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GENERALIZED (A,b)-CLOSED SETS IN TOPOLOGICAL
SPACES

CHAWALIT BOONPOK

ABSTRACT. A new class of sets, called generalized (A, b)-closed sets,
has been introduced and studied. Also, several properties of gener-
alized (A, b)-closed sets are investigated. Some characterizations of
Ap-regular spaces and Ay-normal spaces are discussed.

1. Introduction

In 1970, Levine [5] introduced the notion of generalized closed sets in
topological spaces. Since then, many variations of generalized closed sets
are introduced and investigated. As an application of these sets, many
low separation axioms are introduced. Andrijevié [1] introduced a new
class of generalized open sets called b-open sets into the field of topology.
This class is a subset of the class of semi-preopen sets [2], i.e. a subset of
a topological space which is contained in the closure of the interior of its
closure. Also the class of b-open sets in a superset of the class of semi-
open sets [5], i.e. a set which is contained in the closure of its interior
and the class of locally dense set [4] or preopen sets [6], i.e. a set which
is contained in the interior of its closure. Andrijevi¢ studied several
fundamental and interesting properties of b-open sets. Caldas et al. [3]
introduced the concept of Ay-sets which is the intersection of b-open sets
and studied the fundamental properties of b-open sets. The concepts of
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the (A, b)-closure and (A, b)-open sets were introduced by using b-open
sets and b-closure operators due to Andrijevié¢ [1]. In the present paper,
we introduce the concept of generalized (A, b)-closed sets and investigate
some of their fundamental properties. Finally, some characterizations of
Ay-normal spaces and A,-normal spaces have been given.

2. Preliminaries

Throughout the paper (X,7) (or simply X) will always denote a
topological space on which no separation axioms are assumed unless
explicitly stated. For a subset A of X, the closure, interior and com-
plement of A in (X, 7) are denoted by CIl(A), Int(A) and X — A, re-
spectively. By BO(X,7) and BC(X,7) we denote the collection of all
b-open sets and the collection of all b-closed sets of (X, 7), respectively.
A subset A of a topological space (X,7) is said to be b-open [1] if
A C Cl(Int(A)) U Int(CIl(A)). The complement X — A of a b-open
set A is called b-closed and the b-closure of a set A, denoted by bCl(A),
is the intersection of all b-closed sets containing A. The b-interior of a
set A denoted by bInt(A), is the union of all b-open sets contained in A.

PROPOSITION 2.1. [1] For a topological space (X, T), the following
properties hold:
(1) The union of any family of b-open sets is b-open.
(2) The intersection of an open and a b-open set is a b-open set.

DEFINITION 2.2. Let A be a subset of a topological space (X, 7). The
subset A% [3] is defined to be the set N{U € BO(X,7) | A C U}.

LEMMA 2.3. [3] For a subsets A, B and A;(i € I) of a topological
space (X, T), the following properties hold:
(1) AC A,
(2) If A C B, then AN C B%.
(3) (Afo)hv =AM,
(4) (N{4; | i e I}H)» Cnf{Ad |ieT}.
(5) (U{4; | i€ I =U{A™ |ieI}.

DEFINITION 2.4. [3] A subset A of a topological space (X, 7) is called
a Ap-set if A= A,

REMARK 2.5. [3] If G € BO(X, ), then G is a Ay-set.
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LEMMA 2.6. [3] For a topological space (X, T), the following proper-
ties hold:

(1) The subsets () and X are Ay-sets.
(2) Every union of Ay-sets is a Ay-set.
(3) Every intersection of A,-sets is a Ay-set.

3. Generalized (A, b)-closed sets

In this section, we introduce the notion of generalized (A, b)-closed
sets and obtain several properties of generalized (A, b)-closed sets.

DEFINITION 3.1. A subset A of a topological space (X, 7) is called
(A, b)-closed if A =T NC, where T is a Ay-set and C' is a b-closed set.
The collection of all (A, b)-closed sets in a topological space (X, 7) is
denoted by A,C(X,T).

THEOREM 3.2. For a subset A of a topological space (X, T), the fol-
lowing properties are equivalent:

(1) A is (A, b)-closed.
(2) A=TNbCI(A), where T is a Ap-set.
(3) A= AN NbCI(A).

Proof. (1) = (2): Let A = T'N C,where T is a Ap-set and C is a
b-closed set. Since A C C', we have bC1(A) C C' and

A=TNC2OTNHCI(A) D A.

