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([r, s], [t,u])-INTERVAL-VALUED INTUITIONISTIC FUZZY
ALPHA GENERALIZED CONTINUOUS MAPPINGS

CHUN-KEE PARK

ABSTRACT. In this paper, we introduce the concepts of ([r, s], [t, u])-
interval-valued intuitionistic fuzzy alpha generalized closed and open
sets in the interval-valued intuitionistic smooth topological space
and ([r, 8], [t, u])-interval-valued intuitionistic fuzzy alpha general-
ized continuous mappings and then investigate some of their prop-
erties.

1. Introduction

After Zadeh [16] introduced the concept of fuzzy sets, there have been
various generalizations of the concept of fuzzy sets. Chang [4] introduced
the concept of fuzzy topology on a set X by axiomatizing a collection T" of
fuzzy subsets of X and Coker [6] introduced the concept of intuitionistic
fuzzy topology on a set by axiomatizing a collection 7' of intuitionistic
fuzzy subsets of X. Chattopadhyay, Hazra and Samanta [5,7] intro-
duced the concept of gradation of openness of fuzzy subsets. Zadeh [17]
introduced the concept of interval-valued fuzzy sets and Atanassov [1]
introduced the concept of intuitionistic fuzzy sets. Atanassov and Gar-
gov [2] introduced the concept of interval-valued intuitionistic fuzzy sets
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which is a generalization of both interval-valued fuzzy sets and intuition-
istic fuzzy sets. Mondal and Samanta [9,15] introduced the concept of
intuitionistic gradation of openness and defined an intuitionistic fuzzy
topological space. Jeon, Jun and Park [8] introduced the concepts of
intuitionistic fuzzy alpha closed sets and intuitionistic fuzzy alpha con-
tinuous mappings. Sakthivel [14] introduced the concepts of intuition-
istic fuzzy alpha generalized closed sets and intuitionistic fuzzy alpha
generalized continuous mappings.

In this paper, we introduce the concepts of ([r, s|, [t, u])-interval-valued
intuitionistic fuzzy alpha generalized closed and open sets in the interval-
valued intuitionistic smooth topological space and ([r, s], [t, u])-interval-
valued intuitionistic fuzzy alpha generalized continuous mappings and
then investigate some of their properties.

2. Preliminaries

Throughout this paper, let X be a nonempty set, I = [0, 1], Iy = (0, 1]
and [; = [0,1). The family of all fuzzy sets of X will be denoted by
I¥. By Oy and 1x we denote the characteristic functions of ¢ and X,

respectively. For any A € IX, A° denotes the complement of A, i.e.,
Ac=1x — A

DEFINITION 2.1. [3,5,13]. A gradation of openness (for short, GO) on
X, which is also called a smooth topology on X, is a mapping 7 : IX — I
satisfying the following conditions:

(GO1) 7(0x) = 7(1x) = 1,

(GO2) 7(AN B) > 7(A) A7(B) for each A, B € I*,

(GO3) T(User Aj) > Nier T(A;) for each subfamily {4; : i € T} C IX.

The pair (X, 7) is called a smooth topological space (for short, STS).

DEFINITION 2.2. [9]. An intuitionistic gradation of openness (for
short, IGO) on X, which is also called an intuitionistic smooth topol-
ogy on X, is an ordered pair (7, 7*) of mappings from I¥ to I satisfying
the following conditions:

(IGO1) 7(A) + 7*(A) < 1 for each A € IX,

(IGO2) 7(0x) =7(1x) =1 and 7*(0x) = 7"(1x) = 0,

(IGO3) T(ANB) > 17(A) A7(B) and 7" (AN B) < 7*(A) V 7%(B) for
each A, B € IX,
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(IGO4) T(Uiel“ Al) Z /\ieF T(Al) and T*(Uiel“ A,) S \/ier T*(Al) for
each subfamily {A; :i € '} C I¥.

The triple (X, 7, 7%) is called an intuitionistic smooth topological space
(for short, ISTS). 7 and 7% may be interpreted as gradation of openness
and gradation of nonopenness, respectively.

Let D(I) be the set of all closed subintervals of the unit interval I.
The elements of D(I) are generally denoted by capital letters M, N, - - -
and M = [M*, MY], where ML and MV are respectively the lower and
the upper end points. Especially, we denote r = [r, 7] for each r € I.
The complement of M, denoted by M€, is defined by M =1—- M =
[1— MY, 1 — M¥*]. Note that M = N iff ML = N and MY = NV and
that M < N iff ML < N and MY < NV,

DEFINITION 2.3. [17]. A mapping A = [A* AY] : X — D(I) is
called an interval-valued fuzzy set (for short, IVFS) on X, where A(z) =
[AL(z), AY(x)] for each x € X. AL(x) and AY(x) are called the lower
and upper end points of A(x), respectively.

DEFINITION 2.4. [10]. Let A and B be IVFSs on X.

(i) A= B iff AL(x) = BL(x) and AY(x) = BY(z) for all z € X.

(i) A C B iff A¥(z) < BY(x) and AY(x) < BY(x) for all z € X.

(iii) The complement A of A is defined by A°(z) = [1 — AY(z),1 —
AL(z)] for all x € X.

(iv) For a family of IVFSs {A; : ¢ € '}, the union U;erA; and the
intersection N;crA; are respectively defined by

UierAi(z) = [Vier AF (), Vier AY (z)],
miGFAi(*T) = [/\z’eFAiL<5’3'>7 /\ieFA?(l’)]
for all z € X.

