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STABILITY IN NONLINEAR NEUTRAL LEVIN-NOHEL
INTEGRO-DIFFERENTIAL EQUATIONS

KAMEL ALt KHELIL, ABDELOUAHEB ARDJOUNTI*, AND
AHCENE DJjoubI

ABSTRACT. In this paper we use the Krasnoselskii-Burton’s fixed
point theorem to obtain asymptotic stability and stability results
about the zero solution for the following nonlinear neutral Levin-
Nohel integro-differential equation

2/ (t) + /ti o a(t,s)g (x(s))ds + c(t)x'(t — 7(t)) = 0.

The results obtained here extend the work of Mesmouli, Ardjouni
and Djoudi [20].

1. Introduction

The Lyapunov direct method has been very effective in establishing
stability results and the existence of periodic solutions for wide variety
of ordinary, functional and partial differential equations. Nevertheless,
in the application of Lyapunov’s direct method to problems of stability
in delay differential equations, serious difficulties occur if the delay is
unbounded or if the equation has unbounded terms. In recent years,
several investigators have tried stability by using a new technique. Par-
ticularly, Burton, Furumochi, Zhang and others began a study in which
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they noticed that some of this difficulties vanish or might be overcome
by means of fixed point theory (see [1]- [22], [24]). The fixed point the-
ory does not only solve the problem on stability but has other significant
advantage over Lyapunov’s direct method. The conditions of the former
are often average but those of the latter are usually pointwise (see [8]).

In paper, we consider the following nonlinear neutral Levin-Nohel
integro-differential equation with variable delay

t

(1) 2'(t) + / a(t,s)g (z(s))ds + c(t)a'(t — 7(t)) =0, t > to,

t—7(t)

with an assumed initial condition
z(t)=0(t), t €[mto), o],
where ¢ € C' ([m (to) ,to],R) and
m (to) =inf {t — 7 (t) : t € [tg,00)}.

Throughout this paper, we assume that ¢ € C* ([tg, 00) ,R), a € C([tg, 00) x
[m (o), 00),R;) and g : R — R is continuous with respect to its argu-
ment. We assume that g (0) =0 and 7 € C? ([ty,00) ,RT) such that

(2) T (t) #£ 1, t € [tg,00).

Our purpose here is to use the Krasnoselskii-Burton’s fixed point the-
orem to show the asymptotic stability and stability of the zero solution
for (1). In the special case ¢ = 0, Mesmouli, Ardjouni and Djoudi [20]
show the zero solution of (1) is asymptotically stable with a necessary
and sufficient condition by using the contraction mapping theorem in a
weighted Banach space. The results presented in this paper extend the
main results in [20].

2. The inversion and the fixed point theorem

One crucial step in the investigation of an equation using fixed point
theory involves the construction of a suitable fixed point mapping. For
that end we must invert (1) to obtain an equivalent integral equation
from which we derive the needed mapping. During the process, an inte-
gration by parts has to be performed on the neutral term z'(t — 7(t)).
Unfortunately, when doing this, a derivative 7/(¢) of the delay appears
on the way, and so we have to support it.
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LEMMA 2.1. Suppose that (2) holds. Then x is a solution of equation
(1) if and only if

2(t) = (6(to) + 7 (to)dl(to — T(ty))) & Ho A%

+ /t: (/:T(s) a(s,u) (Gr) (u)du) e AR gs — y(t)a(t — 7(1))

(3) - / (La(s) — p(s)z(s — 7(s))] e AG=ds 1 > ¢,

where
L.(t) = /tT(t) a(t, s) (/S (LT(U) a(u,v)x(v)dv — r(u)z(u — T(u))) du
(4)

+y()a(t —7(t) = ~(s)x(s — 7(s))) ds

)= T(t)) + 7" (t)c(t) ct)
o= ST )= 0
(6) (Gz)(t) = 2(t) — g(x(t))
and
" (@) + c@A®) (1 = 7'(1)) + 7"()c(t)
_(d) +e —7'(t)) +7"(t)c [ alt. §)ds

() = R AW = [ attsis

Proof. Let = be a solution of (1). Rewrite (1) as
t
2 (t) +/ a(t, s)z(s)ds
t—7(t)

- /t (t)a(t, s) (z(s) — g(x(s))) ds + c(t)z'(t — T(t)) = 0, t > to.

