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SOME PROPERTIES OF THE GENERALIZED

FIBONACCI SEQUENCE {qn} BY MATRIX METHODS

Sang Pyo Jun and Kwang Ho Choi

Abstract. In this note, we consider a generalized Fibonacci se-
quence {qn}. We give a generating matrix for {qn}. With the aid of
this matrix, we derive and re-prove some properties involving terms
of this sequence

1. Introduction

For any integer n ≥ 0, the well-known Fibonacci sequence {Fn} is
defined by the second order linear recurrence relation Fn+2 = Fn+1 +Fn,
where F0 = 0 and F1 = 1. The Fibonacci sequence has been generalized
in many ways, for example, by changing the recurrence relation (see [9]),
by changing the initial values (see [6, 7]), by combining of these two
techniques (see [5]), and so on.

In [4], Edson and Yayenie defined a further generalized Fibonacci
sequence {qn} depending on two real parameters used in a non-linear
(piecewise linear) recurrence relation, namely,

qn = a1−ξ(n)bξ(n)qn−1 + qn−2 (n ≥ 2) (1)
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with initial values q0 = 0 and q1 = 1, where a and b are positive real
numbers and

ξ(n) =

{
0 if n is even
1 if n is odd

(2)

is the parity function. Also, the authors showed that the terms of the
sequence {qn} are given by the extended Binet’s formula

qn =

(
a1−ξ(n)

(ab)
n−ξ(n)

2

)
αn − βn

α− β
, (3)

where α and β are roots of the quadratic equation x2 − abx − ab = 0
and α > β.

These sequences arise in a natural way in the study of continued
fractions of quadratic irrationals (see [3]) and combinatorics on words or
dynamical system theory. Some well-known sequences are special cases
of this generalization. The Fibonacci sequence is a special case of {qn}
with a = b = 1. Pell sequence is {qn} with a = b = 2 and the k-Fibonacci
sequence is {qn} with a = b = k.

Using the extended Binet’s formula (3), Edson and Yayenie [4] de-
rived a number of mathematical properties including generalizations of
Cassini’s, Catalan’s and d’Ocagne’s identities for the Fibonacci sequence,
Yayenie [12] obtained numerous new identities of {qn}, and Zhang and
Wu [13] studied the partial infinite sums of reciprocal of {qn}.

Matrix methods are very convenient for deriving certain properties of
linear recurrence sequences. Some authors have used matrix methods or
other methods to derive some identities, combinatorial representations
of linear recurrence relations etc. In [11], the author formulated the nth
power of an arbitrary 2 × 2 matrix. In [10], the author considered a
2× 2 companion matrix and he derived some known relations involving
Fibonacci numbers. In [2], the author gave the matrix method for gen-
erating the Pell sequence. Also in [1] the matrix method is used for the
case of the k-Fibonacci and k-Lucas sequences.

In this paper, we investigate some properties of the sequence {qn} by
matrix methods. In section 2, we give a generating matrix for the terms
of the sequence {qn}. With the aid of this matrix, in section 3, we derive
or re-prove some properties involving the terms of this sequence.
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2. Matrix representations for the sequence {qn}

In this section, we define a 2×2 matrix M and we give the nth power
Mn for any integer n.

We need the following lemma.

Lemma 2.1. Let {qn}, a, b, ξ(n), α, β be as in (1), (2) and (3). For
any integer n ≥ 1, we have

αn = a
n−2+ξ(n)

2 b
n−ξ(n)

2 qnα + a
n−ξ(n)

2 b
n+ξ(n)

2 qn−1. (4)

Proof. The identity (4) holds for n = 1 from the conditions ξ(1) =
1, q0 = 0 and q1 = 1. Let n ≥ 2. Using the extended Binet’s formula
(3), we have

qn −
β2

ab
qn−2

=

(
a1−ξ(n)

(ab)
n−ξ(n)

2

)
αn − βn

α− β
− β2

ab

(
a1−ξ(n−2)

(ab)
n−2−ξ(n−2)

2

)
αn−2 − βn−2

α− β

=

(
a1−ξ(n)

(ab)
n−ξ(n)

2

){
αn − βn

α− β
− β2 (αn−2 − βn−2)