DEFINITION 2.5. [2]. A mapping A = (pua,va) : X — D(I) x D(I) is
called an interval-valued intuitionistic fuzzy set (for short, IVIFS) on X
where py 1 X — D(I) and vy : X — D(I) are interval-valued fuzzy sets
on X with the condition sup,¢ y 14 (x)+sup,cy ¥4 (z) < 1. The intervals
pa(z) = [ph(x), p4(2)] and va(z) = [V (x), vy (x)] denote the degree of
belongingness and the degree of nonbelongingness of the element z to
the set A, respectively.

DEFINITION 2.6. [11]. Let A = (pa,va) and B = (up,vp) be IVIFSs
on X.
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() A C B it ih(x) < uhe), n(x) < pli() and vk(z) > vh(2),
(z) > v5(z) for all z € X.
(ii) A=Bif AC Band B C A.

(iii) The complement A° of A is defined by pac(z) = va(x) and
Vac(z) = pa(zx) for all x € X.

(iv) For a family of IVIFSs {A; : i € '}, the union U;crA; and the
intersection N;erA; are respectively defined by

Huer A, (ZL’) - UiGF:uAi ('17)7 Wer4; ({L‘) = miEFVAi ("L‘)7
Hryer4; (l‘) = ﬂiEFuAi<x>7 Vnier4; ((E) = Uijerva, (x)
for all z € X.

3. ([r, s], [t, u])-interval-valued intuitionistic fuzzy alpha closed
and open sets

DEFINITION 3.1. [12]. An interval-valued intuitionistic gradation of
openness (for short, IVIGO) on X, which is also called an interval-
valued intuitionistic smooth topology on X, is an ordered pair (1,7*) of
mappings 7 = [7F, 7V] : I¥ — D(I) and 7 = [7*F, Y] . IX — D(I)
satisfying the following conditions:

(IVIGO1) 7L (A) < 7Y(A), 7*F(A) < 7Y (A) and 7V (A) +7Y(A) < 1
for each A € I,

(IVIGO2) 7(0x) = 7(1x) =1 and 7*(0x) = 7*(1x) = 0,

(IVIGO3) 7¥(AN B) > 75 (A) AT5(B), TY(AN B) > 7Y(A) A7Y(B)
and 7*(AN B) < 74 (A) v 4(B), V(AN B) < 7Y (A) v Y(B) for
each A, B € IX,

(IVIGO4) 75(Ujer Ai) > Aier 75(Ai), 7Y (Uier 4i) > Nier 7V (A)
and T*L(Uier Al> < viGF T*L<Ai), T*U(Uier Al> < viGF T*U(AZ') for each
subfamily {4; : i € T} C I¥.

The triple (X, 7,7*) is called an interval-valued intuitionistic smooth
topological space (for short, IVISTS). 7 and 7* may be interpreted as
interval-valued gradation of openness and interval-valued gradation of
nonopenness, respectively.

DEFINITION 3.2. [12]. Let (X, 7,7*) be an IVISTS, A € I* and
[r,s] € D(lp), [t,u] € D(I;) with s +u < 1.

(i) A is called an ([r, s], [¢, u])-interval-valued intuitionistic fuzzy open
set (for short, ([r,s], [t,u])-IVIFOS) if 7(A) > [r, s] and 7*(A4) < [t, u].



([r, 8], [t, u])-IVIFaG continuous mappings 265

(i) Ais called an ([r, s, [t, u])-interval-valued intuitionistic fuzzy closed
set (for short, ([r, s, [t, u])-IVIFCS) if 7(A°) > [r, s] and 7"(A°) < [t,u].

DEFINITION 3.3.[12]. Let (X, 7,7*) be an IVISTS, A € [ and [r, s] €
D(1y), [t,u] € D(I;) with s +u < 1. The ([, s], [t,u])-interval-valued
intuitionistic fuzzy closure and ([r, s, [t, u])-interval-valued intuitionistic
fuzzy interior of A are defined by

Cl[r,s},[t7u](A) =n{K € I¥ ACK, Kisan ([r, s, [t, u])-IVIFCS},

ity g (4) = U{G € I* : G C A, Gisan ([r,s], [t,u])-IVIFOS}.

DEFINITION 3.4. Let (X,7,7*) be an IVISTS, A € IX and [r,s] €

(i) A is called an ([r, s, [t, u])-interval-valued intuitionistic fuzzy o-
closed set (for short, ([r, s], [t, u])-IVIFaCS) if clp. g it (1108 5], ft,0) (L] ]
(4))) € A.

(ii) A is called an ([r, s, [t, u])-interval-valued intuitionistic fuzzy o-
open set (for short, ([r, s, [t, u])-IVIFaOS) if A®is an ([r, s], [t, u])-IVIFaCS,
or equivalently, A C int[r,s},[t,u](Cl[r,s],[t,u}(int[r,s},[t,u](A)))-

Note that if A is an ([r, s], [t,u])-IVIFCS then A is an ([r, s], [, u])-
IVIFaCS and that if A is an ([r, s], [t, u])-IVIFOS then A is an ([r, s], [¢, u])-
IVIFaOS.

