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THE RECURRENCE COEFFICIENTS OF THE
ORTHOGONAL POLYNOMIALS WITH THE WEIGHTS
we(z) = 2%exp(—2® + tx) AND W, (z) = |z|*** exp(—2° + tz?)

HAaEwoON JouNG

ABSTRACT. In this paper we consider the orthogonal polynomials
with weights wg (z) = 2 exp(—x3+tx) and W, (z) = |z|**T! exp(—a®+
tz?). Using the compatibility conditions for the ladder operators for
these orthogonal polynomials, we derive several difference equations
satisfied by the recurrence coeflicients of these orthogonal polyno-
mials. We also derive differential-difference equations and second
order linear ordinary differential equations satisfied by these orthog-
onal polynomials.

1. Introduction

The compatibility conditions for the ladder operators for orthogonal
polynomials have been derived by many authors. We refer to [2], [3], [5],
[6] and references therein. In this section we derive the compatibility
conditions for the ladder operators for orthogonal polynomials, for the
sake of completeness of paper.

Let P,(x) be the monic orthogonal polynomials of degree n in = with
the weight w(z). Assume that the weight function w vanishes at the end
points of the orthogonality interval. Then,

(1.1) / Po(2) Pon(2)w0(2)d = hobp sy B > 0,
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and P,’s satisfy the three term recurrence relation

(1.2) zP,(x) = Pyi1(x) + an Py () + B Pr1(x),
where
1
(1.3) an = 3= /:vpz(x)w(x)dx,
1 hn
(1.4) Bn = 2P, (z)Py_1(z)w(x)dx = )
hn,1 hnfl
and the initial condition is fyP_; = 0. Since %p is a polynomial of
degree n — 1, it can be written as
dp, —
(15 "8 _ N e iBue)
k=0
where
dpP,
ot = [ LA gyut)ay
Y
Using integration by parts and orthogonality relation, we have
1
ek =3 | B B ()w(y)dy,
where

Noting that

from (1.5), we have

d]j;;ix) - ihi {/Pn(y)Pk(y)v'(y)w(y)dy} Py (x)
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By the Christoffel-Darboux formula
n—1
Z Pr.(y)Pe(z)  Po(x)Poo1(y) — Pu(y) Pa-1(z)

— R, (x —y)hn_1 ’
it follows that
ae) P g k@) AAPAE)
where
(1) ) = - [ P2 =y

(18 Bu)i= o [ BP0

Now we derive the compatibility conditions for the ladder operators to
the orthogonal polynomials.

LEMMA 1.1. The functions A, (z) and B, (z) satisfy
(1.9) Buii1(z) + Bu(z) = (x — o) Ap(x) — ' (),

and

(1.10) Byi1(z) — Bp(x) = Bri1Anii(x) — BnAn_1(z) — 1.

T — Qy

Proof. By (1.8), (1.2) and using that h,, = h,_1[,, we obtain

Bun(a) + Bu() = - / 1P N gy
e / P Pacs ) =
= o [ PR 0) + 80 Pas )
= 1 [ RWWRG - aP o) L= )

T =Y

/ o
- 1/P2(y)yv(az)v(y)
Now, usingxi_y:T 1

Brale) 4 Bulo) = (@ an)Aua) (o) + - [ P htw)i.
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Using integration by parts and orthogonality relation, we have

[ o - - [ ro®a,

— ~ [Re@]; +2 [ R@P @)y
= ()’
which proves (1.9). Similarly
(0= ) (s) - Bufe)
= = [e-anwl mﬂ>ﬁ¢alwn“@}jf”w@my

b

::;/& Po1(y) = BaPa 1 ()](/ (@) — ' () w(y)dy
1

. (Y — an) Pu(y) [P (y) — ﬁnPnl(y)]Ww

- 14 hln /[Pn+1(y) + BB (W) [Pri1(y) = Bu b (Y)] —————
= —1+ Bpt1dn+1(2) — Bndn-1(x).

REMARK 1.2. From (1.6), (1.9), and (1.2), we can derive the follow-
ing.
(1.11) ————= = [Bp(x) + V' (2)]| Py (x) — Ap—1(2) Py (2).

Also, from (1.9) and (1.10), we obtain

(112)  Ba) 4 (0)Ba(e) + 3 Aule) = Budn(2) Aus (2).

Equations (1.9), (1.10), and (1.12) are called the compatibility conditions
for the ladder operators (see [5]).

