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NONCONSTANT WARPING FUNCTIONS ON
EINSTEIN WARPED PRODUCT MANIFOLDS WITH
2—DIMENSIONAL BASE

S00-YOUNG LEE

ABSTRACT. In this paper, we study nonconstant warping functions
on an Einstein warped product manifold M = B X ;2 F' with a warped
product metric g = gp + f(t)?gr. And we consider a 2—dimensional
base manifold B with a metric gg = dt? + (f'(t))%?du®. As a result,
we prove the following: if M is an Einstein warped product manifold
with a 2—dimensional base, then there exist generally nonconstant
warping functions f(¢).

1. Introduction

In [1], A.L. Besse, the author studies an Einstein manifold. And he
considers an Einstein warped product manifold M = B x 2 F' with a
warped product metric ¢ = gg + f(t)?gr. In addition to, he may also
consider an Einstein warped product manifold with a 2—dimensional
base manifold.

In a recent study, we have various results on an Einstein warped
product manifold by several authors( [4,6-10]). And we get results on
an Einstein warped product manifold with a 2—dimensional base by
several authors( [8-10]).

In this paper, we study the following question:

Received November 4, 2017. Revised March 18, 2018. Accepted March 20, 2018.

2010 Mathematics Subject Classification: 53C15, 53C21, 53C25, 58D17.

Key words and phrases: warping function, warped product manifold, scalar cur-
vature, Einstein manifold, Ricci tensor, Ricci curvature.

© The Kangwon-Kyungki Mathematical Society, 2018.

This is an Open Access article distributed under the terms of the Creative com-
mons Attribution Non-Commercial License (http://creativecommons.org/licenses/by
-nc/3.0/) which permits unrestricted non-commercial use, distribution and reproduc-
tion in any medium, provided the original work is properly cited.


https://doi.org/10.11568/kjm.2018.26.1.75

76 Soo-Young Lee

MAIN THEOREM : If M = B X2 I’ is an Einstein warped product
manifold with a 2—dimensional base, then there exist generally noncon-
stant warping functions f(t).

DEFINITION 1.1. Let (B, gp) and (F,gr) be two manifolds. Let gp
be metric tensors of B and gr be metric tensors of F. We denote by 7
and o the projections of B x F onto B and F| respectively.

For a positive smooth function f on B the warped product manifold
M = B xj; F is the product manifold M = B x F furnished with the
metric tensor g defined by g = 7*(gg) + (f o 7)%0*(gr). We denote by
m* and ¢* the pullback 7 and o, respectively. Here B is called the base
of M and F the fiber( [1-3,11]).

We denote by Ricp is the Ricci curvature of (F,gr) and Ricg is the
Ricci curvature of (B, gg). We denote by Ric® and Ricl the lifts to M
of Ricci curvatures of B and F), respectively. Let p be a dimension of
F ([1-3,11)).

PROPOSITION 1.2. (See Proposition 9.106 in [1].) The Ricci curvature
Ric of the warped product manifold M = B X 2 F' satisfies

@Rmuwpﬂmwuwngmwwﬁi—@—wgy

(ii) Ric(X,V) =0, !
(ifi) Ric(X,Y) = RicB(X,Y) — ?Hf (X,Y)

),

for any vertical vectors V., W and any horizontal vectors X,Y. We are
defined by df is the gradient of f for gg, H' is the Hessian of f for gg.
We denote by Af is the Laplacian of f for gg and p is a dimension of F.

COROLLARY 1.3. (See Corollary 9.107 in [1].) The warped product
manifold M = B X2 F is an Einstein manifold (with Ric = A\g) if and
only if gr, gg and f satisfy
(i) (F,gr) is Einstein (with Ricp = A\ogr),

A dfl> = A
(11)710—(17—1)” f” 0

+ 2=,
(iii) Ricy — ZHS = Agp.