EXAMPLE 3.5. Every ([r, s], [¢, u])-IVIFaCS need not be an ([r, s|, [t, u])-
IVIFCS and every ([r, s], [t,u])-IVIFaOS need not be an ([r, s], [¢, u])-
IVIFOS

Let X = {a,b}. Define Fy, Fy, 3, F, € IX as follows:

Fy ={(a,0.4),(b,0.4)}, Fy ={(a,0.5),(b,0.6)}, F5={(a,0.5),(b,0.4)},
Fy ={(a,0.6),(b,0.6)}.
Define 7,7* : I* — D(I) as follows:

1 if Ae{0x,1x},

0.7,0.8] if A= F,

"M =9 0405 ifa=r,
0 otherwise.
0 if Ae {0y, 1x},
0.1,0.2] if A= F,
T(A) =

0.3,0.4] if A=F,

1 otherwise.
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Let [r,s] = [0.5,0.6] and [t,u] = [0.2,0.3]. Then F} is an ([r,s], [t
IVIFaCS, but F; is not an ([r, s], [¢t, u])-IVIFCS. Also F} is an ([r, s], |
IVIFaOS, but Fy is not an ([r, s], [t, u])-IVIFOS.

REMARK 3.6. Let (X, 7,7*) be an IVISTS, A € I* and [r, s] € D(Iy),
[t,u] € D(I;) with s +u < 1. Then

(i) Any intersection of ([r, s|, [t, u])-IVIFaCSs is an ([r, s], [t, u])-IVIFaCS.
(ii) Any union of ([r, s|, [¢t, u])-IVIFaOSs is an ([r, s|, [¢, u])-IVIFaOS.

DEFINITION 3.7. Let (X, 7,7*) be an IVISTS, A € IX and [r,s] €
D(1y), [t,u] € D(Iy) with s+u < 1. The ([r, s], [t, u])-interval-valued in-
tuitionistic fuzzy a-closure and ([r, s|, [t, u])-interval-valued intuitionistic
fuzzy a-interior of A are defined by

aclp g (A =N{K e I* : AC K, K is an ([r, s], [t, u])-IVIFaCS},
ainty. g i (A) = U{G € I* : G C A, Gis an ([r, s, [t, u])-IVIFaOS}.

Note that int[r’s}’[t,u](A) - Ozint[r,s],[m](A) C A C acl[r,s]’[t,u](A) -
Clir,t) (A)

THEOREM 3.8. Let (X,7,7*) be an IVISTS, A,B € I and [r,s] €
D(1y), [t,u] € D(Iy) with s +u < 1. Then

(i) OéCl[r,s],[t,u]mX) = OX.

(i) A € a0 (A)-

(iii) acl[m],[t’u](A) g @Cl[r,s],[t,u](B) irA g B.

(iV) @Cl[r,s},[t,u](A U B) D) acl[r,s],[t,u] (A) U Ozcl[ns]’[t,u](B),

acl[m“t,u](/l N B) - OéCl[r,s],[t,u](A) N acl[r,s},[m](B).

(v) A= acly g (A) if and only if A is an ([r, s], [t, u])-IVIFaCS.

(Vi) ad[r,s},[t,u](aCl[r,s},[t,u](A)) = Oéd[r,s},[t,u](A)-

(Vii) Oécl[r7s],[t7u}(AC) = (O&int[r7s]7[t7u](A))c.

Proof. (i), (ii) and (iii) follow directly from Definition 3.7.

(iv) Tt follows directly from (iii).

(v) It follows directly from Definition 3.7 and Remark 3.6.

(vi) By Definition 3.7 and Remark 3.6, acclyy g 11, (A) is an ([r, s], [¢, u])-
IVIFaCS. By (v), aclp g itu (ol s 0 (A) = acly g 0 (A)



([r, 8], [t, u])-IVIFaG continuous mappings 267

(vii) By Definition 3.7, we have
aclpy g e (A°)
=n{K eI*:A°CK, Kisan (r,s],[t,u])-IVIFaCS}
=n{G° e I*: A°C G G°is an ([r, 5], [t,u])-IVIFaCS}
=(U{GeTI*:GCA, Gisan (|r,s],[t,u])-IVIFeOS})*
= (Oéint[rvs]v[t’u](A))c.
[

THEOREM 3.9. Let (X,7,7%) be an IVISTS, A,B € I* and [r,s] €
D(Iy), [t,u] € D(Iy) with s +u < 1. Then

() aintp. 4 [, u](lx) =1x.

(i) ainty g, (A) C A.

(iii) ainty. g it, u](A) C aintp 4 ¢, u](B) if AC B.

(lV) amt [r,s],[t,u] (A U B) D aznt[r sl.t, u}(A) U Ozint[r,s},[t’u](B),

ainty. ), t,u](A NB)C alnt[r,s},[t,u](A) N aint[r,s],[t,u}(B)'

(v) A = ainty g 1. (A) if and only if A is an ([r, s], [t, u])-IVIFaOS.

(Vi) az’nt[mw,u](aint[ns]’[t’u} (A)) = aint[r7s]7{t7u}(A).

(Vii) Ozint[ns]’[t’u](z‘lc) = (acl[r’s]’[t,u] (A))C.