Therefore, we obtain A =T NbCI(A).
(2) = (3): Let A =TnNbCI(A), where T is a Ay-set. Since A C T,
we have A% C T™ = T and hence,

AC AMNBCI(A) CTNLOI(A) = A.

Therefore, we obtain A = A% NbCI(A).
(3) = (1): Since A% is a Ay-set, bC1(A) is b-closed and

A= AMNbOIA).
This shows that A is (A, b)-closed. O

LEMMA 3.3. Every A,-set (resp. b-closed set) is (A, b)-closed.
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DEFINITION 3.4. A subset A of a topological space (X, 7) is said to
be (A, b)-open if the complement of A is (A, b)-closed. The collection of
all (A, b)-open sets in a topological space (X, 7) is denoted by A,O(X, 7).

THEOREM 3.5. Let A,(av € V) be a subset of a topological space
(X, 7). Then the following properties hold:
(1) If A, is (A,b)-closed for each o« € V, then N{A, | « € V} is
(A, b)-closed.
(2) If A, is (A, b)-open for each o € V, then U{A, | « € V} is (A, b)-

open.

Proof. (1) Suppose that A, is (A, b)-closed for each a € V. Then, for
each «, there exist a Ay-set T, and a b-closed set C,, such that A, =
Ta N Ca. We have maevAa = ﬂaev(Ta N Ca) = (maevTa) N (ﬂaevca).
By Lemma 2.6, NyevT, is a Ayp-set and NyevCly, is a b-closed. This shows
that Naev Ay is (A, b)-closed.

(2) Let A, is (A, b)-open for each o € V. Then X — A, is (A, b)-closed
and X — UpevAa = Naev(X — A,). Therefore, by (1) X — UgevA, is
(A, b)-closed and hence, Uyev A, is (A, b)-open. m

DEFINITION 3.6. Let A be a subsets of a topological space (X, 7). A
point € X is called a (A, b)-cluster point of A if for every (A, b)-open
set U of X containing x we have ANU # (). The set of all (A, b)-cluster
points is called the (A, b)-closure of A and is denoted by AXY).

LEMMA 3.7. Let A and B be subsets of a topological space (X, ).
For the (A, b)-closure, the following properties hold:
(1) AC AMD and [ACH]AD = AL,
(2) If A C B, then AN C BAY),
(3) AN =N{F|AC F and F is (A, b)-closed}.
(4) AMY s (A, b)-closed.
(5) Ais (A, b)-closed if and only if A = AN,

LEMMA 3.8. Let A be a subset of a topological space (X, 7). Then
v € AN if and only if U N A # ) for every U € A,O(X, ) containing
x.

LEMMA 3.9. For a subset A of a topological space (X, ), the following
properties hold:
(1) If A is (A, b)-closed, then A = A% 0 AN,
(2) If A is b-closed, then A is (A, b)-closed.
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Proof. (1) Let A be (A,b)-closed, then there exist a Ap-set T and
a b-closed set C' such that A = TNC. By A C T, we have A C
AM C T™ =T and also by A C C, A c AN C CMY) = O Now
AC AN N ALY CTNC = A Hence, A = AM N AND),

(2) It is sufficient to observe that A = X N A, where the whole set X
is a Ap-set. O

A subset NV of a topological space (X, 7) is said to be (A, b)-neighbourhood
of a point x € X if there exists a (A, b)-open set U such that x € U C N.

LEMMA 3.10. A subset of a topological space (X, ) is (A, b)-open in
(X, 1) if and only if it is a (A, b)-neighbourhood of each of its points.

DEFINITION 3.11. Let A be a subset of a topological space (X, 7). The
union of all (A,b)-open sets contained in A is called the (A, b)-interior
of A and is denoted by A ).

LEMMA 3.12. Let A and B be subsets of a topological space (X, T).
For the (A, b)-interior, the following properties hold:

(1) Anp © A and [Aaplap = Anp)-

(2) If A C B, then A(AJ)) - B(A,b)-

(3) Ay =U{G | G C A and G is (A, b)-open}.

(4) Ay is (A, b)-open.

(5) A is (A, b)-open if and only if Axp = A.

DEFINITION 3.13. A subset A of a topological space (X, 7) is said
to be generalized (A, b)-closed (briefly g-(A,b)-closed) set if AN C U
whenever A C U and U € AO(X, 7).

