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MASS FORMULA OF SELF-DUAL CODES OVER
GALOIS RINGS GR(p?,2)

WHAN-HYUK CHOI

ABSTRACT. We investigate the self-dual codes over Galois rings and
determine the mass formula for self-dual codes over Galois rings
GR(p?,2).

1. Introduction

As an application of computer science, error correcting codes were
firstly defined over GF(2) by Hamming in 1950. Sooner or later math-
ematicians extended them over arbitrary fields. In [6], Hammons et al.
found that some good non-linear codes are obtained from codes over a
ring Z, via Gray map. More recently, many papers are published about
codes over Z,, for an arbitrary integer m.

On the other hands, many important codes such as Golay code and
extended Hamming code are self-dual codes. In 1996, Gaborit calculated
the mass formulas for self-dual codes over Z, in [4]. This paper motivated
Nagata, et al. to find the mass formulas for self-dual codes over Z, in
consecutive papers, [1], [10], [11], [12].

And in [13], Park found a method to classify self-dual codes over
Z,, where m is a multiple of distinct primes. To generalize the results
in [13], we investigated the classification of self-dual codes over Z,. for
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any odd prime p. As a consquence we found the complete classfication
of self-orthogonal codes over Z,» in small lengths in [3].

It is well-known that the codes over finite chain rings have some good
properties. Actually, Z,. over which we have investigated the classifica-
tion of self-dual codes is a Galois ring and every finite chain ring is a
homomorphic image of some polynomial ring over a Galois ring. There-
fore investigating codes over Galois rings would be necessary to study
codes over finite rings.

In this paper, we use the similar argument of Gaborit in [4] and
Balmaceda et al. in [1], to generalize the result to the self-dual codes
over Galois ring GR(p?,2) for odd prime p.

2. Galois rings

Let r be a positive integer and p(X) be a monic basic irreducible
polynomial in Z,[X] of degree r that divides X?"~! — 1. We can choose
p(X) so that ( = X + (p(X)) is a primitive (p” — 1)st root of unity.
Then, Galois ring is defined as

GR(p, 1) = Zpe[X]/(p(X)) = Zye[C].

GR(p¢,r) which is the generalization of Galois field, is the Galois
extension of degree r over Z,. with the residue field IF,» and is a finite
chain rings with ideals of the form (p) for 0 < i < e— 1. The extensions
are unique up to isomorphism.

The set T, = {0,1,(,..., (" 72} of coset representatives of GR(p®, 1)
modulo (p) is a complete set and known as Teichmiiller set. The elements
of GR(p®,r) can be uniquely written as the p-adic representation,

Co+cp+cop?+ -+ cept?

with ¢; € T,,.
The other way of representation of Galois ring is the (-adic expansion,

bo+biC+ -+ b1t

with b; € Zy.
For the further study of Galois rings, see [5,9,16].
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3. Codes over Galois ring

A code € over GR(p®,r) of length n has a generator matrix permu-
tation equivalent to the standard form

Iy Aot Aoe Aoz ... Age Age
0 ply, pAz pAiz ... pAiea pAie
(1) G= 0 0 p2Ik2 p2A23 s pQAQ,e—l p2A26 )
0 0 0 0 con p L, P A e
where the columns are grouped into blocks of sizes kg, k1,..., ke_1, ke

which are nonnegative integers adding to n [7].

A code which have a generator matrix with this standard form is said
to be of type (1)%(p)kr(p2)*2 ... (p~1)*e=1. and ky is called the free rank.
A code of type 1% is called a free code.

Note that a code with type (1)*(p)¥1(p?)*2 ... (p~1)*e-1 has
(per)k:o (p(e—l)r)k’l (p(e—Q)r)k:Q . (pr)ke_l codewords.

We can define the standard inner product over the space GR(p®, m)"
by

(V1 vn) - (Wi, -+ wy) = viwy + -+ VW,
and the dual code €+ of € by
¢+ ={veGR(Pm)"|v-w=0forall we C}.