α− β

}
(∵ ξ(n− 2) = ξ(n))

=

(
a1−ξ(n)

(ab)
n−ξ(n)

2

){
αn−2(α2 − β2)

α− β

}
=

a1−ξ(n)

(ab)
n−ξ(n)

2
−1
αn−2 (∵ α + β = ab). (5)

Since α2 − abα − ab = 0, multiplying (5) by α2

ab
= α + 1 and using

αβ = −ab, we have

qnα + (qn − qn−2) =
a1−ξ(n)

(ab)
n−ξ(n)

2

αn. (6)

Using (1), multiplying (6) by (ab)
n−ξ(n)

2

a1−ξ(n)
, we obtain the identity (4).

For any positive real number k, if a = b = k, then {qn} is the k-
Fibonacci sequence {fk,n}. The Fibonacci sequence is a special case of
{fk,n} with k = 1. Pell sequence is {fk,n} with k = 2. In this case, let
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Q =

(
k 1
1 0

)
be a companion matrix of {fk,n} and

φ =
1

2
(k +

√
k2 + 4), ϕ =

1

2
(k −

√
k2 + 4)

be the roots of the quadratic equation x2−kx−1 = 0 provided k2+4 6= 0.
Then

M =

(
k2 k
k 0

)
= kQ, α =

1

2
(k2+

√
k4 + 4k2) = kφ, β =

1

2
(k2−

√
k4 + 4k2) = kϕ,

a
n−2+ξ(n)

2 b
n−ξ(n)

2 = kn−1, a
n−ξ(n)

2 b
n+ξ(n)

2 = kn.

Thus, the result in Lemma 2.1 reduces to a known identity of k-Fibonacci
numbers

φn = fk,nφ+ fk,n−1 (n ≥ 1). (7)

Let I be the 2 × 2 identity matrix. In (7), if we change φ into the
matrix Q and change fk,n−1 into the matrix fk,n−1I, then the matrix
form of the nth power Qn is given by

Qn = fk,nQ+ fk,n−1I =

(
fk,n+1 fk,n
fk,n fk,n−1

)
(see Proposition 2 in [1]),

which is proved by an inductive argument (see [1, 8–10]).

In a similar way, the sequence {qn} can also be generated by ma-
trix multiplication as follows.

Theorem 2.2. Let M =

(
ab b
a 0

)
. Then

Mn = a
n−2+ξ(n)

2 b
n−ξ(n)

2

(
a1−ξ(n)bξ(n)qn+1 bqn

aqn a1−ξ(n)bξ(n)qn−1

)
(8)

for any integer n ≥ 1.

Proof. First, in Lemma 2.1, if we change α into the matrix M and
change qn−1 into the matrix qn−1I, then the matrix form (8) is obtained.
Next, we show that the matrix form (8) holds by induction on n. For
n = 1, from the conditions ξ(1) = 1, q0 = 0, q1 = 1, we have

RHS of (8) =

(
bq2 bq1
aq1 bq0

)
=

(
b(aq1 + q0) bq1

aq1 bq0

)
=

(
ab b
a 0

)
= M1

= LHS of (8),
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and then, from the conditions ξ(n + 1) = 1− ξ(n), ξ(n + 2) = ξ(n) and
(1), we have

Mn+1

= MnM

= a
n−2+ξ(n)

2 b
n−ξ(n)

2

(
a1−ξ(n)bξ(n)qn+1 bqn

aqn a1−ξ(n)bξ(n)qn−1

)(
ab b
a 0

)
= a

n−2+ξ(n)
2 b

n−ξ(n)
2

(
a2−ξ(n)b1+ξ(n)qn+1 + abqn a1−ξ(n)b1+ξ(n)qn+1

a2bqn + a2−ξ(n)bξ(n)qn−1 abqn

)
= a

n−ξ(n)
2 b

n+ξ(n)
2

(
aξ(n)b1−ξ(n)

{
a1−ξ(n)bξ(n)qn+1 + qn

}
bqn+1

a
{
aξ(n)b1−ξ(n)qn + qn−1

}
aξ(n)b1−ξ(n)qn

)
= a

n−ξ(n)
2 b

n+ξ(n)
2

(
aξ(n)b1−ξ(n)