LEMMA 1.3. The monic orthogonal polynomials P, (x) satisfy the dif-
ferential equation
d*P,(z)

dx?

(1.13) + D, (2)Pu(z) = 0,
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where

(1.14) Cule) =~ Anl(x) W)
and

(1.15)

Dy(x) = BnAn(x) Ap_1(2)—Bj(x)—Bn(x) dz(;) +dB(LEx) B iﬁég dAgaEx) '

Proof. Differentiating both sides of (1.6) with respect to x, we have

d*P,(z) dP,(x) dB,(x)
dz? ~Bal@) de dx

8,558 p ) 1 (o)

Substituting (1.11) into (1.16) yields
(1.17)
d*P, dp, dB,
25 =B (84040 + D) P

+ Bn (An(q:)Bn(a:) + An(x)dz(x@ + dA;f)) Py (2),

and the lemma follows by substituting P,_1(z) in (1.17) using (1.6). O

(1.16) Po(z)
dpn,1($)

dx

2. Orthogonal polynomials with the weight
we(z) = 2% exp(—2® + tx)
In this section we consider the weight
we(z) = 2% exp(—2® +tr) (>0, tER)
on the positive real axis RT. It satisfies the Pearson equation
[2wa(2)] = (—32° + tr + a + Vw, ().
Now for the weight w,(z) = 2@ exp(—a3 + tz) we have
(2.1) v(z) = —Inwy(r) = —alnz + 2° — tx,

hence,
v'(z) —v'(y)

(]
=3(r+y)+—.
T—y Ty
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From (1.7) and (1.8), we obtain

(22)  Aw) =3 ta) ot Bua) =36+ 2,

T
where
a (% PXy)

2.3 Mn:—/ T we (y)dy,
23) g )
and

a [ P(y) Py
(2.0 o = [T

n—1 J0 )

Substituting (2.2) into (1.9) and comparing the coefficients of z° and

z~!, we obtain

(2.5) My, = 3(Busr + ai + ) — t,

(2.6) Mpr1 + My = @ — M,

Similarly, from (1.10) and (1.12), we have six more conditions.

(2.7) T+ mpi1 — my = 3Bni1(@ny1 + an) — 36, (ay + ayq),
(2-8> O‘n(mn - mn+1) = Bpnr1 M1 — B M1,
(2.9) My, = 3Bn(an + 1) — 1,
n—1
(2.10) 367 — tBn + Y _ oy = Bu( M1 + 3oman_1 + M,),
=0
n—1
(2.11) Z M; —tm,, = 3p,(anM,—1 + a1 M,, — 2m,, + ),
=0
(2.12) m2 — amy, = LMy M,_;.

Substituting (2.5) and (2.9) into (2.6), (2.8), (2.10), (2.11), and (2.12),
we have the following nonlinear difference equations for the recurrence
coefficients.



Orthogonal polynomials 187

THEOREM 2.1. Recurrence coefficients «, and (3, in (1.2) with the
weight w,(r) = x* exp(—a> + tz) satisfy
(213) 2n+1+a+ayt
= 3Bnt1 (an+1 + an) + 3571(0% + O‘nfl) + 30‘n(ﬁn+1 + O‘i + ﬂn)a

(2.14) oy + t(ﬂn+1 — ﬂn)
= 35n+1(04121+1 + 010 + @ + Boga + Bra)
_3671(04721 + QnQip_1 + ai_l + Bn + Bn—l)a

n—1
(215) ) o
j=0

- Bn(gﬁn—i-l + 3571 + 3671—1 + 3&721 + 3anan—1 + 305721_1 - t),

Z(O‘? + Bj1 + B;)

j=0
= Bulan (302 | — 384 4 3Bn_1) + an_1(302 4+ 3Bns1 — 36,) +2n + o,

(2.17) [38n(an + an—1) — n][3Bn(an + 1) — n —
= Ba(3a2 +3Bus1 + 3B, — 1)(Bai_y + 3Bn + 3Bp_1 — ).
REMARK 2.2. The quantities M,, in (2.3), (2.5) and m,, in (2.4), (2.9)

can be computed directly as follows. Using the orthogonality relation
and integration by parts, we have

0= /OOO d%y(y) Po(y)wa(y)dy = — /Ooo Pi(y) (g —3y° + t) wa(y)dy,

hence,

a [* Dy
M, = —/ = we (y)dy
7 ()

_ hi / "84 — P2 ywaly)dy

= 3(Bpi1 + a2+ B) —t.
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Similarly, we have

*dP,(y
N / %an(y)wa(y)dy
0 Y

o «
= —/ Po(y)Po-1 (5 —3y° + t) wa(y)dy,
0

therefore,

o / RREIOLES IO .

hn—l y
1 o0
= / (3y* — ) Po(y) Pu1 (y)wa (y)dy — n
n— 0

= Sﬂn(an + an—l) —n.