A code € is called self-orthogonal if € C €+ and self-dual if € = €.
If ¢ is a code of the form (1) then € has a generator matrix of the
form

B Boe—1 -+ Bos By By I,

pBie pBie1 -+ pBis pBia ph._, 0

Gt = p’Bse  Dp*Boe1 -+ p*Bay p°Iy 0 0
P 'Beie p, oo 0 0 0 0

where the column blocks have the same size as in G [2].

Note that if € has type 1% (p)kt ... (p¢~1)ke=1 then the dual code has
type 1kephe-t(p?)ke-2 ... (p== 1)k where k, = n — 3¢, k;. This means
that if € is self-dual with the type (1)*(p)t(p?)F2 ... (p~1)*e-1, then
]{Ii = ke—z‘ for all 4.

For any code € of length n over GR(p®, 1)
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|(5| |cgJ_| — pern‘

If € is a self-orthogonal code of length n and |€'| = p®™/2, then ¥ is
self-dual.

4. Codes over GR(p?,2)

From now on, we denote GR(p%,2) as R..

Recall that an element in R, can be written as a+0¢ where a,b € Zype.
We use the following three maps for the computation in GR(p?,2). One
is the natural projection modulo p, 7. : R. — R, and the other two
non homomorphism maps ¢ : Re — Zye and ¢y : R, — Zye defined as
1(a+bC) = a and Y9(a+b() = b. We can easily abuse these three maps
on the vectors in R componentwisely.

And let g, : Zje — Z" and h. : R} — R, be two canonical injections
componentwise.

Let v; and 5 be the composition of g. o ¥y and g, o s, respectively.
We also define the operation @,c on two vectors z,y € Z" as

@y = (1 1Y),

P° P° P°

One can easily see that

helw +) = helz) + hely) — of (ws) D)+ (ra() @w(y))Q) .

Let € be a code over R.. For 0 < i < e — 1, we can define the ith
torsion code of € as

Tor(€) = {m.(v) | p'v € €,v € R'}.
Tory(€) = m(€) is usually called the residue code and denoted by
Res(€).
Especially for the code € over Ry, we will denote Tor, (%) as ¢, and
Res(€) as 6, for the brevity.

A code € over R, with type (1)¥(p)* is equivalent to a code with
generator matrix in the standard form:

G _ Iko Al Bl + pBQ
0 ply, pCh
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where Ay, By, By and ] are matrices over R;.
If € has a generator matrix G then %, and %) have generator matrices

I, A B
GO = (]ko Al Bl) 5 Gl = ( 80 Ikl Ci) 5
1

respectively, by the definition of %, and %,. Note that 6, C % and
%] = (p*)* ()"
We can define a non-homomorphism map F : 6, — R}/% defined
by
Fx)={ye R} |z+py € E}.
Then, € = {x + py | = € 6o,y € F(x)}. Note that

Flo+y) = F(x) + Fly) + (mas) P + (@) @72@))() .

The map F'is determined by the matrix By and vice versa. Therefore
we can see that the set of codes over Ry is in one-to-one correspondence
with the set of triplets (65, 61, F).

5. Self-dual Codes over GR(p?,2)

From now on, we assume that p is an odd prime and note that a
self-dual codes over Ry of length n has the type of 1%p* such that
Qko + kﬁl =N

LEMMA 5.1. For any positive integer n, there exists a self-dual code
over Ry of length n.

Proof. The matrix pl, generates a self-dual code of length n for any
n where [,, is the nth identity matrix.
m

The following lemma is well-known.

LEMMA 5.2. Let ¥ be self-dual code over Rs. Then %, is self-
orthogonal and €;- = 6,

According to previous argument, to construct self-dual codes over R,
of length n with type 1¥p*1 above all we find a self-orthogonal code over
Ry of length n and rank ky. Then we obtain %7 as the dual code of %j.
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Finally we must choose the map F' which satisfies a certain condition for
% to be a self-dual code.