Proof. The proof is similar to Theorem 3.8. O

4. ([r,s],[t,u])-interval-valued intuitionistic fuzzy alpha con-
tinuous mappings

DEFINITION 4.1. Let (X, 7,7*) and (Y,n,n*) be two IVISTSs and
[r,s] € D(Ip), [t,u] € D(I;) with s+u < 1 and let f: X — Y be a map-
ping. f is called an ([r, s], [t, u])-interval-valued intuitionistic fuzzy a-
continuous mapping (for short, ([r, s], [t, u])-IVIFa-continuous mapping)
if f~1(B)isan ([r,s], [t,u])-IVIFaCS of X for each ([r, s], [t, u])-IVIFCS
BotY.

Note that f : X — Y is an ([r, s, [t, u])-IVIFa-continuous mapping
if and only if f~1(B) is an ([r, s], [t, u])-IVIFaOS of X for each ([r,s],
[t,u])-IVIFOS B of Y.

THEOREM 4.2. Let (X, 7,7*) and (Y, n,n*) be two IVISTSs and [r, s] €
D(1y), [t,u] € D(I;) with s +u < 1 and let f : X — Y be a mapping.
Then the following statements are equivalent.
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(i) f is an ([r, s], [t, u])-IVIFa-continuous mapping.

(1) clir.s) fra (1t o] ) (€lprs) ) (FTH(B)))) € 7 (el 1) (B)) for each
Bel.

(iii) f(Cl[r,sL[t,u] (int[r,s],[t,u} (Cl[r,s],[t,u](A)))) g Cl[r75]7[t7u]<f(A)) for each
Aelrl*.

Proof. (i)=(ii). Let B € I. Then cl g 1.,(B) is an ([r, s], [t, u])-
IVIFCS of Y. Since f is an ([r,s], ¢, u])-IVIFa-continuous mapping,
f7H(clp g0 (B)) is an ([r, s], [, u])-IVIFaCS of X. Hence

Sl ) (B)) 2 iy frau) (00t o) ) (i) fr) (F (s 10 (B)))))

2 lipap ) (i85 .0 (Clirs] ) (7 (B))))-

(ii)=(iii). Let A € I*. Then f(A) € IY. By (i),

. (CZ[T,SHt,U](f(A))) 2 clir,s),ft,u) (01, s] [t.0] (o) U}(f_l(f(A)))))
2 CZ’I‘S] [t,u] (Znt[rs 1,[¢, u](Cl[r s, [t,u] (A)))

Hence

clir,s),ftu) (f (A))

2
2

FU 7 (a0 (f(A))))

T (elp o] 0 (10 5] 1] (Clprs) 0] (A)))) -
(iii)=(i). Let B be an ([r, s], [t,u])-IVIFCS of Y. Then clj g 1.4 (B) =

B and f~Y(B) € I*. By (iii),

F(ls), 10 (0 1500 (Lot (F T (B))))) € syt (F(fTH(B)))
C cljpg, 1t (B) = B.

Hence
clir, s itu) (10 ), 0] (i) (FH(B))))
C FH () g (10 ) ) (s ) (f 7 (B))))))
C f7(B).
Thus f~1(B)isan ([r, s], [t,u])-IVIFaCS of X. Hence f is an ([r, s, [t, u])-
IVIFa-continuous mapping. O

THEOREM 4.3. Let (X, 7,7*) and (Y, n,n*) be two IVISTSs and [r, s] €
D(Iy), [t,u] € D(I;) with s+u < 1 and let f : X — Y be a mapping.
Then the following statements are equivalent.

(i) f is an ([r, s], [t, u])-IVIFa-continuous mapping.

(ii) f(acl[,q,s],[m](A)) C clpg, o 1(f(A)) for each A € I'*,

(iil) ol g, it (f7HB)) C [l st (B)) for each B € IY.
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(iv) fH(int g 0 (B)) C cintpy. . (f~H(B)) for each B € TY.

Proof. (i)=(ii). Let A € I’*. Then clj g 1.4 (f(A)) is an ([r, s], [t, u])-
IVIFCS of Y. Since f is an ([r,s], [t, u])-IVIFa-continuous mapping,
FH(clps e (f(A))) is an ([r, 8], [, u])-IVIFaCS of X. By Theorem 3.8,

acliy fru)(A) € aclyg i (f 7 (f(A)))
= Oécl[r Lt u](ffl(cl[r,sl,[t,u}(f(A))))

Hence

f(ad[r,s],tu( )) C f(f ( [r,s],[t, u](f(A))))
C it (f(A)).
(ii)=>(iii). Let B € IV. Then f~*(B) € I*. By (ii),

f(aCl[r,S],[t,u](fil(B))) C CZ[T,S],[t,U}(f(fil(B») C clps,t, U](B)-

Hence

acly gt (f7H(B)) C fH(flaclyg i (fT(B))) € f~H el ) (B))-
(iii)=(iv). Let B € IV. By (iii) and Theorem 3.8,
(aintpys) u (f7H(B)))S = aclpgpa(f(B))
cf (Clrs 1,It, u](BC))
= (7 (intg 50 (B))) .