Obviously, we have
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Inserting this relation into (1), we get

2(t) + /;(t) alt, s) (x(t)— / tx/(u)du) ds
_ /t;(t)a(t, $)(Gz) (s) ds + ()2 (t — (1) = 0, t > to,

or equivalently

_ /t_ “ a(t,s)(Gx) (s)ds + c(t)a'(t — 7(t)) = 0, t > t,.

After substituting 2’ from (1), we obtain
(8) t
z'(t) + x(t)/ a(t, s)ds

t—7(t)

4 /t tT(t) alt, ) < / t ( / UT(U) alu, 0)e(v)dv + c(u)e’ (u — T(u))) du) ds
_ [T(t) a(t, s)(Gz) (s)ds + c(t)x'(t — 7(t)) =0, t > to.

By performing the integration by parts, we have
t
/ c(u)x' (u — 7(u))du
t
- / = ()

1 —7"(u)
9) =yt —7() —v(s)a(s—7(s)) — / r(uw)z(u—7(u))du,

where r and v are given by (5). After substituting (9) into (8), we have
' (t) + A(t)z(t) + L. (1)

_ /t_ o a(t,s)(Gz) (s)ds + c(t)a'(t — 7(t)) = 0, t > to,
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where A and L, are given by (7) and (4), respectively. By the variation
of constants formula, we get

x(t) = p(to)e Jig A= /t </s a(s,u) (Gr) (u)dU) e JL ARz g g
s—7(s)

to

(10) —/ [L.(s) + c(s)x'(s — 7(s))] e ABdzgs ¢ > .

to

Letting
/t c(s)a' (s — 7(s))e S A= g = /t _cols) e~ AR g (s — 7(s))
to to 1 - T/(S) .

By using the integration by parts, we obtain

/ c(s)2 (s — 7(s))e s ARz

G clto)
1—7(t) 1 —7(ty)

1) = [ ns)as = r(s)e A

to

x(to — 7(to))e Jig A}

w(t —7(t)) -

where p is given by (7). Finally, we obtain (3) by substituting (11)
in (10). Since each step is reversible, the converse follows easily. This
completes the proof. n

Burton studied the theorem of Krasnoselskii and observed (see [9])
that Krasnoselskii result can be more interesting in applications with
certain changes and formulated the Theorem 2.4 below (see [9] for its
proof).

DEFINITION 2.2. Let (M,d) be a metric space and F' : M — M.
F is said to be a large contraction if ¢, € M with ¢ # 1, then
d(Fy, F) < d(p,v), and if for all € > 0, there exists 7 < 1 such that

[, € M, d(p,¥) > ] = d(Fp, F) < nd(p, ).

THEOREM 2.3 (Burton). Let (M, d) be a complete metric space and
F' be a large contraction. Suppose there is x € M and p > 0 such that
d(x,F"x) < p for alln > 1. Then F has a unique fixed point in M.

Below, we state Krasnoselskii-Burton’s hybrid fixed point theorem
which enables us to establish a stability result of the trivial solution of
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(1). For more details on Krasnoselskii’s captivating theorem we refer to
Smart [23] or [8].

THEOREM 2.4 (Krasnoselskii-Burton). Let M be a closed bounded
convex nonempty subset of a Banach space (S, |.||). Suppose that A, B
map M into M and that

(¢) for all z,y € M = Az + By € M,

(71) A is continuous and AM is contained in a compact subset of M,

(1i) B is a large contraction.

Then there is z € M with z = Az + Bz.

Here we manipulate function spaces defined on infinite ¢-intervals. So
for compactness, we need an extension of Arzela-Ascoli theorem. This
extension is taken from [ [8], Theorem 1.2.2, p. 20 ] and is as follows.

THEOREM 2.5. Let q : Ry — R, be a continuous function such that
q(t) = 0 ast — oo. If {p,(t)} is an equicontinuous sequence of R™-
valued functions on Ry with |@,(t)] < q(t) for t € R, then there is a
subsequence that converges uniformly on R, to a continuous function
©(t) with |@(t)| < q(t) for t € Ry, where |.| denotes the Euclidean norm
on R™.

3. Stability by Krasnoselskii-Burton’s theorem

From the existence theory which can be found in [8], we conclude
that for each continuous initial function ¢ : [mg,tg] — R, there exists a
continuous solution (¢, ty, ¢) which satisfies (1) on an interval [0, o) for
some o > 0 and z(t, to, @) = ¢(t) for t € [my, to).

We need the following stability definitions taken from [8].