DEFINITION 3.14. A topological space (X, 7) is said to be A,-symmetric
if for x and y in X, z € {y}*® implies y € {x}M),

THEOREM 3.15. A topological space (X, T) is Ap-symmetric if and
only if {x} is g-(A,b)-closed for each x € X.

Proof. Assume that z € {y}®® but y ¢ {x}*. This implies that
the complement of {z}(*? contains y. Therefore the set {y} is a subset
of the complement of {x}**. This implies that {y}*? is a subset of
the complement of {z}*). Now the complement of {2} contains =
which is a contradiction.

Conversely, suppose that {z} C V € A,O(X,7), but {x}* is not a
subset of V. This means that {z}** and the complement of V' are not
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disjoint. Let y belongs to their intersection. Now we have z € {y}®*?
which is a subset of the complement of V and = ¢ V. But this is a
contradiction. O

THEOREM 3.16. A subset A of a topological space (X, 1) is g-(A,b)-
closed if and only if AMY) — A contains no nonempty (A, b)-closed set.

Proof. Let I be a (A, b)-closed subset of AN — A Now AC X — F
and since A is g-(A, b)-closed, we have AN C X — For F C X — AW,
Thus FF C AN N [X — AAY] = () and F is empty.

Conversely, suppose that A C U and that U is (A, b)-open. If AAY ¢
U, then AMY N (X — U) is a nonempty (A, b)-closed subset of A —
A. O

COROLLARY 3.17. Let A be a g-(A, b)-closed subset of a topological
space (X, 7). Then A is (A,b)-closed if and only if AM) — A is (A, b)-
closed.

Proof. If A is (A, b)-closed, then AN — A =),

Conversely, suppose that AN — A 'is (A, b)-closed. But A is g-(A, b)-
closed and A — A is a (A, b)-closed subset of itself. By Theorem 3.16,
AAMY A = () and hence AN = A, O

PROPOSITION 3.18. For a subset A of a topological space (X, 1), the
following properties hold:
(1) If A is (A, b)-closed, then A is g-(A, b)-closed.
(2) If A is g-(A\, b)-closed and (A, b)-open, then A is (A, b)-closed.
(3) If A is g-(A, b)-closed and A C B C AWMY) | then B is g-(A, b)-closed.

Proof. (1) Let A be (A, b)-closed and A C U € A,O(X, 7). Then, by
Lemma 3.7 A = A®® C U and hence, A is g-(A, b)-closed.

(2) Let A be g-(A,b)-closed and (A, b)-open. Then AN C A and
hence, A is (A, b)-closed.

(3) Let BC U and U € AyO(X, 7). Then A C U and A is g-(A, b)-
closed. Hence, AN C U. By Lemma 3.7, AN = B and hence,
BWY C U. Therefore, B is g-(A, b)-closed. O

DEFINITION 3.19. Let A be a subset of a topological space (X, 7).
The (A, b)-frontier of A, AyF'r(A), is defined as follows:

ApFr(A) = AN N [X — AJAD),
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PROPOSITION 3.20. Let A be a subset of a topological space (X, 7).
If A is g-(A,b)-closed and A CV € AyO(X, 1), then

AbFT(V) Q [X - A](A,b)-

Proof. Let A be g-(A,b)-closed and A C V € A,O(X,7). Then
AWML C V. Suppose that z € AyFr(V). Since V € AyO(X, 7), AyFr(V)
= VA V. Therefore, + € V and 2 ¢ AMY . This shows that
x € [X — AJ(ap) and hence, AyFr(V) C [X — A]ap)- O

PROPOSITION 3.21. Let (X, 7) be a topological space. For each x €
X, either {x} is (A, b)-closed or {z} is g-(A,b)-open.

Proof. Suppose that {z} is not (A,b)-closed. Then X — {z} is not
(A, b)-open and the only (A, b)-open set containing X — {z} is X itself.
Therefore, [X — {2} C X and hence, X — {z} is g-(A, b)-closed.
Thus, {z} is g-(A, b)-open. O

THEOREM 3.22. A subset A of a topological space (X, 1) is g-(A\,b)-
open if and only if F' C Ay whenever ' C A and F is (A, b)-closed.

