /Rd e—t(u+\\£||2)f(y)wk(f)wk(y)d§dy < co.

From Fubini’s theorem and relation (2.10), we get

33) Ruf@) == [ [ K e Fpl )€ ded.
S0
Ruf@) <o [ [ e oIy ) e ded

JT.'
< a 5 % wip(£)dE < 00

Thus the function R, f is well defined and bounded on R?. Now, if
we apply Fubini’s theorem to the equality (3.5), we obtain

U e PO e

(3.6) R,f(z) cn K(iz,§) 1+ I€]12

Moreover it is easy to see that the preceding equality is true for p €
C such that p satisfies the hypothesis (H). Using relation (2.8), the
fact that Ay K (iz,&) = —||¢||?K (iz,€) and the hypothesis on f, the
theorem of derivation under the integral sign gives that

1 .
(=B + R () = — [ Kliz, OFo(1)E) wr(€)d
R
Thus we obtain the result from relation (2.12). (]

REMARK 3.1. If 4 = 0 the function Ry f is called the Dunkl potential
of f. (Cf. [10]).
DEFINITION 3.1. Let u € C. We denote by

Be (RY) = { fe ey . T20E

2 d
e € B ® )} '
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REMARK 3.2. i) From (3.6) we see that for u € C such that p satisfies
the hypothesis (H)

Fo(f)(E)
p €l
ii) It is easy to see that Wy (R?) C LZ(R?).

iii) As
Folf) o IFo(£)(€))?
||M + ||€H2HL%(R(1) B /]Rd (Reﬂ + H§||2)2 + (Im’u)gwk(g)dg'

Then we deduce that:

- If Imp # 0, we have By, ,(RY) = L2(R?).

- If Imp =0 and Rep > 0, we have By ,(R?) = LZ(R?).

- If Imp = 0 and Rep < 0, we have By, ,(R?) # (. Indeed, let ¢ be in
LY(RY), we put f = Fp(1peo,~reps1)®)- Thus it is clear that f belongs
to Bk#(Rd).

DEFINITION 3.2. Let 1 € C. Let f be in By, (R?), we extend the
definition of the generalized resolvent function R, f as the inverse Dunkl-

(3.7) R.f = Fp'( ), f € Wi(RY).

Fp(f)
Plancherel transform of m Jf’H ek
PROPOSITION 3.3. Let u € C. If f is in By, (R?), then we have
(3.8) (=Ak+p)R.f =T

Proof. Let f be in B, (R?). For all ¢ in S(R?) we have from the
relations (2.20), (2.21)

(Fo((=Dr +p)Ruf), 0) = (=Ar + ) R.f, Fo(p))
= (Ruf, (=Ak + 1) Fp(p)).

Now using relation (2.23) we obtain

Fol=but R ) = [ Ruf6)Fo((lalP + ) hn(w)iy

Finally the Dunkl-Plancherel formula gives that

(Fo((—=Ak + 1) Ruf), ¢) :/H@%

(lzl* + we(@)wr(z)dz

Thus
Fp((=Lk+ p)Ruf) = Fo(f)
The result is proved. O
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Fo(E) o

(1 A+ 1I€11)
to Lj(R?) for some positive integer n, then (—/,+p)"(Ry.f) = f, where
R, =R,o0..0R,.

COROLLARY 3.4. Let f be in LZ(R?) such that

Proof. From Proposition 3.3 it follows that if f is in By ,(R?), then
(=L8k + ) (Buf) = [

FoO) o o
Gt ey i LD

Hence by induction, one can show that if

some positive integer n, then
(=D +p)" Ry f = [
O]

4. Characterization for the support of the Dunkl transform
on L}(R?%) via the Dunkl resolvent function

Let 1 € C. We begin this section by the following definition and
remark.

.= inf{\quHé‘Hz] L ce suppr(f)}, G, = inf{]u+|\5H2| L te Rd}.