Note that the coefficients «,, and (3, in the recurrence relation (1.2)
with the weight w, are now functions of ¢. It is well known that the
coefficients av, (t) and 3, (t) with the weight w, (z) = exp(tz)z® exp(—z?)
satisfy the Toda system (see [1])

day, dB,

(218) E — ﬂn—i—l - 5717 E = Bn(a/n - an—l)-

And the kth moment is

(2.19) Wi = / kaa(x)da: = (/ wa(x)dx) = /io'
0 dt 0

dtk

THEOREM 2.3. The quantities M, = M,(t) in (2.5) and m,, = m,(t)
in (2.9) satisfy the following.

dM, dms,

dt = Mp41 — My, dt = Bn(Mn - Mn—l)a

(2.20)

and

d2M, 1 [dM,\* M? 302t a?
92.21 = _ n_ Y\ .
T 2Mn< dt ) 3 +( > 3) " MM,
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Proof. From (2.5), (2.18), and (2.9), we have

dM, d

= lB(Bas 0l + ) — 1

Brin do,  dp,
= gDt 9, D D)y
3( dt +a"dt+dt)

- 3[6n+1<an+1 - an) + 2an<6n+1 - 6n> + 6n<an - an—l)] -1
= 3Bn+1 (an+1 + an) - 35n<04n + Oénfl) -1

= Mpy1 — My,

similarly
dm, d
el E[Sﬂn(an + a,1) —nj
_ dﬂn dan dan—l
= 3@(0@1—{—06”_1)4‘3&71 (W‘f‘ dt )
= 3ﬁn(an - an—l)(an + an—l) + 36n<6n+1 - ﬁn + Bn - 571,—1)
= Bn(Mn - Mn—l)a

which proves (2.20). Now from (2.6) and (2.12), we have

mpy1 = o — OénMn — My,
m? — am
M, , = "%
1 Bn M,
Substituting these into (2.20) yields
dM,,
(2.22) i o — a, M, —2m,,,
dm,, m2 —am,
2.93 — B,M, — Do X
(2.23) o B A

Solving (2.22) for m,, yields

1 dM,
— a—a M )
my, 2<a o, M, t)

Substituting this into (2.23) and using (2.18), we have

d>M,, 1 [dM,\* a? a?
2.24 = — M, —/M,, — )
(220 2Mn< dt ) (Bt + ) M + 5EM, 2M,,
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From (2.5), we have

M, +1t
5n+1 + 571 = 3 - O‘?L'
Substituting this into (2.24) yields (2.21). O

Let k,, be the coefficient of 27! in the monic orthogonal polynomials
P.(z), that is, P,(z) = 2" + k2" ' + ---. Comparing the coefficients
of 2 in (1.2), we have

(2.25) Fnil — Kn = — Q.

Taking a telescope sum, we have

(2.26) Kn = —Zaj.

THEOREM 2.4. Let k,, be the coefficient of "~! in the monic orthog-
onal polynomials P,(x) with the weight w,. Then

(2.27) Kp = —Bu(3Bns1 +3Bn + 3Bu_1 + 32 + 3,1 + 302, — ),

and

dky,

(2.28) — =~

Proof. From (2.26), (2.15), and (2.18), we have

n—1
Rp — — Z Oéj
7=0
- _Bn(3/8n+l + Sﬁn + 3/871—1 + 30531 + Sanan—l + 30‘2_1 - t)a

dk, d&] 2
o= Z == (B = B) = b
=0 =0
O

The sum of all the zeros of the monic orthogonal polynomials P, (z)
is —k,,, therefore, by Theorem 2.4, we have the following.