2o
f

Obviously, (i) gives a condition on (F, gr) alone, whereas (ii) and (iii)
are two differential equations for f on (B, gp).
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REMARK 1.4. (See 9.108 in [1].) Using Corollary 1.3 (ii) and (iii), we
replace the unique equation

(1.1)
Ricg — ?Hf = %[ 83-{-2]?% —p(p—1)

dfl> = A
”;;H +pf_g_ (p+q—2)\ gz,

where ¢ = dimB.

REMARK 1.5. (See 9.116 in [1].) In a special case of a warped product
manifold M = Bx p2 F over a 2—dimensional base. We denote by sp is

1
a Gaussian curvature of B, Ricg = 55BYB; and ¢ = 2. Hence equation
(1.1) simplifies to

1 df 11 | Ao
——[2Af — (p— DXL 1 20 2\Fgp.

LEMMA 1.6. (See Lemma 9.117 in [1].) On a 2—dimensional manifold
(B,gp) the equation H' = f"gp admits a nonconstant solution f if
and only if, locally at points where df # 0, there exist local coordinates
(t,u) such that f is a function of t alone and gg = dt* + f'(t)?du®.

(1.2) HT =

REMARK 1.7. (See 9.117a in [1].) With the notations of the lemma,
equation (1.2) becomes an ordinary differential equation for f in the
variable t and ||df]|> = (f)®2. Then we have an equation

v d” Ao _
(1.3) 2"+ (p 1)f f+Af 0.

If we denote f(t) = u(t)P%, where u(t) is a positive function and
dimF = p > 1, then equation (1.3) can be changed into

u"(t) _ (p +41))‘0 u(t)l—ﬁ . (p—zl))‘ u(t)

By multiplies both side «/(¢) and an integration gives, then we obtain

(p+1)* Xo

(L) WP =Ty
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We study generally nonconstant warping functions of equation (1.4)
on an Einstein warped product manifold M = Bx p2 F' with a 2—dimensional

base B and the metric g5 = dt2 + f'(t)*du?.

2. Fiber manifold with A\ =0

Let dimF = p > 1. In case that \j = 0, we consider to the following
theorem according to the signs of .

THEOREM 2.1. In case that \g = 0. If \ is a constant, then there
exist solutions of equation (1.4).
(i) For A =0, u(t) = ¢, where c is a positive constant.
(ii) For A > 0, there does not exist a solution of equation (1.4).

/=+Dx
(iii) For A < 0, u(t) = e* T ¢, where c is a constant.
Proof. For \g =0, equation (1.4) implies that

A
(2.) ey = - LA e
(i) For A = 0, equation (2.1) implies that (v/(¢))? =0 and '(t) = 0.
An integration gives u(t) = ¢, where ¢ is a positive constant.
(i) For A > 0, equation (2.1) implies that (u/(¢))*> < 0, which is a
contradiction. Hence there does not exist a solution of equation (1.4).

— 1A
(iii) For A < 0, then we get u/(t) = + % u(t), where u(t) is
a positive function. Multiplying both sides of equation by W and an
u
integration gives
— A
I fuft) = DA

. 4+ —(p+HX t+c .
where c is a constant. Then we have u(t) = e i , where cis a

constant and u(t) is a positive function.
/=D
Therefore we have u(t) = eV "5 "¢ where c is a constant. [

From above Theorem 2.1, the following remark considers that equa-
tion (1.3) satisfies generally nonconstant warping function f(t).
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REMARK 2.2. For \y =0, there exist generally nonconstant warping
functions f(t) of equation (1.3) according to the signs of A :
(i) For A =0, f(t) =c, where cis a positive constant. Because ¢ is not
nonconstant, thus f(¢) = ¢ is not our nonconstant solution.
(ii) For A > 0, there does not exist a solution of equation (1.3).

ESE S
(iii) For A <0, f(t)=e Vi1 "7 where ¢ is a constant.

The following example shows that our results are satisfied with well-
known special cases of equation (1.3) besides the constant cases.

ExXAMPLE 2.3. Let dimF = p > 1. From Remark 2.2, for the well-
known special cases \g and A, we have a nonconstant warping function
of equation (1.3). For \g =0 and A = —(p+ 1), then f(t) = ¢ when
c=0.