DEFINITION 3.1. The zero solution of (1) is said to be stable at ¢ = ¢,
if for each € > 0, there exists a § > 0 such that ¢ : [mg,to] = (—6,0)
implies that |z(t,to, ¢)| < € for all t > my.

DEFINITION 3.2. The zero solution of (1) is said to be asymptotically
stable if it is stable at t = ¢y and d > 0 exists such that for any contunuos
function ¢ : [mg, to] — (—9,0) the solution x(t,to, ¢) with (¢, tg, ) =
o(t) on [mo, to] tends to zero as t — co.

To apply Theorem 2.4, we have to choose carefully a Banach space
depending on the initial function ¢ and construct two mappings, a large
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contraction and a compact operator which obey the conditions of the
theorem. So let S be the Banach space of continuous bounded functions
@ 1 [mg,00] — R with the supremum norm ||.||. Let L > 0 and define
the set

Sy = {p € S:is Lipschitzian, |p(t)| < L, t € [mqg, c0),
o(t) = ¢(t) if t € [mo, to] and p(t) — 0 as t — oo} .
Clearly, if {¢,} is a sequence of k-Lipschitzian functions converging to
a function ¢ then
|o(u) = o(v)] () = @n(w)] + ln(w) = @n(v)] + [on(v) — @ (v)]
I = @nll + K Ju— o] + o = @l -

Consequently, as n — oo, we see that ¢ is k-Lipschitzian. It is clear that
Sy is convex, bounded and complete endowed with ||.]|.
For ¢ € S; and t > ty, define the maps A, B and H on Sy as follows

RO = A0l = (1) ~ [ Lo(s)e S A a

to

<
<

(12 + [ us)ots = ri)e A

to

(Bp)(t) = (p(to) + v(to)d(to — 7(to))) e ftto A(z)dz
13 S a(s,u) (Gy) (u)du e—f;A(Z)dzdS7
(13) e[ ([, et @) )

and

(14) (He)(t) = (Ap)(t) + (Be)(t).
If we are able to prove that H possesses a fixed point ¢ on the set Sy,

then x(t,ty,p) = p(t) for t > to, x(t,t9, @) = &(t) on [mg,to], x(t, 0, P)
satisfies (1) when its derivative exists and x(t, o, ¢) — 0 as t — oc.
Let

wa>=/i(ﬂmu@ﬂ</’(/f()wmmvﬂdv+vmn)du++www+W@n)da

and assume that there are constants ki, ko, k3 > 0 such that for t5 <

tl S t27
to
(15) / A(2)d=
t1

< ky |tg — 1],
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(16) |7(t2) — 7(t1)] < k2 [tz — 1],

and

(17) [y(t2) = y(t)] < ks [tz — 1]
Suppose for t > tg,

(18) |u(t)] < 0A(t),

(19) w(t) < AA(t),

(20) sup [(t)] = ao,

and that

(21) Jlag+A+0) <1,

22) max (IG(-L)| 1GW)) < 2.

where «q, 9, A, J are positive constants with J > 3.
Choose p > 0 small enough and such that

(23) (Lt + 2 < L.

The chosen p in the relation (23) is used below in Lemma 3.5 to show
that if e = L and if ||¢|| < p, then the solutions satisfy z(t, ty, ¢) < €.

Assume further that

t
(24) t—7(t)—>ooast—>ooand/A(z)dz—>ooast—>oo,
0

(25) v(t) = 0 as t — oo,
(26) %%Oast%oo,
and

(27) %%Oast%oo.

We begin by showing that G given by (6) is a large contraction on
the set S4. So, we suppose that g : R — R satisfying the following

conditions.

(H1) g : R — R is continuous on [—L, L] and differentiable on

(_L7L)7
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(H2) the function g is strictly increasing on [—L, L],
(H3) SUD¢e(-L,L) g(t) <1

THEOREM 3.3 ( [1]). Let g : R — R be a function satisfying (H1) —
(H3). Then the mapping G in (6) is a large contraction on the set Sy.

By step we will prove the fulfillment of (i), (iz) and (éi7) in Theorem
2.4.

LEMMA 3.4. Suppose that (18)—(21) and (24) hold. For A defined in
(12), if ¢ € S, then |(Ay) (t)| < L/J < L. Moreover, (Ag) (t) — 0 as
t — o0.