COROLLARY 2.5. Let P,(z) be the monic orthogonal polynomials
with the Weight Wq. Then the sum of all the zeros of P,(x) is

(2.29) Za] Bn(3Bnt1 + 3Bn + 3Bn_1 + 302 + 3ana,_1 +3a>_| —1).
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Substituting (2.5) and (2.9) into (2.2), we have

(2.30) An(z) = 3(z+an)+ 3(Bns1 + of + Bn) — t
(231) Bn(fl?) = 38, + 3ﬁn(an "—x()énl) — n’

hence, from (1.6) we have the following differential-difference equations.
THEOREM 2.6. The monic orthogonal polynomials P,(x) with the
weight w,, satisfy the differential-difference equation
dP, ()
xr =
(2.32) d

— [3Bnz + 3Bn(cn + an_q1) — n| P,(x)
+ Bn |:3CC(ZL' + an) + S(ﬁn-‘rl + O‘i + Bn) - t] Pn—l(x)'

THEOREM 2.7. The monic orthogonal polynomials P,(x) with the
weight w,, satisfy the differential equation

d*P, dP,
(2.33) da:gx) + Cn() dq(; )+ p, () Pa(z) = 0,
where
Colr) = —32+t+ 2 322 — [3(Bpy1 + a2 + B,) — 1]

322z + ap) + [3(Bns1 + 02 + By) — t]z

Du(x) = B (3<x+an)+ 3(Buss + a2 + 5n>_t>

x
n 2 n— _t
><<3:c—|—anl 3(Bn + Ay + Bn1) >
x
<3$2—t+3ﬁn 3ﬁn(an+an_1)—n—a>
x
" (3 Bﬁn o + 1)—n)
x

( 3x? — 5n+1+04 +5n)_t] )
322(x + o) + [3(Brg1 + a2 + 5,) — tlx
« (38, + 3B (an +x04n 1) — n)

3@ (an + 1) —n
5 )

T
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Proof. From (2.1), (2.30) and (2.31), we have

v(r) = —Inwy(z)=—alnz+2* —tz,

An(z) = 3(z+an)+ 3(Bny1 + a2 + B,) — tj

x
3 n\Yn n—1) =
Bn(l’) = 36+ p (a ra 1) n7
T
hence, Lemma 1.3 with (1.14) and (1.15) yields the result. O

3. Orthogonal polynomials with the weight
Wa(z) = |z exp(—2° + tz?)

In this section we consider the weight
Wy (z) = |z exp(—2® +t2?) (o> -1, teR)

in the real line R. First we show that symmetrizing the weight w,(z) =
1% exp(—23 +tx) gives rise to the weight W, (x). Let P,(x) be the monic
orthogonal polynomials with the weight w,. It is proved in ( [4], Theorem
7.1) that the kernel function @, (x) are monic orthogonal polynomials
of degree n with respect to the weight wa1(z) = 2 exp(—2® + tx).
Define

(3.1) Ron(z) = Po(2®),  Ronii(7) = 2Qu(2%).

Then
InOpm = / P (2) Py (2)2® exp(—a® + tx)dz
0

= 2/ P (2®) P (z?)2** exp(—a® + tz?)dw
0

[e.e]

P (2% P, (2?) |z exp(—2° + ta?)dx

[e.e]

Ron () Ry ()| [** Tt exp(—2® 4 t2?)dz,

L.
/

—00
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which show that { R, (z)}°, is a orthogonal sequence with respect to
the even weight W, (z) = |z|**™! exp(—2° + tz?) on R. Similarly

knbpm = /OO Qu(2)Qp ()2 exp(—2® + ta)dx
0
= 2 h Qn(2?)Qun ()22 exp(—2° 4 t2?)dx
0
_ / T e Qu(a Q)| P exp(—a® + t?)da

= / Roni1(2) Ropy1 () |2 ** T exp(—2® + t2?)dz.

And
/ Ron(2) Ry (7)) 2> exp(—2° + ta?)dx = 0,

because the integrand is odd. Therefore {R,(x)}2, is a sequence of
monic orthogonal polynomials with respect to the even weight W, (z) =
|z [>Tt exp(—a% + t2?) on R. That is,

(3.2) /_00 R, ()R (2)Wo(x)dx = hpbpm, hn > 0.