REMARK 4.1. It is easy to see that

[ Imu| if Rep <0

| if Repw>0"

ii) When Rep < 0 the condition o, > &, implies that Fp(f) vanishes
on some neighborhood of & with ||&]|? = -Rep.

iii) When Rep > 0, the condition o, > &, implies that Fp(f) vanishes
on some neighborhood of 0.

i) Juzﬁuand@:{

LEMMA 4.1. Let f be in L?(R?) such that o) belongs to

(e + EIR)
LZ(R?) for any n € N. Then
| P |
4.1 | A ATA YA N
e i o e P

1
where we set 0= oo, for the sake of convention.
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Proof. We divide the proof into two cases.
First case : 0, = 0. Then for any € > 0,

/|||s2+ < [ F(f)(€)Pwr(&)dE > 0.

Therefore,
Fo(FOP
= | SR w(€)d
H u+H£H ) o it PP
Fo(HO)P
—_—— d
- /|||£||2+u<a it app (4
> L Fo(F)(©)Pun(€)de,

2% )\ Jelzui<e
that yields

1/n 1/2n
lim inf H

N 2
2imint { [ @]

L2(R4) n—oo €

1
=

Because € > 0 is arbitrary, we obtain

limian—) e =
n—oo | (p + [[€]12)™ 1Lz (re)
Second case : 0, > 0. We have
Fo(f)(E) |12 | Fp(f)(©)]?
LDV — W DVIASIT d
[T s = ot T
[ Fo(f)(E)P
_ DV AN d
/a—u<|u+||£||2|<oo 785 |\£\!2\2”wk(8 ¢
< IFo (O wn(€)de
i Jou <l <o
IFo ()2 ga
< o [ 1Fp©Pargds = = B,
n d "
Hence,
. FoH© | _ . 1 .
lin sup T > TP o <112:S£pa—ullfz>( D ea =
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On the other hand, from the definition of o, for any € > 0

/ Fo £ Panl€)de > 0.
ou<| )2 +ul<oute

Therefore,
H Fo(f)E) |12 _ / [P (§)Pwi(£)dE
([[E]1% + p)™ ez re) re | €N+ pf?n
| Fp(f)(E)?
> DUNRSE | evd
- wawﬂM%ﬁHMW+uwﬁ“@f
ey Fo(£)(€) Purl(€)de
(00 + )" Jo, <l lel2+ul<one
that yields
o Fo(H)E) i/m
f| ZDPVNS)
G e eagme
1 1/2n
lim inf 20 (E)d
) 15&1ng opte {/%<|u+||£2|<Uu+s|]:D(f)<§)| ) 5}
T o te

Because € > 0 is arbitrary, the inequality (4.1) follows. Lemma 4.1 is
thus proved. O

The following theorem describes the image of a function g € L7 (R?)
that vanishes in a neighborhood of a point &, under the Dunkl transform.

THEOREM 4.2. i) For f € L2(RY) let g = Fp(f), then g vanishes in a
neighborhood of & if and only if R" . . f € LZ(RY) for alln =0,1,2, ..,
and

(42) hm ||R H§0||2f||L2 Rd) -

< Q0.
O—igo?

ii) For f € L2(RY) let g = Fp(f), then g vanishes in a neighborhood
of & if and only if f € L3(RY) and

1
(4.3) Tim (R f gy < = -

L2 Rd ~
Ou

for some non-real 1 with Rep = —||&]|?.
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iii) For f € L3(RY) let g = Fp(f), then g vanishes in a neighborhood
of 0 if and only if f € L3(R?) and relation (4.3) holds for some non real
w1 with Rep > 0.

Proof. i) Necessity : Let g = Fp(f) € Li(R?) vanish a.e. in a neigh-

]:D(f) (5) belongs to L% (Rd>

(Il = 11€oll?)™
forany n =0,1,... .
Applying the representation for the resolvent function in L7 (R?) n times
we obtain

borhood of §. Then o_j¢, 2 > 0 and

Fo(f)(E)
(€l* = lEol?)"