Proof. Using the conditions (18)—(21) and the expression (12) of the
map A, we get

[(Ap) ()] < |7(7f)||g0(t—7'(t))|+/t L (s)] e~ <A@ g
+ [ ets = rle]e FAOas

¢ t

< aoL+ L/ w(s)e Js A@zgg 4 L/ pu(s)| e Js 4@

t t

0 . t o t t

< OéoL + )\L/ A(S)G_ I A(z)dzds + 5L/ A(S)G_ /s A(z)dzdS
to to

L
< (a0+)\+§)L§7<L.

So AS, is bounded by L as required.

Let ¢ € S, be fixed. We will prove that (Agp) (t) — 0 as t — co. Due
to the conditions t — 7(t) — oo as t — oo in (24) and (20), it is obvious
that the first term on the right hand side of A tends to 0 as t — oo.
That is

vt —7(t))] < agle(t —7(t))| = 0 as t — oc.

It is left to show that the two remaining integral terms of A go to zero
as t — 0o. Let € > 0 be given. Find T such that |p(t — 7(¢))| < € for
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t > T. Then we have

t
/ L,(s)e” Js ARz g g

to

T t
< / ‘L¢(s)‘ e~ Js ARz 1o + / |Lw(5)| e~ Js ARz g o
to T
T

t
< Le_f%A(z)dz/ w(s)e‘fsTA(Z)dzds+€/ w(s)e Js AP (g

to T
< Lye  Jra@d 4 o)

and

[ lshots = e Ay

to

< / ()] (s — (s))] e A= g

to

t
+ / ()] Jols — (s))] e A=
T

T t
< Le~ f% A(z)dz/ |M(S)‘ e_fsT A(Z)dZdS + E/ ‘M(S)‘ e~ Js A(z)dzds
T

to

< Loe~ IrA@d= o5

The terms Lie™Jr 4@ and Le~ Jr ARz are arbitrarily smalls as t —
00, because of (24). This ends the proof. O

LEMMA 3.5. Let (18)—(22) and (24) hold. For A, B defined in (12)
and (13), if p,v € Sy are arbitrary, then

| Ap + By < L.

Moreover, B is a large contraction on Sy with a unique fixed point in Sy
and (BY) (t) — 0 as t — oc.
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Proof. Using the definitions (12), (13) of A and B and applying (18)—
(22), we obtain

|(Ap) (1) + (BY) ()]
< [(Ap) )] +1(By) (1)]

t t
< oL + )\L/ A(s)e™ Js AGMz g L/ \p(s)| e s AP g
to

to

— [t A(2)dz 2L t t
(L) e a1 1 22 [ (o) A0
to

< (1 +7(to)) ([0l + (a0 + A+ 0)L + %

2L
J )
by the monotonicity of the mapping G. So from the above inequality,

by choosing the initial function ¢ having small norm, say ||¢|| < p, then,
and referring to (23), we obtain

< (1A (to)) ] + 5 +

3L
[ Ag -+ Bull < (L+9(ta))p+ 5 < L.

Since 0 € Sy, we have also proved that |(B)(t)| < L. The proof that
B is Lipschitzian is similar to that of the map Ay below. To see that
B is a large contraction on S, with a unique fixed point, we know from
Theorem 3.3 that G(p) = ¢ — g(¢) is a large contraction within the
integrand. Thus, for any ¢, from the proof of that Theorem 3.3, we have
found 7 < 1 such that

((By) () — (Bv) (1)
= /t </ o) la(s, W[ [(G) (w) = (GY) (u)] du) o I Az g

t s
< 77/ (/ ( )a(s,u) e — | du) o JE AR g
to s—7(s

t
s¢/A@m¢—wwﬁM@*w

to

<nlle—1]|.

To prove that (By) (t) — 0 as ¢ — oo, we use (24) for the first term,
and for the second term, we argue as above for the map A. O
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LEMMA 3.6. Suppose (18)—(21) hold. Then the mapping A is contin-
uous on Sy.

Proof. Let ¢,1 € Sy, then
[(Ap)(t) — (Ap)(1)]

< aalilt = 0) = 0t = )]+ [ 1Eals) = Lole)] VA
n / () 10 (s — 7(5)) — (s — m{s))| e~ A i
< aallo = vl + o =l [ wls)e S A0
0

Fllo= ol [ (ol £ 40ay
<aullp=wil+ Mo =l [ Alsjem 4
Folle—ull [ Al A as

to

1
< (a0 +A+0) e — vl < = lle - ¥l
Let € > 0 be arbitrary. Define n = ¢J. Then for ||¢ — 1| <1, we obtain

1
e =AYl < S llp —¢f <&
Therefore, A is continuous. ]

LEMMA 3.7. Let (15)—(20) and (25)—(27) hold. The function Ay is
Lipschitzian and the operator A maps S, into a compact subset of S,.