Proof. Suppose that A is g-(A,b)-open. Let FF C A and F is (A, b)-
closed. Then X —A C X — F € A,O(X,7) and X — A is g-(A, b)-closed.
Therefore, we obtain X — Ay = [X — A C X — F and hence
F C A(A,b)-

Conversely, let X —A C U and U € AyO(X, 7). Then X —U C A and
X — U is (A, b)-closed. By the hypothesis, we have X — U C A, ) and
hence, [X — A|MY = X — Ay ;) C U. Therefore, X — A is g-(A, b)-closed
and A is g-(A, b)-open. O

COROLLARY 3.23. For a subsets A, B of a topological space (X, 1),
the following properties hold:
(1) If A is (A, b)-open, then A is g-(A,b)-open.
(2) If A is g-(A, b)-open and (A, b)-closed, then A is (A, b)-open.
(3) If A is g-(A,b)-open and Ay € B C A, then B is g-(A, b)-open.

Proof. This follows from Proposition 3.18. O]

LEMMA 3.24. Let A be a subset of a topological space (X, 7). If
ANG =10, then AM NG = for each G € AyO(X, 7).

THEOREM 3.25. For a subset A of a topological space (X, T), the
following properties are equivalent:
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(1) A is g-(A, b)-closed.
(2) AMY — A contains no nonempty (A, b)-closed set.
(3) ANY) — A is g-(A, b)-open.

Proof. (1) = (2): This follows from Theorem 3.16.

(2) = (3): Let F € AW — A and F be (A, b)-closed. By (2), we
have F = () and F' C [ANY) — A] (Ap)- 1t follows from Theorem 3.22 that
AN Ais g-(A, b)-open.

(3) = (1): Suppose that A C U and U € A,O(X, 7). Then,

AN 7 AN _ 4,

By (3), AMY — A is g-(A, b)-open. Since AN — U is (A, b)-closed and
by Theorem 3.22, we have A — U C [AXY — A], ) = 0. Therefore,
we have AM®) C U and hence, A is g-(A, b)-closed. Now, the proof of
[AAY) — A) x4 = 0 is given as follows. Suppose that [AMY — A, ) # 0.
There exists © € [AMY — A] ;). Then, there exists G € AO(X, )
such that z € G C AN — A, Since G C X — A, we have GNA = ()
and G € A,O(X,7). By Lemma 3.24, G N A = () and hence, G C
X — AAY) | Therefore, we obtain G C [X — AMY] N AMY = ). This is
a contradiction. O]

THEOREM 3.26. A subset A of a topological space (X, T) is g-(A,b)-
closed if and only if F N AM) = () whenever ANF = () and F is
(A, b)-closed.

Proof. Suppose that A is (A, b)-closed. Let ANF = () and F be (A, b)-
closed. Then A C X — F € A,O(X,7) and AN C X — F. Therefore,
we have F'n AN = ).

Conversely, let A C U and U € A,O(X, 7). Then AN(X —U) =0
and X — U is (A, b)-closed. By the hypothesis, (X —U) N A®Y = () and
hence AMY C U. Therefore, A is (A, b)-closed. O

THEOREM 3.27. A subset A of a topological space (X, 1) is g-(A\,b)-
closed if and only if AN {x}A) =£ () for every v € AN,

Proof. Suppose that A is g-(A,b)-closed. Let AN {x}¥ = ( for
some v € AMY. By Lemma 3.7, {z}®¥ is (A, b)-closed and hence,
ACX — {2} € AyO(X, 7). Since A is g-(A, b)-closed,

A € X — {2} € X — {z}.
This contradicts that z € AXY),
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Conversely, suppose that A is not g-(A, b)-closed. Then () # AXY) U
for some U € A,O(X, 7) containing A. There exists z € AN —U. Since
r € U, by Lemma 3.8 U N {z}** = () and hence,

AN{z}®) cUn {2}t = 9.
This shows that AN {z}*) = for some 2 € AN, O

COROLLARY 3.28. For a subset A of a topological space (X, ), the
following properties are equivalent:
(1) A is g-(A,b)-open.
(2) A — Ay contains no nonempty (A, b)-closed set.
(3) A— Ay is g-(A, b)-open.
(4) (X — A)n{x} ™ £ for every x € A — Any).

Proof. This follows from Theorem 3.22, 3.25 and 3.27. O]

THEOREM 3.29. For a topological space (X, T), the following proper-
ties are equivalent:
(1) For every (A,b)-open set U, UMY C U.
(2) Every subset of X is g-(A,b)-closed.