3. Fiber manifold with Ay > 0

Let dimF' = p > 1. In case that Ay > 0, we consider to the following
theorem according to the signs of \.

THEOREM 3.1. In case that \y > 0. If \ is a constant, then there
exist solutions u(t) of equation (1.4):

pt1
() For A= 0, u(t) = (/2 t+25) ©
y —1)A R
(ii) for A > 0, u(t) = ( (2:1)))\0 sec(+ zﬁ t— ,/ﬁ c) ) :

— Ao s _ _ 2
(iii) for A < 0, u(t) = < ((ﬁfll))/\o sinh (£ I:Al t+ ,/lﬁ c) ) ,

where c is a constant.

Proof. (i) For A =0, equation (1.4) implies that we have equation

(p+1)*Xo
Alp-1)

(p+1)%X
4(p—1)
142

71 and an integration gives

(u'(t))? = u(t)y

Here we get u'(t) = + u(t)l_p%. Multiplying both sides

of equation by u(t)”
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1 1)2)
Ziu(t)%:i Mt—{—c,
2 Ap—1)
A 2
where ¢ is a constant. Then we obtain u(t)ﬁ =+ 0 4y =€ ,

p—1 p+1
where ¢ is a constant. Therefore we have

pt1

)\0 2c H
t: It t+ )
u(t) ( p—1 p+1>

where c is a constant.
(ii) For A > 0, first of all, equation (1.4) simplifies that we rewritten as

1
(3.1) / : du—+ / dt.
u(t) (p+1)* Ao u(t) P — (p+1)A

4(p—1) 4
1)2) DA
Putting M =a>0 and m =b> 0, then we have
4(p—1)
1
/ = du = i/dt.
u(t) \/au(t)r#r —b
- b
By using trigonometric substitution, u(t)PTZl = a sec, then we get
a
11
/—]i— d&zi/dt.
2 Vb
: . . p+11 .
Upon integration, we obtain _T% 0 = £+t + ¢, where ¢ is a con-

stant. Now we have

u(t)P_T21 = ﬁsec(:l:Z—\/E t— 2—\/5 c),

Vva

where ¢ is a constant. Then we become

Vb 2vh b ) T
u(t):<ﬁsec(ip+1t—p+10)) )
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where ¢ is a constant. Therefore we have

I ey I U DU
“t)_< e o1 T >>

where ¢ is a constant.

1)2\
(iii) For A < 0, by a proof similar to Theorem 3.1 (ii), putting % =
p —
HA
a>0 and _(p—l—T) =b >0, equation (3.1) implies that we have the
equation

1
/u(t) \/a u(t)ﬁl + bdu B i/dt'

= Vb

By using trigonometric substitution, u(t)» = — tan @, then we ob-

Vva

p+11 B
/ — 7 csc@d@-:l:/dt.

Upon integration, we become In | cscf + cot ] = t+ ,
+1 p+1

tain

where c is a constant. Here we obtain

a+bu(t)r \/Eu() = 2\/_ - \/_
Va Va BT

where ¢ is a constant. Now we get

In |

| a+b U(t)# + \/B U( )%| = eiiﬁ t+p+1 c+lnf

2vb
. ¢ !
where ¢ is a constant and eipﬂ +P+IC+ nva

Hence we have

are positive functions.
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where ¢ is a constant. Therefore we have

p+1 —A =
(p—DA p+1 p+1c) ’

where ¢ is a constant. L]

REMARK 3.2. For \y > 0, there exist generally nonconstant warping
functions f(t) of the equation (1.3) according to the signs of A:

Ao 2c
i) For A =0, then f(t) =+ t+ )
(i) For en f(t) p—1 p+1
) (P + Do A A
f h =\ 1y cos(E Pt 1
(ii) for A >0, then f() (p— 1))\ cos( p+1 p—l—l

(iii) for A < 0, then f(t) = _<(p i ‘/p+ ¢+ p+

where ¢ is a constant.