Hence = (int(y 110 (B)) € @inty g j1u (f 7 (B)).
(iv)= (1) Let B be an ([r, s], [t, u])-IVIFOS of Y. Then int}, g ,.(B) =
Bandf (B )EIX By (iv),
) =

(B (mtrs] It, u}(B)) C aint[r,s],[t,u](f_l(B)) C f_l<B)'

Thus f Y(B) = amt[m] itw(f71(B)). By Theorem 3.8, f~}(B) is an
([r, s, [t, u])-IVIFaOS of X. Hence fis an ([r, s], [¢, u|)-IVIFa-continuous
mapping. 0

THEOREM 4.4. Let (X, 7,7*) and (Y, n,n*) be two IVISTSs and [r, s] €
D(1y), [t,u] € D(I) with s +u < 1 and let f : X — Y be a bijective
mapping. Then f is an ([r, s], [t, u])-IVIFa-continuous mapping if and
only if ’L’nt[ﬂs]’[tu}(f(A)) - f(aint[r,s],[uu](A)) for each A € IX.
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Proof. Let f be an ([r,s], [t, u])-IVIFa-continuous mapping and let
A € I*. Then inty g (f(A)) is an ([r, s], [t,u])-IVIFOS of Y. Since
fis an ([r, s], [t, u])-IVIFa-continuous mapping, f~'(int. g .. (f(A))) is
an ([r, s], [t,u])-IVIFaOS of X. By Theorem 3.8 and injectivity of f,
FHint 0,00 (f(A)) = aintips) e (f 7 (intrs) e (F(A))))

C aintpyg, 0 (f T (F(A)))
= Ozint[nsuau](A).

By surjectivity of f,
ity s fra) (F(A) = F(FTH @0ty 100 (F(A)))) S flaint, g (A))-

Conversely, let B be an ([r, s], [t, u])-IVIFOS of Y. Then intp. g . (B) =
B and f~'(B) € IX. By hypothesis and surjectivity of f,

B = int[r7s]7[t,u}(3) = int[r,s],[t,u](f(f_l(B)))
C flaintpgpu(f(B)))
C f(f71(B)) =B.

Thus B = f(ainty g . (f (B))). By injectivity of f,

FHB) = [ (fainty g (f7H(B)))) = aintpygpa(f 7 (B)).

By Theorem 3.8, f~*(B) is an ([r, 5], [t, u])-IVIFaOS of X. Hence f is
an ([r, s], [t, u])-IVIFa-continuous mapping. O

From Theorem 4.3 and Theorem 4.4, we can obtain the following
corollary.

COROLLARY 4.5. Let (X,7,7%) and (Y,n,n*) be two IVISTSs and
[r,s] € D(Iy), [t,u] € D(I) with s+u < 1l andlet f : X — Y be a
bijective mapping. Then the following statements are equivalent.

(i) f is an ([r, s], [t, u])-IVIFa-continuous mapping.

(i) f(aclys,pa(A)) C clp, s] [tu 1(f(A)) for each A € TX.

(iii) acl[m] it (fH(B)) C (el u](B)) for each B € I".

(iv) f7H(inty g pa(B)) C amtrs] it (f1(B)) for each B € I".

(v) intp s tu (F(A)) C f(ainty. g, (A)) for each A € TX.
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5. ([r,s], [t,u])-interval-valued intuitionistic fuzzy alpha gen-
eralized closed and open sets

DEFINITION 5.1. Let (X, 7,7*) be an IVISTS, A € [ and [r,s] €
D(Iy), [t,u] € D(I;) with s +u < 1.

(i) A is called an ([r, s, [t, u])-interval-valued intuitionistic fuzzy o-
generalized closed set (for short, ([r, s], [t, u])-IVIFaGCS) if accl 5] 1) (A)

C U whenever A C U and U is an ([r, s], [t, u])-IVIFOS.

(ii) A is called an ([r, s, [t, u])-interval-valued intuitionistic fuzzy o-
generalized open set (for short, ([r, s, [t, u])-IVIFaGOS) if A®isan ([r, s], [t, u])-
IVIFaGCS, or equivalently, U C aintp. g ¢4 (A) whenever U C A and U
is an ([r, s, [t, u])-IVIFCS.

Note that if A is an ([r, s], [t, u])-IVIFaCS then A is an ([r, s|, [¢, u])-

IVIFaGOS.

EXAMPLE 5.2. Every ([r, s], [t, u])-IVIFaGCS need not be an ([r, s], [¢, u])-
IVIFaCS and every ([r, s, [t, u])-IVIFaGOS need not be an ([r, s], [, u])-
IVIFaOS.

Let X = {a,b}. Define F|, Iy, I3, Fy € I¥ as follows:

Fiy ={(a,0.4),(b,04)}, F» ={(a,0.5),(b,0.6)}, F3={(a,0.6),(b,0.6)},
Fy ={(a,0.5),(b,0.4)}.
Define 7,7* : I* — D(I) as follows:

1 if A€ {0y, 1x),

0.7,0.8] if A= F,

A
m(4) 0.4,0.5] if A= F,
0 otherwise.
0 ifAec {Ox, lx},
[0.1,0.2] if A= F,
TH(A) =

0.3,0.4] if A= F,

1 otherwise.

Let [r,s] = [0.5,0.6] and [t,u] = [0.2,0.3]. Then F, is an ([r, s], [¢t, u])-
IVIFaGCS, but F, is not an ([r, s], [t, u])-IVIFaCS. Also Fy is an ([r, s], [t, u])-
IVIFaGOS, but Fj is not an ([r, s|, [¢, u])-IVIFaOS.
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ExAMPLE 5.3. The intersection of two ([r, s|, [t, u])-IVIFaGCSs need
not be an ([r,s], [t,u])-IVIFaGCS and the union of two ([r,s], [t, u])-
IVIFaGOSs need not be an ([r, s, [¢, u])-IVIFaGOS.