So the Dunkl-Plancherel theorem yields

(44) Ry f = Fp'( ).
R" e pf € Li(RY)  forany n=0,1,...

and

2 F ’
N R =

Thus

p(f)(E)

40 IR e =l 1o 2 e
Therefore, from Lemma 4.1 one can see that
T ([ R f 1 5 ) = .
0 —|i&o]I?

Sufficiency: Let R" . . f be in LZ(RY) for any n = 0,1, ..., and formula
(4.2) holds. Then each R . [ is the Dunkl inverse transformation of
some g, in Li(RY).
Since

A Hgon)nRE”gO\Pf =/,

we have

Fp(£)(&) = (IE]1* = lIgolI*)" gn(£)-
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Hence (“;ig(f)n(g)l?)n belongs to LZ(R?), and formula (4.5) holds.
o2 =
Therefore
1 - Fp(f)E) |vn
= lim
- igoll HOO”(HfoHQ = lI€l12)m ez (rey

. . 1/n
=l [|RY e 2 fl 5 gy < 00

Thus o_j¢, 2 > 0, and Fp(f) vanishes a.e. in a neighborhood of &.
ii) Let ¢ = Fp(f) be in L2(R?) vanish a.e. in a neighborhood of

f

o, and Rep = —|[|&||*. Then o, > 7, and (e Hl;(f)H(gﬁz)” belongs to
e

Li(R?) for any n = 0,1,.... Hence, R" . . belongs to Li(R?) for any

n = 0,1,... and formula (4.3) holds. This, together with Lemma 4.1,
gives formula (4.3). Conversely, let (4.3) hold. Then Lemma 4.1 and
formulas (4.3), (4.6) yield that o, > &,. Thus Fp(f) vanishes in some
neighborhood of & with Reu = —||&]|?.

iii) Let ¢ = Fp(f) be in L(R?) vanish a.e. in a neighborhood of 0.

Fo(f)()

Tl [2(RY) forany n =0, 1, ...
o+ © )

Hence, R} f belongs to Lj(R?) for any n = 0,1,... and formula (4.6)

holds. This, together with Lemma 4.1, gives the result. Conversely, let
(4.3) hold. Then Lemma 4.1 and formulas (4.3), (4.6) yield that o, > &,,.
Thus Fp(f) vanishes in some neighborhood of 0. O

Then for Rep > 0, 0, > 7, and

5. Characterization for the support of the Dunkl transform
on L7(R) via the Dunkl potentials

In this section, we extend the definition of the Dunkl potentials on
the space of tempered distributions as follows:

DEFINITION 5.1. Let f € §’(R?). The tempered generalized function
Ry f is termed the Dunkl potential of f if —A(Rof) = f, that is

(Rof, Dep) = —(f, ), forall p € S(R?).

THEOREM 5.1. We assume that d =1 and W = Zs. Let 1 < p < o0.
If Ry f € LY(R) for all n € Ny, then

) oot 1
(5.1) nlglgo ||R0f||2£(]]§) = -2
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where
oo = inf{|§| €€ suppfp(f)}.
To prove this theorem we need the following lemmas.

LEMMA 5.2. If 0y > 0, then
(5.2) supp}"D<R8f) =supp Fp(f), n=1,...
Proof. As
(=Lp)"(R5f) = f
we deduce that
Folf) =€ Fp(Rif).

Therefore,
supp Fp(f) C supp Fp <R8f> C Fp(f)U {0}-

So, to obtain (5.2), it is enough to show that 0 ¢ supp Fp (Rgf).

We choose numbers a,b: 0 < a < b < 0y and a function h € D(R) such
that
supph C (=b,b) and h(x) =1 in (—a,a). Then

supp( h]—"D(Rgf)> C {O}

Suppose that 5upp< th(Rgf)> = {0}, then there is a number N(n) €
N such that

N(n)
hFp (Rg f) = 3" C(N(n)AlS.
=0
Hence,
N(n) '
Fp'(h)*p Ry f = Ci(N(n))(—€).
7=0

As Rif € IX(R) and Fp'(h) € LL(R), we get F5'(h) #p R f € LP(R).
Therefore
Fpt(h) #p Ry f = Co(N(n)), n € N.
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Note that
Co(N(n)) = Fp'(h)*p Ro ()
= Fp'(h)*n  ~ Ak)RMﬂ )
= E By ; (h) +p Ry f(2))
= YAV N(n+1)))=0.
Thus we deduce that Co(N = 0. So hFp (R”f) = 0.