{
a1−ξ(n+2)bξ(n+2)qn+1 + qn

}
bqn+1

a
{
a1−ξ(n+1)bξ(n+1)qn + qn−1

}
aξ(n)b1−ξ(n)qn

)
= a

n−ξ(n)
2 b

n+ξ(n)
2

(
aξ(n)b1−ξ(n)qn+2 bqn+1

aqn+1 aξ(n)b1−ξ(n)qn

)
= a

(n+1)−2+ξ(n+1)
2 b

(n+1)−ξ(n+1)
2

×
(
a1−ξ(n+1)bξ(n+1)q(n+1)+1 bqn+1

aqn+1 a1−ξ(n+1)bξ(n+1)q(n+1)−1

)
.

Thus, the given formula in (8) is true for any positive integer n.

Since M is invertible, M−n may be interpreted as (Mn)−1 for n ≥ 0,
where M0 = I. From det(Mn) = det(M)n = (−ab)n and the matrix
form (8), we have

(Mn)−1

= (−1)na
−n−2+ξ(n)

2 b
−n−ξ(n)

2

(
a1−ξ(n)bξ(n)qn−1 −bqn

−aqn a1−ξ(n)bξ(n)qn+1

)
= a

−n−2+ξ(n)
2 b

−n−ξ(n)
2

(
a1−ξ(n)bξ(n)(−1)nqn−1 b(−1)n+1qn

a(−1)n+1qn a1−ξ(n)bξ(n)(−1)n+2qn+1

)
.

From this it is clear that if we define

q−n = (−1)n+1qn (9)

for n ≥ 1, then the sequence {qn} can be extended to negative values
of n and also Theorem 2.2 remains true for all integers n. Some of the
terms of the extended sequence {qn}∞n=−∞ are

a2b2+3ab+1, −a2b−2a, ab+1, −a, 1, 0, 1, a, ab+1, a2b+2a, a2b2+3ab+1.
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Proposition 2.3. The recurrence relation of the sequence given in
(1) holds for all integers n.

Proof. If n = 0 and n = 1, then (1) is satisfied since both sides of (1)
are equal to 0 and 1, respectively. If n < 0, then let n = −m, where
m > 0. From the conditions (9), ξ(m+ 2) = ξ(m) and (1), we have

qn − a1−ξ(n)bξ(n)qn−1 − qn−2
= q−m − a1−ξ(−m)bξ(−m)q−m−1 − q−m−2
= (−1)m+1qm − a1−ξ(m)bξ(m)(−1)m+2qm+1 − (−1)m+3qm+2

= (−1)m+1
(
(a1−ξ(m)bξ(m)qm+1 + qm)− qm+2

)
= 0.

3. Some properties of {qn} by matrix methods

In this section, with the aid of the matrix Mn in Theorem 2.2, we
derive or re-prove some properties involving the terms of the sequence
{qn} parallel to the result in [4]. The most notable side of this section
is our proof method. Although the identities we proved are known, our
proofs are not encountered in the generalized Fibonacci sequence {qn}
literature.

For any integer n, if we consider the fact that det(Mn) = det(M)n =
(−ab)n, then from Theorem 2.2 we obtain the generalized Cassini’s Iden-
tity (see Theorem 3 in [4]):

a1−ξ(n)bξ(n)qn−1qn+1 − aξ(n)b1−ξ(n)q2n = a(−1)n. (10)

When a = b = k we obtain the Cassini’s Identity for k-Fibonacci
sequences {fk,n}

fk,n−1fk,n+1 − f 2
k,n = (−1)n (see Proposition 3 in [1]).

Proposition 3.1. (d’Ocagne’s Identity) For any two integers m
and n, we have

aξ(m+n)qm+n (11)

= aξ(n)(1−ξ(m))bξ(m)(1−ξ(n))qm+1qn + aξ(m)(1−ξ(n))bξ(n)(1−ξ(m))qmqn−1
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or

aξ(m+n)qm+n = aξ(mn+n)bξ(mn+m)qm+1qn + aξ(mn+m)bξ(mn+n)qmqn−1. (12)

Proof. First, note that

ξ(m+ n) = ξ(m) + ξ(n)− 2ξ(m)ξ(n),

ξ(n)(1− ξ(m)) = ξ(nm+ n),

ξ(m)(1− ξ(n)) = ξ(nm+m).