Let X = {a,b,c}. Define Gy, G, G3 € I¥ as follows:

G = {(a’7 1)7 (b7 0)7 (C7 O)}7 Go = {<a7 1)7 (ba 1)7 (C, O)}a
G3 = {(aa 1)7 (b7 O)a (Ca 1)}

Define 7,7* : I* — D(I) as follows:

(1 if A e {0y, 1x},

0.7,0.8] if A= G,

7(A) = { [0.5,0.6] if A= G,

[0.3,0.4] if A= G;,

\ 0 otherwise.

(0 if Ae{0x,1x},
[0.1,0.2] if A= Gy,
7"(A) =< [0.3,0.4] if A= Gy,
[0.5,0.6] if A= Gs3,
1 otherwise.

Let [r,s] = [0.6,0.7] and [t,u] = [0.2,0.3]. Then the only ([r,s], [¢, u])-
IVIFOSs are Ox, 1x and Gy and the only ([r, s], ¢, u])-IVIFCSs are O,
lx and GYf. Also G; C G5 and G; C G5. Let Gy C U and let
U be an ([r, s], [t,u])-IVIFOS. Then U = 1x and so acl q1.u(G2) C
lx = U. Hence Gy is an ([r, s, [t, u])-IVIFaGCS. Similarly, G is also
an ([r, s}, [t,u])-IVIFaGCS. Now Gy N Gs = Gi.  clp g 0 (10,6, [t0]
(clpps, it (G1))) = s it (It s 1) (1x)) = s (1x) = 1x € Gy
Hence G is not an ([r, s], [t,u])-IVIFaCS. Let G; C U and let U be an
([r, s, [t, u])-IVIFOS. Then U = Gy or U = 1x. In the case U = Gy,
by Theorem 3.8(v) G # acly g 11,4 (G1) since Gy is not an ([r, s], [t, u])-
IVIFaCS. Thus acljy g, (G1) 2 Gi. Hence acly g 4.4 (G1) ¢ G =U.
Thus Gy is not an ([r, 5], [t, u])-IVIFaGCS.

By taking the complementation in the above example, the union of

two ([r, s, [t, u])-IVIFaGOSs need not be an ([r, s], [t, u])-IVIFaGOS.

DEFINITION 5.4. Let (X, 7,7*) be an IVISTS, A € [ and [r,s] €
D(1y), [t,u] € D(I;) with s +u < 1. The ([, s], [t,u])-interval-valued
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intuitionistic fuzzy a-generalized closure and ([r, s], [t, u])-interval-valued
intuitionistic fuzzy a-generalized interior of A are defined by
agcly g pu(A) =N{K e I : AC K, Kis an ([r, s], [t, u])-IVIFaGCS},
agint. g pa(A) =U{G € I : G C A, Gis an ([r, s], [t, u])-IVIFaGOS}.

Note that aint[r,s],[t,u} (A) - Oégint[r,s],[t,u] (A) C AC Ozgcl[rys]’[tyu} (A) -
acly gt (A).

THEOREM 5.5. Let (X,7,7*) be an IVISTS, A,B € I and [r,s] €
D(1y), [t,u] € D(I;) with s +u < 1. Then

() agd[rs] tu](OX) = Ox.

(H) A - agclrs 1,[t,u] (A)

(ili) agely g tu}(A) C agcly g0 (B) if AC B.

(iv) ozgcl[rs L, u](A UB)D agcl[r S| [t, u](A) U agcl[m},[t,u](B),

Ozgcl[r 8], [t (A NB) C Ofgd[r,s],[t,u} (A)N chcl[r’s]’[t,u}(B).

(v) A= agcly g (A) if Ais an ([r,s], [t,u])-IVIFaGCS.
(vi) agcly o) it (@gcly ot (A)) = agelp,q) i (A)-

(vi) agely g it (A°) = (aginty g i (A4))°.

Proof. (i), (ii) and (iii) follow directly from Definition 5.4.

(iv) It follows directly from (iii).

(v) It follows directly from Definition 5.4.

(vi) By (ii) and (iii), Ozgcl[,n,S],[t,u](A) - agCl[r,s},[t,u](Oégd[r,s},[t,u](A))-
Suppose that agely. o iu(agcly st (A)) € agely s pa(A). Then there
exists # € X such that (agcly g0 (A))(2) < (agcly g, (agelpq wa(A)))(@).
Choose a € (0, 1) with (OZQCl[r,s],[t,u](A))(ﬂf) <a< (OégCl[r,s],[t,u](OégCl[r,s],[t,u]
(A)))(z). Since (agcly.q,tu(A))(x) < a, by Definition 5.4 there exists
an ([r, s], [t,u])-IVIFaGCS K such that A C K and K(z) < a. Since
K is an ([r,s], [t,u])-IVIFaGCS with A C K, agcly q,44(A) € K and
also agcly g (agcly g pw(A)) € K. Hence (agcly g iu(agcly ot
(A)))(xz) < K(x) < a. This is a contradiction. Hence agcly. o .0 (gl ot
Eﬁ;) C agclyy gt (A). Therefore agely g 10 (gcly, o i (A)) = agclp g i

(vii) By Definition 5.4, we have

agcli. ) jt.u (A°)

=n{K eI*:A°C K, Kisan ([r,s],[t,u])-IVIFaGCS}

=n{G° € I*: A°C G G°is an ([r, s], [t,u])-IVIFaGCS}

=(U{GeI*:GCA, Gisan (r,s],[t,u])-IVIFaGOS})*

= (Ozgint[r7s]7[t7u](z4))c.
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]

THEOREM 5.6. Let (X,7,7%) be an IVISTS, A,B € IX and [r,s] €
D(1y), [t,u] € D(Iy) with s +u < 1. Then

(i) aginti 4 |, u](lX) = 1x.