Assume now the contrary that
{O} C supp Fp (Rgf).
Then there is a function x € D(R), with supp x C (—a,a) and such that
(Fo(Rif) 0 #0.

So, as h(z) =1 for |z| < a, we get

0 # (Fo(Rif)0) = (Fo(Rif) hx) = (hFo(Bif).x) =0,

which is impossible. Thus we have proved (5.2). O
LEMMA 5.3. If 0y > 0, then
1
(5.3) lim sup ||R”f||Lp < —.
n—00 o

Proof. From (5.2) we have

(5.4) supp Fp (Rgf) C R\ (=09, 00).

For any € > 0, ¢ < 2 we choose a function h € £(R) satisfying

h(f):{(l) lf |§|200_5

if |¢] < o9 — 2e.
Let x be an arbitrary element in S(R). Then it follows from (5.4) that

(Ryf,x) = (Fo(Ryf). Fp'(x))
= (p Rof hFpt (X))
— (RIf, ]—"D<h]-" ))
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Therefore,
(5.5) (Rof.x) = (RGf, ),
where
v =Fp (hfﬁl(x)>-
We put
h(§) -
Yn = -7:D< é-(Qn)'FDl(X>>'
Then ¢,, € S(R) and
[(frendl = [{(= Ak)”R fyen)l
(5.6) = [(Bof, (=Lk)"en)]
= |(R"f o).
Combining (5.5) and (5.6), we get
n _ _ h(§)
(5.7) (RO 0 = [{f o)l = [(fs x *0 Fp(—5 e L
Therefore, we have
h(g
IR Fllmy = s (e Folh)
{XGS(R): Il gy <1
h(&
< sl s Fol ez
{XES( R): ||XHLQ(R)
< Cllfllz@ I Fo(ED L @)
Hence
n h(¢)
(5.8) lim sup || R fHLp < limsup || Fp(—= £ )||L1(R)
By a simple calculation we prove that
h(§) 1
. 1 S —_—.
(5.9) llle)solip | Fp(—= £on )||L (00 — 2272

Combining (5.8) and (5.9), we get

1
1 Ry —_—
lin_)song f||Li” — (0'0—25)2

and then (5.3) by letting e — 0.
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LEMMA 5.4. If g > 0, then
L. n ol 1
(5.10) tininf |15 117y ey 2 -

Proof. From the definition of og, there exists a function y € D(R)
such that

suppx C {{ cog—e < |¢] < 00+5} and (Fp(f),x) #0.

Therefore,

= [(Rof, (=Lk)"X)]

(5.11) < RS Al @l (=26)"X]|s @)-
So
(5.12) lim inf || B2 f| 1
. im in T p Z N n .
n—oo 0P ILER) = Jim sup |[(—A) XllLa m)
n—oo

We proceed as above to prove

1
lim sup H(_Ak)anzg(R) < (o9 +¢)*.

n—oo
So by (5.12) we obtain
1
(o +¢e)?
and then (5.10). O

1
hgg)lfHRofHLi(R) > >0,

Proof. of Theorem 5.1.

We divide our proof into two cases.
Case 1. g9 = 0. We have &, € suppFp(f). Hence, for any € > 0 there
is a function y € D(R) such that supp x C (—¢,¢) and (Fp(f), x) # 0.
Arguing as above we obtain

>

1
_2.

1
hﬂglfHRofHLz(R) > e

T
lim sup ||(_Ak)n(X)||£Z(R)

n—o0

Therefore

1
117£I_l>golf ||R0f‘|Lz(R) = .
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So we always have
1
_2.
0
Case 2. 0y > 0. Combining (5.3) and (5.10), we arrive to (5.1).