Proof. (1) = (2): Let A be any subset of X and A C U € AO(X, 7).
By (1), UMY C U and hence AWM C UMY C U. Therefore, A is
g-(A, b)-closed.

(2) = (1): Let U € A,O(X, 7). By (2), U is g-(A, b)-closed and hence,
Ut C U, O

THEOREM 3.30. A subset A of a topological space (X, 1) is g-(A,b)-
open if and only if U = X whenever U is (A, b)-open and

(X - A) UA(AJ,) cUu.

Proof. Suppose that A is g-(A, b)-open and U € A,O(X, 7) such that
(X —A)UAnp CU. Then X — U C [X — A]AD — (X — A). Since
X — Ais g-(A,b)-closed and X — U is (A, b)-closed, by Theorem 3.16
X — U =0 and hence, X =U.

Conversely, suppose that ' C A and F is (A, b)-closed. By Lemma
3.12, we have (X — A) U Ay C (X — F)UAny € AyO(X, 7). By the
hypothesis, X = (X — F)) U A(a ). Hence,

F=Fn [(X — F) U A(AJ,)] =FnN A(AJ)) - A(A,b)-
It follows from Theorem 3.22 that A is g-(A, b)-open. O
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PROPOSITION 3.31. Let A be a subset of a topological space (X, 7).
If A is g-(A,b)-open and Az € B C A, then B is g-(A, b)-open.

Proof. We have X —AC X — B C X — Ay = [X — AJMY. Since
X — Ais g-(A, b)-closed, it follows from Proposition 3.18(3) that X — B
is g-(A, b)-closed and hence, B is g-(A, b)-open. ]

DEFINITION 3.32. A subset A of a topological space (X, ) is said to
be locally (A,b)-closed it A = U N F, where U € NO(X,7) and F is
(A, b)-closed.

THEOREM 3.33. For a subset A of a topological space (X, T), the
following properties are equivalent:

(1) A is locally (A, b)-closed;

(2) A=UnADY for some U € AyO(X, T);
(3) AMY — A is (A, b)-closed;

(4) AU[X — ABY] € A O(X, 7);

(5) AC[AULX — ABY]] .

Proof. (1) = (2): Suppose that A = U N F, where U € AO(X,T)
and F is (A, b)-closed. Since A C F, we have AXMY) C F(AY) = F Since
ACU, ACUNANY C UNF = A. Therefore, we obtain A = UNANM)
for some U € A,O(X, 7).

(2) = (3): Suppose that A = U N AN for some U € AO(X, 7).
Then, AN — A = (X — [UNAXY)) N AAY) = (X —U) N AXY. Since
(X —U) N AN is (A, b)-closed and hence, AN — A is (A, b)-closed.

(3) = (4): We have X — [AWY — A] = [X — AAY]U A and hence, by
(3) we obtain AU [X — AWY] € A,O(X, 7).

(4) = (5): By (4), ACAU[X — AN = [AU[X — AMD]] ().

(5) = (1): We put U = [AU[X — AQD)](x4). Then U € AO(X,7)
and A = ANU C UNAMY C [AU[X — AAD]| N ABD) = AnADD = A,
Therefore, we obtain A = U N AWY) where U € A,O(X, 7) and AN is
(A, b)-closed. This shows that A is locally (A, b)-closed. O

THEOREM 3.34. A subset A of a topological space (X, 7) is (A,b)-
closed if and only if A is locally (A, b)-closed and g-(A, b)-closed.

Proof. Let A be (A, b)-closed. By Proposition 3.18(1), A is g-(A, b)-
closed. Since X € AyO(X,7) and A= X N A, A is locally (A, b)-closed.
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Conversely, suppose that A is locally (A, b)-closed and g-(A, b)-closed.
Since A is locally (A, b)-closed, by Theorem 3.33 we have

ACTAULX — ABD) ).

By Lemma 3.12, [A U [X — AXY]] ;) € AO(X,7) and A is g-(A, b)-
closed. Therefore, we obtain

ARD CIAUX — ABD] ) CAUX — ANY)]
and hence, AMY = A and by Lemma 3.7 A is (A, b)-closed. O

DEFINITION 3.35. Let A be a subset of a topological space (X, 7).
The subset Ay is defined as follows:

A(A,b)<A) = ﬂ{U € AbO<X, T) ‘ AC U}

LEMMA 3.36. For subsets A, B of a topological space (X, ), the fol-
lowing properties hold:

(1) AC Ay (A).