(ii) aginty g pa(A) C A.

(iii) agintyy g (A) € agintygpq(B) if A C B.

(iv) agintp g (AU B) 2 agintp. g u(A) U aginty g . (B),
aginty g (AN B) C aginty g . (A) N agintp g uw(B).

(v) A= aginty g (A) if Aisan ([r,s],[t,u])-IVIFaGOS.

(Vi) agintpq) ) (Qgintp.q) i (A) = agintp.q) . (A).

(vii) agintiy,q ru)(A°) = (gl tu (A))"

Proof. The proof is similar to Theorem 5.5. O

6. ([r,s],[t,u])-interval-valued intuitionistic fuzzy alpha gen-
eralized continuous mappings

DEFINITION 6.1. Let (X, 7,7") and (Y,n,n*) be two IVISTSs and
[r,s] € D(ly), [t,u] € D(I;) with s+u < 1l andlet f: X — Y be a
mapping. f is called an ([r, s], [t, u])-interval-valued intuitionistic fuzzy
a-generalized continuous mapping (for short, ([r, s], [t,u])-IVIFaG con-
tinuous mapping) if f~1(B) is an ([r, s, [t, u])-IVIFaGCS of X for each
([r, s], [t,u])-IVIFCS B of Y.

Note that f : X — Y is an ([r, s], [t,u])-IVIFaG continuous map-
ping if and only if f~'(B) is an ([r, s, [t, u])-IVIFaGOS of X for each
([r,s], [t,u])-IVIFOS B of Y and that if f : X — Y is an ([r, s], [t, u])-
IVIFa-continuous mapping then f : X — Y is an ([r, s], [¢, u))-IVIFaG
continuous mapping.

EXAMPLE 6.2. Every ([r, s], [t, u])-IVIFaG continuous mapping need
not be an ([r, s, [t, u])-IVIFa-continuous mapping.

Let X = {a,b} and Y = {c,d}. Define I, Fy, F3 € I and G,G> €
IY as follows:

Fy ={(a,0.4),(b,0.4)}, F5 = {(a,0.5),(b,0.6)}, F3 = {(a,0.6),(b,0.6)},
G1={(c¢,0.5),(d,04)}, G2 = {(c,0.5),(d,0.6)}.
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Define 7,7* : I* — D(I), n,n* : IY — D(I) as follows:
1 if A€ {0y, 1x},
0.7,0.8] if A= F,

A p—
m(4) 0.4,0.5] if A= F,
0 otherwise.
0 ifAe {Ox, 1X}7
[0.1,0.2] if A= F},
TH(A) =

[0.3,04] if A=F,,
1 otherwise.

1 if Be {0y, 1y},
n(B) =< [0.8,0.9] if B =Gy,
0 otherwise.

0 if B € {0y,1y},
7(B) = { [0.1,0.2] if B =G,
1 otherwise.
Define the mapping f : (X, 7,7*) — (Y,n,n*) by f(a) = ¢, f(b) = d
and let [r, s] = [0.5,0.6] and [t,u] = [0.2,0.3]. Then f is an ([r, s], [, u])-
IVIFaG continuous mapping, but f is not an ([r, s, [t, u])-IVIFa-continuous
mapping.

DEFINITION 6.3. An IVISTS (X, 7,7%) is called an interval-valued
intuitionistic fuzzy alpha T7,, space (for short, IVIFaT /o space) if for
each [r,s] € D(1y), [t,u] € D(I) with s +u < 1, every ([r, s], [t, u])-
IVIFaGCS in X is an ([r, s, [t, u])-IVIFCS in X.

THEOREM 6.4. Let (X,7,7") be an IVIFaTY,, space and (Y,n,n")
an IVISTS and [r,s] € D(ly), [t,u] € D(Iy) with s +u < 1 and let
f X — Y beamapping. Then the following statements are equivalent.

(i) f is an ([r,s], [t,u])-IVIFaG continuous mapping.

(i) f’l(int[r,sHt,u](B)) - int[r,s],[t,u](Cl[r,s},[t,u] (int[ns],[uu](ffl(B)))) for
each B € IV.

Proof. (1)=(ii). Let B € IY. Then inty. g, (B) is an ([r, s, [t, u])-
IVIFOS of Y. Since f is an ([r, s], [t, u])-IVIFaG continuous mapping,
[ Hint g 5 (B)) is an ([r, s], [t, u])-IVIFaGOS of X. Since X is an
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IVIFaTY), space, [ (inty g0 (B)) is an ([r, s], [t, u])-IVIFOS of X.
Hence

SNt g u) (B)) = intpp g (F 7 (int g (B)))

(f”
C int g () (s ) (f (00 g 10 (B))))
= it o) (1] (o] 0] (08 5] (0] (F T (i1 g 10 (B)))))
C intfr o] frou) (Clir s, 1) (108 6] 1) (F T (B))))-

[

(ii)=(i). Let B be an ([r, s], [t, u])-IVIFCS of Y. Then B¢ is an (]r, s],
[t, u])-IVIFOS of Y and so inty g 1., (B¢) = B°. By hypothesis,

F7HB) = M intyg50(B) S intps) iu (s ftu (00t ps) 1 (F 1 (B)))).