From Theorem 2.2, we have

Mm+n =a
m+n−2+ξ(m+n)

2 b
m+n−ξ(m+n)

2

×
(
a1−ξ(m+n)bξ(m+n)qm+n+1 bqm+n

aqm+n a1−ξ(m+n)bξ(m+n)qm+n−1

)
and

MmMn = a
m+n−4+ξ(m)+ξ(n)

2 b
m+n−ξ(m)−ξ(n)

2

×
(
a1−ξ(m)bξ(m)qm+1 bqm

aqm a1−ξ(m)bξ(m)qm−1

)
×
(
a1−ξ(n)bξ(n)qn+1 bqn

aqn a1−ξ(n)bξ(n)qn−1

)
.

Since Mm+n = MmMn, by equating (1,2)-entry of Mm+n and MmMn,
respectively, which gives the conclusion.

If we change n into −n in (12) and using (9), then we obtain the
d’Ocagne’s Identity given in Theorem 5 of [4]:

(−1)naξ(m−n)qm−n = aξ(mn+m)bξ(mn+n)qmqn+1 − aξ(mn+n)bξ(mn+m)qm+1qn.
(13)

Also, if we change m into m − 1 in (12), then we obtain the identity
given in Theorem 3 of [12]:

qm+n−1 = aξ(mn+n−m)−1b1−ξ(mn+n−m)qmqn+a−ξ(mn)bξ(mn)qm−1qn−1. (14)

When m = n in the d’Ocagne Identity (11), since ξ(n)(1− ξ(n)) = 0,
we obtain

q2n = qn+1qn + qnqn−1 = qn(qn+1 + qn−1), (15)

and if m = n− 1 in the d’Ocagne identity (11), then we get

q2n−1 = (a−1b)1−ξ(n)q2n + (a−1b)ξ(n)q2n−1. (16)



688 Sang Pyo Jun and Kwang Ho Choi

Proposition 3.2. ( [4], Theorem 7 (Sum Involving Binomial
Coefficients)) For any integer n ≥ 0, we have

q2n+1 =
n∑
k=0

a
k−ξ(k)

2 b
k+ξ(k)

2

(
n

k

)
qk+1, (17)

q2n =
n∑
k=0

a
k+ξ(k)

2 b
k−ξ(k)

2

(
n

k

)
qk, (18)

q−2n+1 =
n∑
k=0

(−1)ka
k−ξ(k)

2 b
k+ξ(k)

2

(
n

k

)
q−k+1, (19)

q−2n =
n∑
k=0

(−1)ka
k+ξ(k)

2 b
k−ξ(k)

2

(
n

k

)
q−k. (20)

Proof. For M =

(
ab b
a 0

)
and M−1 =

(
0 a−1

b−1 −1

)
, Cayley-Hamilton

theorem gives M2 = abI + abM and M−2 = 1
ab
I − M−1. Using the

binomial theorem we have

M2n = (ab)n(I +M)n = (ab)n
n∑
k=0

(
n

k

)
Mk

and

M−2n =

(
1

ab
I −M−1

)n
=

n∑
k=0

(−1)k(ab)k−n
(
n

k

)
M−k.

Now, the matrix form (8) in Theorem 2.2 and (9) gives(
aq2n+1 bq2n
aq2n aq2n−1

)
=

n∑
k=0

a
k+ξ(k)

2 b
k−ξ(k)

2

(
n

k

)(
a1−ξ(k)bξ(k)qk+1 bqk

aqk a1−ξ(k)bξ(k)qk−1

)
and(
aq−2n+1 bq−2n
aq−2n aq−2n−1

)
=

n∑
k=0

(−1)ka
k+ξ(k)

2 b
k−ξ(k)

2

(
n

k

)(
a1−ξ(k)bξ(k)q−k+1 bq−k

aq−k a1−ξ(k)bξ(k)q−k−1

)
.
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Equating corresponding entries in the first row gives identities (17), (18),
(19) and (20).

Remark 3.3. The above identities can be obtained directly from the
extended Binet formula (3). However, the matrix method is noticeably
simpler.