1
nlgrolo ||R0f||LZ(R) =

]

We proceed as above theorem, we characterize the support of the Dunkl
transform on L (R?) via the Dunkl potentials by the following result.

THEOREM 5.5. Let 1 < p < oo and Ry f € LY(RY) for all n € Ny. If
0 ¢ supp Fp (Rgf), then

1

(5.13) lim 1Sy aey = oo

g

where

oo = inf {|[¢] + & € suppFp(/)}.

6. Real Paley-Wiener theorems for the Dunkl transform on
S'(R7)
We start this section by stating the following result.

THEOREM 6.1. Let P be a non-constant polynomial with complex
coefficients on R?. Let u € £(R?) N S'(R?), and suppose the set

V.= {5 eRe: |P(6)] < r}

is compact for a constant v > 0. Then the support of Fp(u) is contained
in'V,., if and only if, for each R > r, there exist Ng and a positive constant
C(R) such that

(6.1) |P™(—=iT) (u)(z)| < C(R)R"(1 + ||z|[)™=,
for alln € N and = € R

Proof. Assume that the support of Fp(u) is contained in the compact
V.. Let R > r and let € € (0, R — r). We choose x € D(R?) such that
X = 1 on an open neighborhood of support of Fp(u), and y = 0 outside
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Vr-s. As Fp(u) is of order IV, there exists a positive constant C' such
that for all z € R?

[P (=iT)(u)(2)| =

Thus from the Leibniz formula (2.9) we obtain that
VneN, |P(=iT)(u)(x)| < Cr(R)n™ (R = 2)"(1+ [|=|)™
< Co(R)R™(1 + [J[])™.

Conversely we assume that we have (6.1).
Suppose & € R? is fixed and such that |P(&)| > R+ ¢, for some € > 0.

Choose and fix y € D(R?) such that suppy C {f eRY: |P(&)| > R—i—%},
and put x, = P7"(§)x. We have
(Fo(u),x) = (Fp(u), P"(€)xn) = (P"(§)Fp(u), xn)
= (Fp(P"(=iT)u), Xn)
= (@ el Pr(=iT)u ), (1 + llal )™ (Fo) 7 ()

Hence, from the Hélder inequality we obtain

[(Fp(u), x)|
< A+ (|2l P (=T )ul| ey | (1 + (121D ™ (F) ™ Ot ) 22 ).

We proceed as in Theorem 4 [16], to prove that

I+ 12l (Fo) ™ ua)llgeeey < CnM(P(&)] +5)™ < CnM(R+2)7"

Thus

(Folu), x)| < C(R)nMW(RLi%)”.

Thus we deduce (Fp(u), x) = 0, which implies that & ¢ supp Fp(u).
Thus the support of Fp(u) is contained in the compact V. O
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COROLLARY 6.2. Let P be a non-constant polynomial with complex
coefficients on R%.  Let u € E(R?Y) N S'(RY) such that suppFp(u) is
compact. Then

sup  |[P(y)|=R
yEsuppFp(f)

where R, is defined as the infimum of all R > 0 for which there exist N
and C(N, R) > 0, such that for alln € N and x € R?

|[P"(—iT)(u)(2)] < C(R, N)n™ R*(1+|[[2]])".

Notations. We denote by
—{eeRr:P@I<r}, 8 ={ceR:|PE) =1}

THEOREM 6.3. Let u = ug € £(RY)NS'(R?), and consider the infinite
series {u_p nen of generalized tempered distributions defined as u_, 11 =
P(—iT)u,, for a polynomial P and for all n € N. Let r > 0. Assume,
for all R € (0,7) there exist constants N € Ny and C' > 0, such that

(6.2) Ve e R fu_n(2)] < CRM(1+ |Jel])Y,

for all n € N. Then suppFp(u) N B, = 0. On the other hand, if
suppFp(u) N B, = 0 and suppFp(u) is compact, then (6.2) holds, for all
R e (0,r).