Therefore, to count the number of self-dual codes over Ry, we must
know the number of codes over R; = F,2 and the number of distinct
map F' which satisfies the certain condition. We will investigate it by
the same argument from [1] and [4] in the followings.

Let € be a self-dual codes over Ry of length n has the type of 1%¥op*1
and {ej, e, ...ex } be the basis of 6. we can enlarge the basis to the

basis {e1, €2, ... €ky, €hot1," "+ »€n} of RY. We can consider the dual basis
{el €5, €hyr Chorrs > e} defined by e;- € = 5, the Kronecker delta.
Then
R?/Cgl = <6T7 o 76;;0>

where (e, -, €5, ) is the subspace generated by {ej, e, ... e} }.

We can define the map f : 6 — (e}, --,e;,) which takes every
codeword in % to the unique representative of the map F' : 65 — R} /%)
in (€, 41, " ,¢€n). Thus we can replace F' by f.

LEMMA 5.3. Let € be a code corresponding to (6y, 61, f) over Ry of
type 1%p*1 such that 2ky + ki, = n. Then € is self-dual if and only if
the following conditions are satisfied:

(i) % — 6

(i}) b (2) - s (') p(y (£ (@) By () + By (2) B (F(&))) = 0 (mod p?)
for all x,x’ € 6.

Proof. Let € be a self-dual code. The first condition is from the
previous lemma. The second condition is deduced from the fact that for
each x,2' € €y, 2 = x + pf(x), 2/ = 2/ + pf(z’) are codewords in €
satisfying

27 = (x+pf(2) (@' +pf(a") =0 (modp?)

= hi(2) b (@) +p(ha(f () (@) +ha (@) - ha(f(2'))) =0 (mod p?).

Conversely, the two condition ensure that self-orthogonality of € and
by the type of €, |€| = |6o| - |%1]. Thus € is self-dual. O

According to the previous lemma, we can construct distinct self-dual
codes over R, from each self-orthogonal code over R; = [F)2 as follows.

Let %6, be a self-orthogonal codes over [F,2. Then we can regard % as
a residue code of a self-dual codes € with the generator matrix G. The
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basis {e},--- , ez, } can be taken as the canonical basis from row vectors
of the matrix

(I, 0).

Then, the map f is characterized by the image of a basis of %, which
can be taken as the set of row vectors of

Go= (I, A B).
Let e; be the ith row vector of Gy then the map f is defined by the
matrix

k1
M = (mij)i<ij<k, Wwhere f(e;) = Zmije?
j=1

Then, we can construct self-dual codes over R, by the following
lemma.

THEOREM 5.4. Assume that € is a code satisfying ¢, = €5 and Gy
is generator matrix of ¢y and GGy is generator matrix of €;. Then € is
self-dual with a generator matrix (non standard form)

= Iy +pM Ay By
0 pIkl pCI

if and only if

(2) Ly +p(M + MT) + Ay Al + BB =0 (mod p?).

Proof. Only if part is trivial. 4 = €;- guarantees that 2k + k; = n
and

Ilco +pM A1 Bl T _ 9
( 0 ply pCy) Do TPM AL Br) =0 (mod )
Therefore,
Ly A p(M+M")+A A/ +B,B] =0 (mod p*) = GG' =0 (mod p?)