(2) If A - B, then A(A,b)(A) - A(A’b)(B).
(3) A Ay (A)] = Ay (A).

(4) If A is (A, b)-open, Aap)(A) = A.

DEFINITION 3.37. A subset A of a topological space (X, 1) is called
a Appy-set if A = Ay (A). The family of all Ay p)-sets of (X,7) is
denoted by Ay (X, 7) (or simply Aeap))-

DEFINITION 3.38. A subset A of a topological space (X, 7) is called
a generalized Ay p-set (briefly g-Aap)-set) if Ay (A) € F whenever
A C F and F is (A, b)-closed.

DEFINITION 3.39. A topological space (X, 7) is called a Ab—T% -space
if every g-(A, b)-closed set of (X, 7) is (A, b)-closed.

LEMMA 3.40. For a topological space (X, T), the following properties
hold:

(1) For each x € X, the singleton {z} is (A,b)-closed or X — {z} is
g-(A, b)- closed.

(2) For each x € X, the singleton {z} is (A,b)-open or X — {z} is
g-A(ap)-set.
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Proof. (1) Let x € X and the singleton {z} be not (A, b)-closed.
Then X — {x} is not (A, b)-open and X is the only (A, b)-open set which
contains X — {z} and hence, X — {x} is g-(A, b)-closed.

(2) Let x € X and the singleton {z} be not (A, b)-open. Then X —{z}
is not (A, b)-closed and the only (A, b)-closed set which contains X — {x}
is X and hence, X — {z} is a g-A(4 p)-set. O

THEOREM 3.41. For a topological space (X, T), the following proper-
ties are equivalent:

(1) (X,7)isa Ab-T% -space.
(2) For each x € X, the singleton {x} is (A, b)-open or (A, b)-closed.
(3) Every g-Ap)-set is a Ay p)-set.

Proof. (1) = (2): By Lemma 3.40, for each x € X, the singleton {x}
is (A,b)-closed or X — {z} is g-(A,b)-closed. Since (X,7) is a Ap-T}-
space, X —{x} is (A, b)-closed and hence, {z} is (A, b)-open in the latter
case. Therefore, the singleton {z} is (A, b)-open or (A, b)-closed.

(2) = (3): Suppose that there exists a g-A)-set A which is not
a Aap-set. There exists © € A p)(A) such that o ¢ A. In case the
singleton {z} is (A, b)-open, A C X — {x} and X — {z} is (A, b)-closed.
Since A is a g-Aapy-set, Aap(A) € X — {z}. This is a contradiction.
In case the singleton {z} is (A, b)-closed, A C X — {2z} and X — {z} is
(A, b)-open. By Lemma 3.36, Aap)(A) € Anp(X —{2}) = X — {a}.
This is a contradiction. Therefore, every g-Asp)-set is a A p)-set.

(3) = (1): Suppose that (X, 7) is not a Ab—T%—space. Then, there
exists a g-(A, b)-closed set A which is not (A, b)-closed. Since A is not
(A, b)-closed, there exists a point 2 € A®Y) such that » ¢ A. By Lemma
3.40, the singleton {z} is (A,b)-open or X — {x} is a Ay p)-set. (a) In
case {z} is (A, b)-open, since z € AMY {31 N A # and v € A. This is
a contradiction. (b) In case X — {x} is a A p-set, if {x} is not (A, b)-
closed, X — {z} is not (A,b)-open and A4 (X — {z}) = X. Hence,
X — {z} is not a A p)-set. This contradicts (3). If {x} is (A, b)-closed,
AC X —{z} € MO(X,7) and A is g-(A,b)-closed. Hence we have
AW C X — {z}. This contradicts that x € A, Therefore, (X, 7) is
a Np-T 1-space. ]
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4. Ap-regular spaces and Aj,-normal spaces

In this section, we introduce the notions of A,-regular spaces and
Ay-normal spaces. Some characterizations of Ay-regular spaces and Ay-
normal spaces are obtained.

DEFINITION 4.1. A topological space (X, 7) is said to be Ay-regular if
for each (A, b)-closed sets F' not containing z, there exist disjoint (A, b)-
open sets U and V such that z € U and F C V.