Proof. Assume that suppFp(u) N B, = () and suppFp(u) is compact.
Let R € (0,7) and let ¢ € (0,7 — R). Choose y € D(R?) such that x =1
on an open neighborhood of the support of Fp(u), and x = 0 outside
Vris. Asu= P"(—iT)u_y, we have

(@) = = |F5! (P Fo(w) (@)
= |75 X(é)P "(€)Fp( u))

, K (2

VK (i

Thus from Leibniz formula (2.9) we obtain

Vn €Ny, [uy()| < Ci(R)nY (R+2) " (1|2 < Co(R)R™(1+]|a]])".

3
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Assume that we have (6.2). For a fixed R € (0,r), let € > 0. Choose
and fix Y € D(R?) such that suppy C {{ ERY:|PE)| >R~ %}, and
put x, = P"(§)x. We have

(Fo(u),x) = (Fp(w), P7"(E)xn) = (P7"(§)Fp(u), Xn)
= <~7:D<u*n>7Xn>

— {2l M), (1 2l )Y F ()
Hence, from the Hoélder inequality we obtain
[(F (), < 11+ )™l zze oy 1L+ DY 7 Oy ey

We proceed as in Theorem 4 [16] to prove

— €\-n €\-n
1A+ 112D Fp Ol < Cn™(IP(&)] +3)™" < Cn™(R+ )7

3
Thus n
< ey ("
(Fo(w. ) < CR (77)
Thus we deduce (Fp(u), x) = 0, which implies that suppFp(u) N B, =
0. O

Putting Theorem 6.1 and Theorem 6.3 together, we get the following.

COROLLARY 6.4. Let u = uy € E(R?) N S'(RY), and consider the
infinite series {uy}nez of generalized tempered distributions defined as
Ups1 = P(—iT)u,, for a polynomial P and for all n € Z. Let R > 0.
Then suppFp(u) is contained in Sg, if and only if for all € > 0, there
exist constants N € Ny and C' > 0, such that

(6.3) VereR, |u,(z)|<CR"(1+ 6)'"'(1 + ||$||)N
for all n € Z.

REMARK 6.1. Theorem 6.3 and Corollary 6.4 are the analogue of the

new real Paley-Wiener theorems for the Fourier transform, proved by
Andersen (see [2]).

7. Roe’s Theorem associated with the Dunkl operators

In [19] Roe proved that if a doubly-infinite sequence (f;);ez of
functions on R satisfies
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% = fiy1 and [f;(z)] < M for all j = 0,£1,£2,... and z € R,

then fo(z) = asin(x + b) where a and b are real constants. This result
was extended to R? by Strichartz [21] where % is substituted by the

Laplacian on R? as follows.

Theorem. (Strichartz). Let (f;);ez be a doubly infinite sequence of
measurable functions on R? such that for all j € Z, (i) ||f;||zo®a) < C
for some constant C' > 0 and (ii) for some a > 0, Af; = afj+1. Then

Afo = —afo.

The purpose of this section is to generalize this theorem in the context
of Dunkl setting. We now state our main result.

THEOREM 7.1. Suppose P(§) = Z a,&" is real-valued and let { f; }>°

n
be a sequence of complex-valued functions on R such that

(i) Let a > 0, R > 0, and assume that {f;}> satisfies

(7.1) |fi(@)] < MR (1 +|zl])",
where (M;) ez satisfies the sublinear growth condition
M
(7.2) lim —4 = 0.
J—00 j

Then f = f. + f_ where P(—iT)fy = Rf, and P(—iT)f_- = —Rf_. If
R (or —R) is not in the range of P then f, =0 (or f_ =0).
(ii) If we replace (7.2) by

. My
(7.3) Jim o =
for all j > 0, then the span of (f;); is finite dimensional. Moreover,
fo = fi + f_, where, for some integer N , (P(—iT) — R)N f, = 0 and
(P(—iT)+ R)Nf_ = 0. Thus f, (or f_ ) is a generalized eigenfunction
of P(—iT) with eigenvalue R (or —R).