Hence, € is self-orthogonal. From the fact that € has the type 1%p1,
16| = p*op2tt = pthot2k — 20 Thys |€] = |€1] and € is self-dual.
O



758 Whan-hyuk Choi

6. Mass Formula

THEOREM 6.1. [8,11,14,15] Let o,(n, k) be the number of self-orthogonal
codes of length n and dimension k over IF;, where ¢ = p™ for some prime
p and an integer m. Then:

(i) If n is odd,

k=10 (n—1-2i) _ 1
y(n k) = =28 :

H?:I(qi —1) B

(ii) If n is even, q even,

oy = T D [ (@ = 1) (k> 2)

H?:1(qi —1)
qn—l -1
g—1

o4(n,1) =

(iii) If n is even, q odd,

it (G Vi U ) VUi SRS

oq(n, k) = ,
' [Tia(e = 1)
—1 n/2 n/2—1 n/2
¢" = 1= n((=)"*) ("> =)
o4(n,1) = 1 ,
where n(x) is 1 if x is a square, -1 if x is not a square and 0 if
z = 0.

Note that o,(n,0) =1 for all n and q.

THEOREM 6.2. Let p be an odd prime. If 6y is a self-orthogonal
codes over a Galois ring GR(p,2) with rank k. Then the number of

distinct self-dual codes over a Galois ring GR(p?,2) corresponding to 6,
is (pQ)k(k—l)/2

Proof. By the previous argument, we know that the number of distinct
matrix M = (m,;;) determines the number of distinct self-dual codes
corresponding to é,. By the condition of (2), we can deduce that e; -
ej +p(mi;+my;) =0 (mod p?) for all e; and e, ith and jth row vectors
of G respectively. Thus, diagonal elements of M is determined by Gq
and we can set any element of GR(p,2) as m;; for i > j and mj; is
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determined by m;;. So the number of M satisfying (2) is the number of
choices of mj;s for i > j. O

COROLLARY 6.3. Let p be an odd prime. The number of distinct
self-dual codes over a Galois ring GR(p?,2) is

S op(n k) (P2,

0<k<|n/2]

where 0,2(n, k) is the number of distinct self-orthogonal codes over F.

7. examples

In this chapter we introduce some examples of self-dual codes over
GR(p?2) for p = 3,5 which are obtained by following the previous
argument. We use the computational algebra system MAGMA for com-
putation and it represents a Galois ring by a root of some intrinsic ir-
reducible polynomial. Note that we follow the representations of Galois
rings in MAGMA

7.1. Self-dual codes over GR(9,2) of length 4, type 1'3%. We can
take the irreducible polynomial for GR(3,2) and GR(9,2) commonly as
h(z) = 22 +2x+2. Let w and @ be roots of h(x) as the representatives of
GR(3,2) and GR(9,2) respectively. Then, hy(w) =w and w? =w +1 €
Zs|w] and @2 = Tw + 7 € Zg[w].

There are 4 self-orthogonal codes over GR(3,2) of length 4 with rank
k = 1 upto equivalence, whose generator matrices are as follows:

Gi=(1 0 1 1) Go=(11 14w 1+w)

Gi=(1 w 14w 1+2w) Gi=(1 0 0 1+w).
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Then we obtain the generator matrices G%’s of the torsion code as the
dual code of each self-dual codes €;’s over GR(3,2) :

1 011 1 1 14w 14w
Gi=(0 100 G2=1(0 1 0 1+w

001 2 00 1 2

1 w 14+w 142w 1 00 1+w
Gi=10 1 0 14w Gi=10 10 0

0 0 1 142w 0 0 1 0

Then, we can choose the map f as the matrix M. In this case, each
residue code has the rank k£ = 1 and is corresponding to only one self-
dual code over GR(9,2) of length 4 with type 1'3? which has generator
matrix in the standard form as follows:

1 01 4 11 1+w 1+w
Gl=10 300 G*=10 3 0 3+ 3w

00 36 0 0 3 6

1 w 14+w 7+8w 100 14w
G=|(0 3 0 3+3w]| G*=[0 3 0 0

0 0 3 3+ 6w 0 0 3 0

7.2. self-dual codes over GR(9,2) of length 5 with type 123'. Let
%o be a self-orthogonal code over GR(3,2) of length 5 with rank 2 with
generator matrix

c_ (10 1 242 14w
o= \0 1 1+w w 2+w)/’