THEOREM 4.2. For a topological space (X, T), the following properties
are equivalent:

(1) (X, 7) is Ay-regular.

(2) For each x € X and each U € AyO(X, T) such that x € U, there
exists V € NyO(X, 7) such that v € V C Vb C .

(3) For each (A, b)-closed set F, "{V*) | F CV € A,O(X,7)} = F.

(4) For each subset A of X and each U € AyO(X, 1) such that ANU #
0, there exists V € AyO(X, 7) such that ANV # () and VA C U.

(5) For each nonempty subset A of X and each (A, b)-closed set F' of
X such that AN F = (), there exist V,W € AyO(X, ) such that
ANV D), FCW and VW = (.

(6) For each (A, b)-closed set F' and x ¢ F, there exist U € AyO(X, T)
and a g-(A,b)-open set V such that t e U, F CV and UNV = ().

(7) For each subset A of X and each (A,b)-closed set F' such that
ANF =10, there exist U € AyO(X,7) and a g-(A,b)-open set V
such that ANU #0, FCV andUNV = .

Proof. (1) = (2): Let G € AyO(X,7) and x € G. Then z ¢ X — G,
there exist disjoint U,V € AyO(X, 7) such that X — G C U and z € V.
Thus VC X —Uandsoz e VC VM C X - UCG.

(2) = (3): For any F € A,C(X, 1), we always have

FCn{V® | FCVeAOX, )}

On the other hand, let F' € A,C(X,7) such that x € X — F. Then by
(2), there exists U € A,O(X,7) such that x € U C UM C X — F. So
FCX-UM =V e AMOX,7) and UNV = . Then z g VA,
Thus F D n{VAY | FCV € AO(X,7)}.

(3) = (4): Let A be a subset of X and U € A,O(X,7) such that
ANU #0. Let z € ANU. Then x ¢ X — U. Hence by (3), there
exists W € AyO(X,7) such that X — U C W and o ¢ WA, Put V =
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X — WA which is a (A, b)-open set containing x and hence ANV # 0.
Now V C X —W and so VI*) C X —W C U.

(4) = (5): Let A be a nonempty subset of X and F be a (A,b)-
closed set such that ANF = (). Then X — F € A,O(X,7) such that
AN (X — F) # 0 and hence by (4), there exists V € A,O(X, 7) such
that ANV #Pand VA C X — F. Put W = X — VMY then W is a
(A, b)-open set such that £ C W and W NV = 0.

( = (1): Let F be a (A,b)-closed set not containing z. Then
} = 0. Thus by (5), there exist VW € A,O(X,7) such that
FCWandVnW =0.

( = (6): Obvious.

(6) = (7): Let A be a subset of X and F be a (A, b)-closed set such
that ANF = (. Then for z € A,z ¢ F, and hence by (6), there exist
U € AyO(X, 1) and a g-(A, b)-open set V such that z € U, FF C V and
UNV=0.S0 ANU #0, FCVand UNV = 0.

(7) = (1): Let F be a (A,b)-closed set such that = ¢ F. Since
{z} N F =0, by (7) there exist U € A,O(X,7) and a g-(A, b)-open set
W such that z € U, F C W and UNW = (. Since W is g-(A,b)-
open, by Theorem 3.22 we have F' C W) =V € AyO(X, 7) and hence
unv =40. O

b)-
)
n{z
-
)

DEFINITION 4.3. A topological space (X, 7) is said to be Ay-normal
if for any pair of disjoint (A, b)-closed sets F' and H, there exist disjoint
(A, b)-open sets U and V such that F C U and H C V.

THEOREM 4.4. For a topological space (X, 7), the following properties
are equivalent:

(1) (X, 7) is Ay-normal.

(2) For every pair of (A,b)-open sets U and V' whose union is X, there
exist (A, b)-closed sets F' and H such that F C U, H C V and
FUH=X.

(3) For every (A, b)-closed set F' and every (A, b)-open set G containing
F, there exists a (A,b)-open set U such that F C U C UMY C @.