Y

We break the proof up into three steps. In the first step we consider
the Dunkl transform Fp(fo) of fo, which exists as a distribution.

LEMMA 7.2. Let a > 0. If (f;)jez is a sequence of functions on R?
satisfying

(7.4) P(—iT)f; = fit1
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(7.5) Ve e R, |fi(z)] < MR(1+[[2]])°,
and
M, .
(7.6) lim ——9_ =0,
j—o0 (1 +€)m

for all € > 0, then
support(Fp(fo)) C Sg = {f P& = R}.

Proof. First we show that Fp(fy) is supported in {5 P& < R}.
To do this we need to show that (Fp(fo),¢) = 0 if ¢ € D(R?) and
support(¢) N {{ : |P(&)| < R} = (). Since support(¢) is compact, there

is some r < R so that m <r, for all £ € support(¢). Then

<]:D(f0)>¢> = <Pj-FD(fO)a %>
(Fp) (P(—iT) fo), )
= (P(=iT fo, (Fp) "' (£))-
Choose an integer m with 2m > 2a + 2y + d + 1. A calculation, using
the hypothesis of Lemma 7.2 and Cauchy-Schwartz inequality, implies

[{(Fp(fo), 9)] < /Rd !P(—iT)jfo(fc)H(fD)1(%)(%)!%(%)61:6

< OM; sup [(1+ [l (Fp) (L) @]

xERd ﬁ
Using the continuity of (Fp)~! and the fact that ¢ is supported in {f :

|P(&)] > R+ 5} for some fixed € > 0, it is not hard to prove that the

right-hand side of this goes to zero as 7 — oo and so (Fp(fo), @) = 0.
To complete the proof we need to show that Fp(fy) is also supported in

{f C |P(&)] > R}, which means that (Fp(fo), ) = 0 if ¢ is supported
in {5 P < R}. Here we use (7.4) to obtain
(Fo(fo), 0) = (Fp(f-;), P'o)

and the argument proceeds as before. O]

The next step in the proof we assume firstly that — R is not a value of
P(§), and we show that Ly fo = R fo.
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LEMMA 7.3. There exists an integer N such that
(7.7) (P(§) = R)™Fp(fo) = 0.

Proof. Using Lemma 7.2 and proceeding as in [13], we prove the result.
O

Proof. of Theorem 7.1
We want to prove (i). Indeed, inverting the Dunkl transform in (7.7)
yields that

(7.8) (P(—iT) — RNt fy = 0.

This equation implies
span{ fo. fi. fo. ..} = spand fo, P(=iT) fo, P(—iT 2 fo, ..}

— span{ fo, P(=iT) fo, ... P (=) fo }.

We shall now show that we can take N = 0 in (7.8). If not then
(P(—iT) — R)fy # 0. Let p be the largest positive integer so that
(P(—iT) — R)?fo # 0. Clearly p < N. Thus

fi= (P(=iT) = Ry fo € span{ fo. fi, o f |
will satisfy
(7.9) (P(—iT) — R)*f =0 and (P(—iT)—R)f #0.
Write
f=aofo+...+anfn,
for constants ag, ..., ay. Then
Pj<—iT)f = aofj +...+ (ZNfN+j.

If

Cj = \ao\ROMj + ...+ ’a/N’RNMj+N7
then this and (7.1) imply
(7.10) | P (—iT) f()] < C3RI (1 + [|]])".
By (7.2) these satisfy the sublinear growth condition

(7.11) lim Q = 0.
J—00 j

An induction using (7.9) implies for j > 2 that
PI(—iT)f = RV P(~iT) [~ RI(j—1)f = R j(P(—T)~ R)f+ R .
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Thus
4 1 i R|f(z)]
[(P(—iT) — R) f(2)] < e [P (—iT) f ()] + —
CjR R|f(z)|

< ——(1+ |z]])* + —.
J(HII) ;

Letting 7 — oo and using (7.11) implies (P(—iT) — R)f = 0. But this
contradicts (7.9). Consequently, N = 0 in (7.8). This completes the
proof in the case that —R is not in the range of P.