Then we obtain a generator matrix G of 6] as a 6j,
242w 14w

10 1
Gi=101 14w W 24w
00 1 w 1+ 2w
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There are (3?)! = 9 distinct self-dual codes over GR(9, 2) with gener-
ator matrices:

10 1 2420 4+4© 1 0 1 5420 7T+4w
G'=10 1 14@ 6470 8+ GZ=10 1 14@ 644w 2470
00 3 30  3+6w 00 3 30 346w
10 1 8420 1+4w 1 0 1 845w 4+7w
G3=10 1 14® 64+w 5b+4w G*=|0 1 14® 344w 54w
00 3 30  3+6w 00 3 30 346w
1 0 1 5450 7T+70 1 0 1 845w 1+7w
G°=|0 1 14+ 34+ 8+T7w GS=10 1 14 3+7w 2+4w
00 3 30 346w 00 3 30 346w
10 1 2480 44w 10 1 5480 74+
GT=10 1 14 @ 24 @ G8=101 14@ 70 bH+70
00 3 30 346w 00 3 30 346w

10 1 8+8w 14w
1 1+w 4w 8 +4w
0 0 3 3w 3+ 6w

G9

Il
o

7.3. self-dual code over GR(25,2) of length 4 with, type 12. We
can take the irreducible polynomial for GR(5,2) and GR(25,2) com-
monly as h(z) = 22 +4x + 2. Let w and @ be roots of h(x) as the repre-
sentatives of GR(5,2) and GR(25, 2) respectively. Then, h;(w) = @ and
w? =w+ 3 € Zsw] and ©? = 21w + 23 € Zys[W)].

Let €, be a self-orthogonal code over GR(5,2) of length 4 with rank
2 with generator matrix

G_10 1 1+ 3w
o= \0 1 1+3w 4 )

It is clear that % is self-dual, thus %, = .
There are (5%)' = 25 self-dual codes corresponding the code € over

GR(25,2):



762 Whan-hyuk Choi

ol (10 14566 2143w cz_ (10 1+100 6+13w
SN0 1 2143 24+ 20w “\0 1 6+13w 24+ 15w
a3 — 1 0 1+15 16+ 23w ot — 1 0 14200 14 8w
T \0 1 164230 24+ 10w “\0 1 14+8v 24+5w
o5 (1 0 6450 11+23w a6 (10 114200 6+ 23w
“\0 1 114230 194 20w “\0 1 6423w 1445w
aro (10 214+15w 143w o8 (10 21+55 6480
—\0 1 1+3w 4+ 10w “\0 1 64+8v 4420w
- (L0 1 11+ 18w o (10 214100 16+ 186
“\0 1 11+ 18w 24 N0 1 164+18w 4+ 15w
g (10 11 16485 iz (10 11450 1418w
“\0 1 16+ 8w 14 “\0 1 1418w 14+ 20w
i (10 21 214230\ aa_ (1 0 16+156 11480
0 1 21+ 23w 4 0 1 11+8wv 9+ 10w
s (10 6+100 2148 g (10 16 6+3
0 1 21+8wv 19+ 15w 01 6+3w 9
o (10 14+156 214+136) g _ (1 0 21+200 11+13@
0 1 21+13w 14+ 10w 0 1 11+13w 4+5w
o (10 6+150 6+18m o (10 11+100 11+ 3@
0 1 6+18wv 19+ 10w 0 1 11+3w 14+ 15w
ot (10 164100 1+ 235 a2 (10 6 1+ 13w
0 1 1+23w 9+ 15w 0 1 1+13w 19
o _ (1 164200 21+ 180\ o4 _ (1 6+20w 16+ 3w
0 1 21+18v 9+5w 0 1 16+3w 19+ 5w
G2 — 1 0 16+5w 16+ 13w
A0 1 164130 9420w )
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