Proof. (1) = (2): Let U and V be a pair of (A, b)-open sets in a A,-
normal space (X, 7) such that X = U UV. Then X —U and X —V are
disjoint (A, b)-closed sets. Since (X, 7) is Ap-normal, there exist disjoint
(A, b)-open sets G and W such that X —U C G and X —V C W. Put
F=X—-Gand H=X—W. Then F and H are (A, b)-closed sets such
that F CU, HCV and FUH = X.
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(2) = (3): Let F'bea (A, b)-closed set and G a (A, b)-open set contain-
ing F. Then X — F and G are (A, b)-open sets whose union is X. Then
by (2), there exist (A, b)-closed sets M and N such that M C X — F|
NCGand MUN =X. Then FC X - M, X -G C X — N and
(X—=M)N(X=N)=0. Pt U=X—Mand V=X —N. Then U and
V are disjoint (A, b)-open sets such that F CU C X -V CG. As X -V
is (A, b)-closed set, we have UM) C X —V and F C U C UM C G.

(3) = (1): Let F and H be two disjoint (A, b)-closed sets. Then
F C X —H and X — H is (A, b)-open and hence there exists a (A, b)-
open set U such that F CU C UM C X — H. Put V =X — UMD,
Then U and V are disjoint (A, b)-open sets such that £/ C U and H C V.
This shows that (X, 7) is Ay-normal. O

THEOREM 4.5. For a topological space (X, T), the following properties
are equivalent:

(1) (X, 7) is Ay-normal.

(2) For every pair of disjoint (A,b)-closed sets F' and H, there exist
disjoint g-(A, b)-open sets U and V' such that F C U and H C V.

(3) For each (A, b)-closed set F and each (A,b)-open set G containing
F, there exists a g-(A, b)-open set U such that F C U C UMY C @.

(4) For each (A, b)-closed set F' and each g-(A, b)-open set G containing
F, there exists a (A,b)-open set U such that F C U C UM C
G-

(5) For each (A, b)-closed set F' and each g-(A\, b)-open set G containing
F, there exists a g-(A,b)-open set U such that ' C U C UM C
Gap)-

(6) For each g-(A\,b)-closed set F' and each (A, b)-open set G containing
F, there exists a (A, b)-open set U such that FMY) C U C UM C
G.

(7) For each g-(A\,b)-closed set F' and each (A, b)-open set G contain-
ing F, there exists a g-(A,b)-open set U such that FAY C U C
Uh C G.

Proof. (1) = (2): Obvious.

(2) = (3): Let F be a (A,b)-closed set and G be a (A,b)-open set
containing F'. Then F and X — G are two disjoint (A, b)-closed sets.
Hence by (2) there exist disjoint g-(A, b)-open sets U and V' such that
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F CUand X —G CV. Since V is g-(A,b)-open and X — G is (A, b)-
closed, by Theorem 3.22, X — G C V(5 ;). Hence,

(X —V]®D) = X — Vi, CG.

Thus, F CU C UM C G,

(3) = (1): Let F and H be two disjoint (A, b)-closed sets. Then F
is a (A, b)-closed set and X — H is a (A, b)-open set containing F. Thus
by (3), there exists a g-(A, b)-open set U such that

FCcUucu™ cx —H.

Thus by Theorem 3.22, F' C Uy, H € X — UMD where Uy and
X — UMY are two disjoint (A, b)-open sets. This shows that (X, 7) is
Ay-normal.

(4) = (5) = (2): Obvious.

(6) = (7) = (3): Obvious.

(3) = (5): Let F be a (A,b)-closed set and G be a g-(A,b)-open
set containing F. Since G is g-(A,b)-open and F' is (A,b)-closed, by
Theorem 3.22 F' C G(5p). Thus by (3), there exists a g-(A, b)-open set
U such that F C U C UMb C Gap)-

(5) = (6): Let F be a g-(A,b)-closed set and G be a (A,b)-open
set containing F. Then FY) C G. Since G is g-(A,b)-open, there
exists a g-(A, b)-open set U such that F(M) C U € UMY C G. Since
U is g-(A, b)-open and F™?) is (A, b)-closed, by Theorem 3.22 we have
FWb) C Uy Put V-="Unp). Then V is (A, b)-open and hence,

FAh) CVC ) — [U(A,b)](A’b) C (A0) C G.

(6) = (4): Let F be a (A, b)-closed set and G be a g-(A, b)-open set
containing F'. Then by Theorem 3.22, we obtain F' C Gap). Since F is
g-(A, b)-closed and G, ) is (A, b)-open, by (6) there exists a (A, b)-open
set U such that F = FOY) CU C UM C Gyy. O
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