o0

Since the weight W, is even, the three term recurrence relation has the
form

(3.3) 2R, (x) = Ryy1(x) + BuRn_1(x),

where

(3.4) g, =

hn—l

/an(x)Rn_l(x)Wa(m)dx,

and the initial condition is R_;(x) = 0. By the three term recurrence
relation (3.3), we have
(3.5)
Y’ Ry (y) =Rnt2(y) + (Bus1 + Bo) Ru(y) + BaBu—1Ru—2(y),
(3.6)
Y’ Ru(y) =Rny3(y) + (Butz + Buyr + Bn) Ruia(y)
+ Ba(Bur + B+ Bu1) Rae1(y) + Pubn1Pn-2Rn-s(y),
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and
(3.7)
Y' R (y) =Rnia(y) + (Buss + Busz + Bust + Bu) Rusa(y)
+ [ﬁn+1 (ﬁn+2 + 5n+1 + 671) + 5n(5n+1 + Bn + anl)]
+ BnBn-1(Bns1 + B + Bu1 + Bu2) Ru—2(y)
+ BnBn—18n—2Bn—3Rn—a(y).

Now for the weight W, (z) = |z[**™ exp(—25 + t2?), we have

(3.8) v(r) = —InWy(r) = —(2a+ 1) In|2| + 2° — ta?,
hence,
/ oy 2 1
viz) = v(y) =6(z* + 2%y + 2% + 2y +yt) — 2t + ot .
r—=y ry
From (1.7) we obtain
/
M) = o [ B @)Wa(y)dy
6zt — 2t 9 2(
= — TR 2 (W) Waly )dy+ - yR y)Wa(y)dy
6
+i 232( W, dy—l——/ VPR (y)Wa(y)dy
200+ 1 R%(y)
6 1p2 Yy ) dy.
¥ / R2()Wa(y) + xhn/mywwy
Noting that
/ ; )Wa(y)dy =0,

R (y)

because the integrand is odd, and using (3.3), (3.5), (3.6), and (3.7), we

have
(3.9)  Au(x) = 62"+ 62°(Bps1 + Bn) + 6(Snt1 + Sn) — 28,

where

(310> Sp = Bn(ﬁn+1 + 5n + ﬂnfl)-
Similarly, noting that
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from (1.8), we obtain

310 B) = 1 [ R = gy

= 68,2 + 65,2 + %,
x

where

(3.12) My = (200 + 1)%.

THEOREM 3.1. Recurrence coefficients 3, in (3.3) with the weight W,
satisfy the following difference equations.

(313) 1+(20&+1)(-1)n = ﬁn+1<68n+2+65n+1—2t)—671(65”4—63”,1—275),

(3.14) n+ <a + %) [1—(—1)"] 4+ 28t

- 66n(3n+1 + S, + Sn—l) + 6671—&-1/371/871—17
(3.15)

-1

Ba(2a+ 1) (1) + 5, (65, — 2t) + Z(ﬁm +8;)

3

7=0
- /Bn[(ﬁn—&—l + 571)(6571 + 63n—1 - 2t> + (ﬁn + 5n—1)(63n+1 + 63n - Qt)]a

and
(3.16)
B (65, + 68,1 — 2t)(68,41 + 65, — 2t)

= 6s,(2a + 1)(=1)"" —t{2n + 2o+ )1 — (-=1)"]} + 6 nz_:(st + s5),

where s, is defined in (3.10).

Proof. Substituting (3.9) and (3.11) into (1.10) with «,, = 0, and
comparing the constant terms, we obtain (3.13). Similarly, substituting
(3.9) and (3.11) into (1.12) with (3.8), and comparing the coefficients of
zt 22, and 2°, we have (3.14), (3.15), and (3.16). O
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THEOREM 3.2. Let (3, = (,(t) be recurrence coefficients in (3.3) with
the weight W,. Then

617) D (B — B,

(3.18) d;g” = % (n + (a + %) - (—1)”])

- ﬁn (3671-&-1571 + Sﬁn-i—lﬁn—l + 3571571—1 + 6721 — %) .

Proof. Differentiating (3.2) for m = n with respect to ¢ yields

dh o0 d o0

— = 2/ Rn(x)MWa(x)dx—i-/ 22 R2 (1) W (x)dz.
dt . dt —o

Since %t(x) is a polynomial in = of degree n — 1,

2 / h Rn(a;)dR;t(””) W,(z)dz = 0,

—00

hence, by (3.5),

dh, — [*
dat /_ 2* Ry (2)Wao(2)dw = (Bus1 + Ba)ln-

Thus, from (1.4), we have
B d [ (ha ) _
E - % (hn—l) - Bn(ﬁn-l—l Bn—l)-
And
*B, _ dby