Thus f~1(B°) is an ([r, s], [t, u])-IVIFaOS of X. Since every ([r, s], [, u])-
IVIFaOS is an ([r, s], [t, u])-IVIFaGOS, f~!(B¢) is an ([r, s, [t, u])-IVIFaGOS
of X. Hence f~!(B) is an ([r, s, [t,u])-IVIFaGCS of X. Therefore f is
an ([r, s], [t, u])-IVIFaG continuous mapping. O

By taking the complement of the set B € IY in Theorem 6.4, we
obtain the following corollary.

COROLLARY 6.5. Let (X, 7,7%) be an IVIFIY,, space and (Y, n,n")
an IVISTS and [r,s] € D(ly), [t,u] € D(I;) with s +u < 1 and let
f X — Y beamapping. Then the following statements are equivalent.

(i) f is an ([r, s], [t, u])-IVIFaG continuous mapping.

(ii) Cl[r,s},[t,u] (int[ns]y[mu}(Cl[ns],[t’u](ffl(B)))) - fﬁl(cl[ﬁs]’[t’u}(B)) for each
Bel.

DEFINITION 6.6. An IVISTS (X, 7,7%) is called an interval-valued
intuitionistic fuzzy alpha Tyo space (for short, IVIFaT, , space) if for
each [r,s] € D(Iy), [t,u] € D(I;) with s +u < 1, every ([r, 5], [, u])-
IVIFaGCS in X is an ([r, s, [t, u])-IVIFaCS in X.

THEOREM 6.7. Let (X, 7,7*) be an IVIFaT, space and (Y,n,n")
an IVISTS and [r,s] € D(ly), [t,u] € D(Iy) with s +u < 1 and let
f: X — Y be amapping. Then the following statements are equivalent.

(i) f is an ([r, s], [t,u])-IVIFaG continuous mapping.

(ii) f (Ozgcl[r st u](A)) - Cl[r7s]7[t7u](f(z4)) for each A € IX.

(111) OégCl[T s],[ tu}(f (B)) - f_l(cl[rvs},[tyu](B)) for each B € I" .

(iv) f (mtrs} It, u](B)) - Oégint[r,stu](f_l(B)) for each B € I .
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Proof. (i)=(ii). Let A € I, Then cly. 1. (f(A)) is an ([r, s], [t, u])-
IVIFCS of Y. Since f is an ([r, 5], [t, u])-IVIFaG continuous mapping,
F el (f(A))) s an ([r,s], [t u])-IVIFaGCS of X. Since A C
fﬁl(cl[ﬁs]’[t’u} (f(A))) by Definition 5.3 Ozgcl [r,s],[t,u] (A) g f’l(cl[r7s]7[t,u](f(A))).
Hence f(agely.ua(A) S (7 (Cl[rs Lt (f(A)))) € elipag e (f (A))-
(ii)=>(iii). Let B € IV. Then f~*(B) € I*. By (ii),

flagelp.gpu(f7H(B))) € el (f(fH(B)))
C clpp g it (B).

Hence

agelpq e (f ' (B)) H(f(agelp,s i (f1(B))))

( [r,s] [tu](B))

(111>:>(1V> Let B € I". By (111)7 agd[r,s],[t,u}(f ( )) C f (Cl[rs] tu](B ))
Thus (aginty. g . (1 (B))) C (fH(intpq 1.0 (B)))¢. Hence f~(inty ot
(B)) € agint(,s ju(f(B)).

(iv)=(i). Let B be an ([r, s], [t,u])-IVIFCS of Y. Then f~(B) € IX
and B¢ is an ([r, s], [t,u])-IVIFOS of Y and so intp. g . (B°) = B°. Let
f~YB) C U and let U be an ([r, s], [t,u])-IVIFOS of X. By (iv),

(f7HB)) = fU(B°) = f~ (intpr,q 110 (BY))
C agintys ) (f (B7))
= (agelp.q,1u (fH(B)))".
Hence agcly. o0 (f1(B)) € f~1(B) and so agclyy o110 (f 1 (B)) = f~1(B).

1(f
Since (X, 7,7*) is an IVIFaT /, space, agcl[rys]v[m}(f_l(B)) = aclp gt

(f71(B)). Hence acly g p.(f1(B)) = f~4(B) C U. Thus f~!(B) is
an ([r, s], [t,u])-IVIFaGCS of X. Therefore f is an ([r, s], [t, u])-IVIFaG
continuous mapping. O

NN

f-
f-

Since agclyy gt (A) = acly g 1 (A) foreach A € I¥in an IVIFaT, /o
space X, we obtain the following corollary from Theorem 6.7.

COROLLARY 6.8. Let (X, 7,7") be an IVIFaT} /5 space and (Y,n,n")
an IVISTS and [r,s] € D(ly), [t,u] € D(Iy) with s +u < 1 and let
f: X =Y beamapping. Then f is an ([r, s], [t,u])-IVIFaG continuous
mapping if and only if f(acly. g, u(A)) C clip g i (f(A)) for each A €
Ix.
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