ExAMPLE 3.3. Let dimF = p > 1. From the Remark 3.2, we have
nonconstant warping functions f(t) of equation (1.3) depending on well-
known special constants A\g and A when ¢ = 0.

(i) For \g=p—1 and A =0, then f(t) = £t.
(ii) For A\ =p—1 and A =p+ 1, then f(t) = cost.
(iii) For \g=p—1 and A = —(p+ 1), then f(¢) = £sinht.

4. Fiber manifold with \; < 0

Let dimF = p > 1. In case that Ay < 0, we consider to the following
theorem according to the signs of .

THEOREM 4.1. In case that A\ < 0. If A is a constant, then there
exists a solution equation (1.4):
(i) For A > 0, there does not exist a solution of equation (1.4).

(ii) For \ < 0, () = ( _(5:11>)AA0 cosh(+ /]% L /p—+A1 c)>

where c is a constant.
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Proof. (i) For A > 0, equation (1.4) implies that (u/(¢))? < 0. There-

fore there does not exist a solution of equation (1.4).

(ii) For A < 0, by a proof similar to Theorem 3.1 (ii) and (iii), putting
(p+1)*Xo (p+ 1A
4p—1)

that we get the equation

/ ! du:i/dt.

u(t) \/—a u(t)P;+41 +0b

By using trigonometric substitution, w(t)#+1

=a>0 and — =b> 0, equation (3.1) implies

= ——sinf#, then we ob-

Va

/—Iili csc@d&zi/dt.
2 Vb

Upon integration, we have In|cscf + cotf| =

tain

2\f+\f

p+1 p+1

Y

where ¢ is a constant. Here we become

In |

)

\/l_)u(t)pi1+\/—a+bu(t)”i1 YO
Va Va TSR

where c is a constant. Here we get

| Vb u(t)7T + \/—a+b w(t)FT | = ERFE R etinva

) +2Vb !
where c is a constant and e »+1 +34 etinva

we have

are positive functions. Then

2 Wa ovh 2Vl
u(t)r _%COSh(ip—l—l +p+1 c),

where ¢ is a constant. Therefore we have

p+1
(p+ 1A — )\ ’
- 70 eosh(dy | —
u(t) ( (p—l)ACOS( p—|—1t+ p—i—lC)

where ¢ is a constant. O
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REMARK 4.2. For \g < 0, there exists generally nonconstant warping
function f(t) of equation (1.3) for the signs of A:
(i) For A > 0, there does not exist a positive solution of equatlon (1.3).

.. (p+1)Ao —A
ii) For A <0, then f(t) =4/ ——<—co
(1) 1) (p—1A \/p+ p+1

where ¢ is a constant.

ExAMPLE 4.3. Let dimF = p > 1. From the Remark 4.2, for the
well-known special cases \g = —(p—1), A= —(p+1), and ¢ =0, then
f(t) = cosh(t).

From above Remark 2.2, Remark 3.2, and Remark 4.2, the following
remark shows that equation (1.3) satisfies nonconstant warping functions

f(t).

REMARK 4.4. If M = B x 2 F'is an Einstein warped product manifold
with a 2—dimensional base B and a metric gg = dt* + f'(t)* du?,
then there exist generally nonconstant warping functions f(t) of equation
(1.3). The behavior of the solutions depends on the signs of A\g and A.
We are reduced to the following five cases (besides the constant case),
where ¢ = 0:

(i) For A\g =0 and A <0, then f() —ei\/
ii) For A\¢g >0 and A =0, then f(t) =+ Tt.

(DX

—((5 +11))’\° sinh(+

v) For \g < 0 and A <0, then f(t) = ((z;+11))>\/\o cosh(£,/ =2 t).

iv) For \g > 0 and A <0, then f(t)

(

(iii) For A\g > 0 and A > 0, then f(¢) = (p+D2o cos(+ i t).
( at)-
(

p+1

Thus main theorem is verified.
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