Proof. Let ¢ € Sy and let 0 <ty < t5. Then
(28)
(Ap)(t2) — (Ap)(t1)]
< |y(t2)e(te — 7(t2)) — y(t1) @t — 7(t1))]

to to

+ L,(s)e” St ARz g

t1

[ et e A [ p(s)gts e A as|

to to

+
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By hypotheses (16)—(17), we have

(29)
[V(t2)p(ta — T(t2)) — v(t1)p(ts — 7(t1))]
< ()l [p(t2 — 7(t2)) — p(ts — 7(t))] + l(tr — 7(81))] [v(t2) — v(t1)]
< ok |(tg — t1) — (7(ta) — 7(t1))| + Lks [ta — t4]
< (aok 4+ apkks + Lk3) [ta — 1],

where k is the Lipschitz constant of ¢. By hypotheses (15) and (18), we
have

(30)
to to t1 0
[ el = vl B A ds = [ p(s)pts = r(se S A
to to

<

t tq to
/ w(s)e(s —7(s))e” Jot Az)dz (e*ftl Alz)dz _ 1) ds

to

to to
4 / H(s)p(s — 7(s))e 12 A= gg

t1
t1 . t2 .
/ SA(s)e” It A g 4 L/ |ju(s)| e 1 AP

to t1

<L5/ A(s ds+L/ e [ AG dzd(/ (v |dv>
to

§L5/ A(s)ds+L{[ -1 Az)dz/m |dv]
t1 t1

+/t2 A(s)e™ 124G |M( )|dvd3}

t1 t1

to to to ,
<16 [T awas e [l (14 [ e a0 )
t1 t1 t1

to to
<15 / A(s)ds + 2L / ()| dv

t1 t1

Loty

to to
§L5/ A(s)ds+2L5/ A(v)dv

t1 t1

S 3L(5k1 |t2 — tll .



316 K. Ali Khelil, A. Ardjouni, and A. Djoudi

Similarly, by (15) and (19), we deduce

(31)
to . t1 .
/ L(s)e” Js*A@dgs / Ly(s)e™ Js" A@E g
to to

t ty to l2 .
/ L@(s)e_ S A(z)dz <e* Jif Az)dz 1> ds +/ L¢<S)€_ J12 A)dz g

to t1

<L

t t
e_fttf A(z)dz 1‘ / 1(,0(8)6_];1 A(Z)dZdS+L/ QW(S)B—fstQ A(Z)dzds
to

t1

2] t t t2 t
<L ‘e‘ Ji ARz _ 1‘ / AA(s)e™ Js" A gg L/ w(s)e 2 A@E g
to

t1

to to to S
< )\L/ A(z)dz+L/ e J:2 ARz g (/ w(v)dv)
t1 t1 t1
t2 . 5 t2
< )\L/ A(z)dz + L { [e_ Js? A(Z)dz/ w(v)dv]
t1 t1 t1

to tg s
+/ A(s)e s A(z)dz/ w(v)dvds}
t1 t1
12 t2 to .
<z [T [ w14 [T age A0y

t1 t1 t1
to
t1

<AL /t2A(z)dz+2L/ w(v)dv

t1

to [2)
< )\L/ A(z)dz + QL)\/ A(v)dv
t1

t1

< 3)\Lk31 |t2 — t1| .
Thus, by substituting (29)—(31) in (28), we obtain

(32)
|[(Ap)(t2) — (Ap)(t1)]
< (aok + aokky + Lks) [ts — t1] + 3LSk1 |ta — t1] + 3L k1 |ts — t4]
< Kty —ti],

for a constant K > 0. This shows Ay that is Lipschitzian if ¢ is and
that ASy is equicontinuous. Next, we notice that for arbitrary ¢ € Sy,
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we have

|(Ap)(?)]

t
<Ot = @)+ [ L) e A0
to
t
+ / le(s)| (s —1(s))| e Js ARz g6
to

t t
< Lpy(@)+ L/ w(s)e = AREgs 4 L/ (s)| e~ 2 A= g
to

to

< L)+ L/jﬂs)%e‘ JoA@d g 4 L/tt A(s) |Z((Ss))| o~ I AR g
= q(t),

because of (25)—(27). Using a method like the one used for the map A,
we see that ¢(t) — 0 as t — oco. By Theorem 2.5, we conclude that the
set AS, resides in a compact set. O

THEOREM 3.8. Let L > 0. Suppose that the conditions (H1) — (H3),
(2) and (25)—(27) hold. If ¢ is a given initial function which is sufficiently
small, then there is a solution x(t,ty, ¢) of (1) with |x(t,to, ¢)| < L and
x(t, to, ) — 0 as t — 0.