In the case that R is not in the range of P we apply the same argu-
ment to —P(—iT") to conclude P(—iT)fy = —R fo.
In the general case, let £ = P?*(—iT). Then Fp(£f)(&) = P*(&)Fp(f)(£).
Lfap = fop1) and P?(§) # —R. Thus we can (as before) conclude, for
the sequence (fop)pez that

£y = P(—iT) fy = R*fo.
Set
1 1 . 1 1 )
f+= §(f0 + EP(—ZT)JCO) and f_ = §(f0 - }—%P(—ZT)fo)-
Then

f=fet foy P(—iT)fy = Rfy, and P(—iT)f_ = —Rf_.
This completes the proof of (i).

Now we want to prove (ii). Indeed the proof will be based on the
following result from linear algebra. (cf. [5], Chapter 10.)

LEMMA 7.4. Let X be a finite dimensional complex vector space,
and let T': X — X be a linear map with eigenvalues Ay, ..., \,. Then
X =X,®..8X,, where X; = ker((T — \;)") and dimX = N.

We first prove (ii) under the assumption that P(§) # —R. Using the
growth condition (7.3) and Lemma 7.4, we may still conclude that

support(Fp(fo)) C Sg := {5 :P(§) = R}.

But then, as before, we can conclude that (7.8) holds. But this is enough
to complete the proof in this case. A similar argument shows that if
P(§) # R, then (P(—iT) + R)N fo = 0.

In the general case we again let £ = P?(—iT) and Py = P?. Then
Py(§) # —R and the span of (fy;); is finite dimensional. The map
P(—iT) takes the span of (fy;); onto the span of (fy;4+1);. Thus X is
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finite dimensional. Any f € X will have support(f) inside the set defined
by P(¢) = £R. From this it is not hard to show that the only possible
eigenvalues of P(—iT") restricted to X are R and —R. The result now

follows from the last lemma. ]
REMARK 7.1. (i) If we take P(y) = —||y||?, then Ly = A and The-
orem 7.1 gives Apfo = —Rfy. This characterizes eigenfunctions f of

generalized Laplace operator A with polynomial growth in terms of
the size of the powers A f, —o0o < j < 0.

(ii) We note that the results presented in this section, inspired by [13],
generalizes and improves the version presented in [15]. This version was
established, for R = 1.

In the rest of this section we state another version of the Roe’s theorem
associated to the Dunkl operator on the real line. This version is proved
in the context of the Dunkl-type operator, which is more general that
the Dunkl operator in real line. (See [17]).

For the sake of simplification, we denote the Dunkl operator on the
real line by A. This operator is defined by

AF(@) = 1) + 227 ) — F(-a).

THEOREM 7.5. Suppose P(§) = Zanén is a non-constant polyno-

n
mial with complex coefficients. Let {f;}>° be a sequence of complex-
valued functions on R such that

Vj€Z, finn=PMN)J;

1) Let a > 0 and let R > 0. Assume that for all ¢ > 0, there exist
constants N € Ny and C' > 0, so that

(7.12) Ve e R, |fu(z)| < CR"(1+&)"(1 4 |z)
is satisfied for all n € Z. Then
N &
(7.13) fo= 22 ) i (i€, ),
AeSR 7=0

for constants c(\, j) € C and N € N.
2) Let a > 0 and let R > 0 and assume that {f;}*>°, satisfies

(7.14) [fi(@)| < MR (1+ [a])",
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where (M,) ez satisfies the subpotential growth condition

(7.15) lim —2

My _

j—00 ]m

for some m > 0.

We have
(i) If P'(\,) # 0, for all \, € Sg, then N < m in (7.13).
In particular, if m = 1, then

fo= > fn» where fi, = c(A)K (i), )

ApESR

(ii) If Sg consists of one point \g and m = 1 in (7.15), then P(A) fo =

P()\())fo

REMARK 7.2. The previous theorem is the analogue for Theorems 1

and 6 of [2].
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