(3.19)

dﬂnJrl dﬁnfl
dt2 - %(571—&—1 - 571—1) + Bn ( dt - dt >

= ﬂn(ﬂn-ﬁ-Qﬁnﬁ-l + 5727,4,-1 + 6727,_1 + ﬂn—lﬂn—?)
- 6n<ﬁn+lﬂn + 2ﬁn+lﬁnfl + Bnﬁnfl)-
From (3.14), we have

5n(6n+25n+1 + 624-1 + B?L—l + Bn—lﬁn—Q)

= é (n+ <a+ %) 11— (—1)"])
t

- Bn (Qﬂn—klﬂn + ﬁn—l—lﬁn—l + B?L + 2/8nﬂn_1 - g) .
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Substituting this into (3.19) yields (3.18). O

Let \, be the coefficient of 2”2 in the monic orthogonal polynomials
R, (z) with the weight W,,. Comparing the coefficients of 2"~ ! in (3.3),
we obtain

(3.20) Ant1l — An = —0n (n>1, X\ =0).
Taking a telescope sum, we have

n—1
(3.21) A== B

j=1

THEOREM 3.3. Let A, be the coefficient of "2 in the monic orthog-
onal polynomials R, (x) with the weight W,. Then

(3.22) Ay = %[1 — (2a + 1)(=1)"] + (t — 3s,) 2
— 3Bn[(Bns1 + Bn)sn—1 + (Bn + Bn-1)Snt1),
and
d\n
(3.23) S b,
Proof. From (3.15), we have
n—1
S B +8) = —Bal2a+1)(=1)"™ — s,(65, — 20
§=0
+5n<5n+1 + 671)(6571 + 65,1 — Qt)
+5n(/8n + ﬂn—l)(ﬁsn—l—l + 6371 - Qt)
= Bu(2a+1)(=1)" + (65, — 20)3;
+66n[<6n+1 + ﬂn)sn—l + (ﬁn + Bn—l)sn—i-l]-
Since 1
Z ﬁ]-ﬁ-l + ﬁ] n+1 /\m
7=0
we have

(324) — Myt — A = Bn(2a+1)(=1)" + (65, — 2t)32
+6ﬁn[<5n+1 + 671)5”—1 + (Bn + Bn—l)sn—i-l]-

Solving for A, in (3.20) and (3.24) yields (3.22). Differentiating (3.21)
with respect to ¢ and using (3.17), we obtain (3.23). O
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Substituting (3.9) and (3.11) into (1.6) we have the following differential-
difference equations.

THEOREM 3.4. The monic orthogonal polynomials R, (x) with the
weight W, satisty the differential-difference equation

dR,(x)

dx
= — (Gan4 + 68,27 + (200 + 1)[1—(2——1)”]) R, ()

+ Bn[62° 4 6(Bpp1 + Bn)x® + 6(55p1 + 5p)x — 2tx| R, 1 (2).

(3.25) =z

THEOREM 3.5. The monic orthogonal polynomials R,(x) with the
weight W, satisfy the differential equation

d’*R,(z) dR,(z)
2 D =
(3.26) T2 T Cn(x) i w ()R (z) =0,
where
2 1 1223
Co(r) = —62°+ 2t + @ 2"+ 62(Bni1 + Bn)

32+ 322(Burs + Bu) + 3(Sup1 + Sn) — t
Dn<$> = ﬁn [61’4 + 6I2(ﬁn+1 + Bn) + 6<5n+1 + Sn) - 275}
x [62* + 62%(Bn + Bu_1) + 6(sn + Sn_1) — 2t]

- (Gﬁnx3 + 65y + i (a + %) [1— (—1)”])

X (6x5 +68,2° + (65, — 2t)x — % <a + %) [1+ (—1)"])

2

— (GBna:3 + 65,7 + i (a + %) 1— (—1)n])
% ( 12(133 + 6x(5n+1 + ﬂn) )
324 4 322(Bps1 + Bn) + 3(Spg1 +5,) —t )

—188,2% + 65,, — % (a + 1) 1—(=1)"]
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Proof. From (3.8), (3.9) and (3.11), we have

v(r) = —InWa(z) = —(2a+ 1) In ||+ 2° — t2?,,
An(x) = 6174 + 693'2(5714_1 + ﬁn) + 6(3n+1 + Sn) — Qt,

B,(r) = 68,2+ 65,0+ i (a - 1) [1—(=1)"],

2
hence, substituting these into Lemma 1.3 yields the result. [
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