Proof. From Lemmas 3.4 and 3.7 we have A is bounded by L, Lip-
schitzian and (Ay)(t) = 0 as t — oco. So A maps S, into S;. From
Lemmas 3.5 and 3.7 for arbitrary, we have ¢,y € S4, Ap + By since
both Ay and Bt are Lipschitzian bounded by L and (By)(t) — 0 as
t — oo. From Lemmas 3.6 and 3.7, we have proved that A is con-
tinuous and AS,, resides in a compact set. Thus, all the conditions of
Theorem 2.4 are satisfied. Therefore, there exists a solution of (1) with
|z(t, to, @)] < L and z(t,ty,¢) — 0 as t — oc. O

4. Stability in weighted Banach spaces

Referring to Burton [8], except for the fixed point method, we know of
no other way proving that solutions of (1) converge to zero. Nevertheless,
if all we need is stability and not asymptotic stability, then we can avoid
conditions (25)—(27) and still use Krasnoselskii-Burton’s theorem on a
Banach space endowed with a weighted norm.
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Let h : [mg,00) — [1,00) be any strictly increasing and continuous
function with h(mg) = 1, h(s) = oo as s — oo. Let (S5,].],) be the
Banach space of continuous ¢ : [mg,c0) — R for which

e(t)

|S0|h = Sup h(t)

t>mg

<,

exists. We continue to use ||.|| as the supremum norm of any ¢ € S pro-
vided ¢ bounded. Also, we use ||¢]|| as the bound of the initial function.
Further, in a similar way as Theorem 3.3, we can prove that the function
G(p) = ¢ — g(p) is still a large contraction with the norm |.|, .

THEOREM 4.1. If the conditions of Theorem 3.8 hold, except for (25)—
(27), then the zero solution of (1) is stable.

Proof. We prove the stability starting at ¢y3. Let € > 0 be given such
that 0 < e < L, then for |z| < ¢, find o* with |z — g(z)| < o* and choose
a number « such that

(33) at+a'+—-<e

o

In fact, since x — g(z) is increasing on (—L, L), we may take o = .
Thus, inequality (33) allows aw > 0. Now, remove the condition ¢(t) — 0
as t — oo from S, defined previously and consider the set

E, = {p € S:p Lipshitzian, |p(t)| <e, t € [mg,o0)
and (t) = ¢(t) for t € [mog, o]} -

Define A, B on E, as before by (12), (13). We easily check that if
¢ € Ey, then |(Ap)(t)| < e, and B is a large contraction on E,. Also,
by choosing ||¢]| < a and referring to (33), we verify that for ¢, ¢ € E,,
|(Ap)(t) + (ByY)(t)] < e and [(By)(t)] < e. AE, is an equicontinuous
set. According to [ [8], Theorem 4.0.1], in the space (.5, |.|,) the set AE
resides in a compact subset of ;. Moreover, the operator A : E, — Ej
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is countinuous. Indeed, for ¢, € Sy,

|(Ap)(t) = (AD)(1)]

h(t)
: %t) {r @t —7(t)) =t —7(t))|
+ /t (Lo(5) — Ly(s)) e~ A2z
) /t pl(s) (s = 7(5)) = (s = 7(s))) e - A0 ds }

t

h(s — [t A(2)dz
< O‘O‘SO—Wh—i- ’@_w|h/ UJ(S)QQ J: Az)d ds
to

o= ol [ o) B T etz

t

§a0|§0_¢|h+A|@—¢|h/ A(S)G_fstA(z)dzdS

to

t
Ny / As)e- 1 AGHE g
t

1
S(ao+)\+5)\%0—¢|h§j!<ﬁ—¢\h-

The conditions of Theorem 2.4 are satisfied on Ey, and so there exists a
fixed point lying in E, and solving (1). ]
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