Proposition 3.4. For any two integers n ≥ 1 and k ≥ 1, we have

(a−1b)ξ(kn)+kξ(n)qkn+1qkn−1 − (a−1b)1−ξ(kn)+kξ(n)q2kn

=
(
(a−1b)2ξ(n)qn+1qn−1 − (a−1b)q2n

)k (21)

Proof. Matrix identity Mkn = (Mn)k gives

a
kn−2+ξ(kn)

2 b
kn−ξ(kn)

2

(
a1−ξ(kn)bξ(kn)qkn+1 bqkn

aqkn a1−ξ(kn)bξ(kn)qkn−1

)

= a
k(n−2+ξ(n))

2 b
k(n−ξ(n))

2

(
a1−ξ(n)bξ(n)qn+1 bqn

aqn a1−ξ(n)bξ(n)qn−1

)k
.

Taking the determinant of the above matrices yields the identity (21).
In fact, since det(M) = −ab, both sides of (21) are equal to (−ab)kn.

Proposition 3.5. For any integer n ≥ 0 and for any integer m,

qm+n + (−1)nqm−n = (a−1b)ξ(n)(1−ξ(m))(qn−1 + qn+1)qm. (22)

Proof. Consider

Mn + (−ab)nM−n = a
n−ξ(n)

2 b
n+ξ(n)

2 (qn−1 + qn+1)I.

Multiplying through by Mm, for any m, and taking the off-diagonal
entries yields

a
ξ(m+n)

2 b−
ξ(m+n)

2 qm+n + (−1)na
ξ(m−n)

2 b−
ξ(m−n)

2 qm−n

= a
ξ(m)−ξ(n)

2 b
ξ(n)−ξ(m)

2 (qn−1 + qn+1)qm.

From ξ(n+m) = ξ(n−m) and ξ(n+m) = ξ(n) + ξ(m)− 2ξ(n)ξ(m),
we obtain the identity (22).

Proposition 3.6. ([4], Theorem 6 (Additional Identities)) qn divides
qnm for any nonzero integers n and m.
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Proof. First, q1 = 1 divides qm for any integer m. Also, q2 = a divides
q2m for any integer m. Let n be an integer such that n ≥ 3. We show
that qn divides qnm for any integer m. From (15), qn divides q2n. More
generally, from Theorem 2.2, Mn is a diagonal matrix modulo qn, and
so (Mn)m is also diagonal matrix modulo qn for any integer m; but

(Mn)m = Mnm =a
mn−2+ξ(nm)

2 b
mn−ξ(nm)

2

×
(
a1−ξ(nm)bξ(nm)qnm+1 bqnm

aqnm a1−ξ(nm)bξ(nm)qnm−1

)
has off-diagonal entries aqnm and bqnm, from which it follows that qn

divides qnm for all n,m since a, b is not divided by qn. Since q−n =
(−1)n+1qn for any integer n ≥ 1, our proof is complete.

Proposition 3.7. If qn is prime then n is prime where n is any integer
such that n > 1 and n 6= 4.

Proof. If qn is prime and n = rs with 1 < r < n, 1 < s < n, then
qr and qs both divide qn by Proposition 3.6; hence qr = qs = 1, and so
n is either itself prime or equal to 4, which is contradiction. Thus n is
prime.

Proposition 3.8. ([4], Theorem 6 (Additional Identities)) For any
two integers r and s, gcd(qr, qs) = qgcd(r,s), where gcd(r, s) is the greatest
common divisor of two integers r and s.

Proof. Let d = gcd(r, s). Then d divides r and s, so qd divides qr and
qs by Proposition 3.6; hence it divides gcd(qr, qs). And we also know
that d = rx + sy for some integers x and y, whence from the d’Ocagne
identity (11) we have

qd = qrx+sy = (a−1b)
ξ(rx)−ξ(sy)+ξ(d)

2 qrx+1qsy + (a−1b)
ξ(sy)−ξ(rx)+ξ(d)

2 qrxqsy−1.

Since gcd(qr, qs) divides both qr and qs, it divides qrx and qsy by Propo-
sition 3.6; hence it divides qd. We have thus shown that qd = gcd(qr, qs).
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