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ON SOME GROWTH ANALYSIS OF COMPOSITE
ENTIRE AND MEROMORPHIC FUNCTIONS FROM
THE VIEW POINT OF THEIR RELATIVE (p,q)-TH

TYPE AND RELATIVE (p,q)-TH WEAK TYPE

TANMAY BISWAS

ABSTRACT. The main aim of this paper is to prove some results
related to the growth rates of composite entire and meromorphic
functions on the basis of their relative (p, ¢)-th order, relative (p, q)-
th lower order, relative (p, ¢)-th type and relative (p, ¢)-th weak type
where p and ¢ are any two positive integers.

1. Introduction, Definitions and Notations

Let f be an entire function defined in the open complex plane C.
The maximum modulus function My (r) corresponding to f is defined
on |z| =ras My (r) = I‘n|ax |f (2)|]. If f is non-constant then it has the

following property:
Property (A) [1] : A non-constant entire function f is said have the
Property (A) if for any ¢ > 1 and for all sufficiently large values of r,
[M; (r)]> < My (1) holds. For examples of functions with or without
the Property (A), one may see [1].

Also for a non-constant entire function f, My (r) is strictly increasing
and continuous and its inverse M;~! : (| f (0)],00) — (0, 00) exists and is
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such that lim M ! (s) = 0o. When f is meromorphic, one may introduce
§—00

another function T (r) known as Nevanlinna’s characteristic function of
f, playing the same role as My (r).

The integrated counting function Ny (r,a) (N (r,a)) of a-points (dis-
tinct a-points) of f is defined as

r

t —
Ny (r,a) :/nf( ) " e (O’G)dt—i-nf (0,a)logr

0

_ 7 (ta) -7
Nf(r,a)—/nf(’a)tnf(r’a)dthﬁf(O,a)logr :

0

where we denote by n (£, a) (s (¢, a)) the number of a-points (distinct a-
points) of f in |z] < ¢ and an oo -point is a pole of f . In many occasions
Ny (r,00) and N (r,00) are denoted by Ny (r) and N (r) respectively.
The function Ny (r,a) is called the enumerative function. On the other
hand, the function my (r) = my (r, 00) known as the proximity function
is defined as

2m
1 )
my(r) = %/logJ“ ki (rew)| de,
0

where log™ 2 = max (log x,0) for all z >0

and an oo -point is a pole of f .
Analogously, m L (r) = my (r,a) is defined when a is not an co-point

of f.

Thus the Nevanlinna’s characteristic function T’ (r) corresponding to
f is defined as

Ty (r) = Ny (r) +my (r) -

When f is entire, T (1) coincides with my (r) as Ny (r) = 0.
Moreover, if f is non-constant entire then T (r) is strictly increasing
and continuous functions of r. Also its inverse T L (T (0),00) —

(0,00) exist and is such that Sllrgon_l (s) = oo. Also the ratio ;ﬁgi

as r — oo is called the growth of f with respect to g in terms of the
Nevanlinna’s Characteristic functions of the meromorphic functions f
and g.
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Now we state the following notation which will be needed in the se-

quel:

log* 2 = log (log[k_” x) for k=1,2,3,--- and

[0]

log™ x = x;

and
exp z = exp (exp[k_l] x) for k=1,2,3,--- and
exp z = x.

Taking this into account, Juneja, Kapoor and Bajpai [8] defined the
(p, q)-th order and (p, q)-th lower order of an entire function f respec-
tively as follows:

pr(Pa) _ oy, SUP log” Mj(r)

Ar(pq) oo inf gl

Y

where p,q are any two positive integers with p > ¢. When f is
meromorphic one can easily verify that

pr(pa) _ o, SUP log? Ty (r)

)\f (p, (]) r—oo Inf log[Q] r
where p, ¢ are any two positive integers with p > ¢. If p=1[7and ¢ =1

)

then we write py(I,1) = pgﬂ and Af(l,1) = )\Ef] where pgf] and )\Ef} are
respectively known as generalized order and generalized lower order of
f. Also for p = 2 and ¢ = 1 we respectively denote p; (2,1) and As (2, 1)
by ps and A¢, where ps and A; are the classical growth indicator known
as order and lower order of f.

In this connection we just recall the following definition :

DEFINITION 1. [8] An entire function f is said to have index-pair
(pq), p > q>1ifb < ps(p,g) < oo and ps(p—1,¢—1) is not a
nonzero finite number, where b = 1if p = g and b = 0 if p > ¢. Moreover
if 0 < ps (p,q) < oo, then

pr(p—mn,q) =00 forn <p, pr(p,g—n)=0for n <qand

pr(p+n,g+n)=1forn=1,2, ...
Similarly for 0 < A (p, ¢) < oo, one can easily verify that

Af(p—n,q) =00 forn <p, A\f(p,g—mn)=0forn < qand
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Af(p+mn,g+n)=1lforn=1,2,....

An entire function for which (p, ¢)-th order and (p, ¢)-th lower order are
the same is said to be of regular (p, ¢)-growth. Functions which are not
of regular (p, q)-growth are said to be of irregular (p, q)-growth.

Analogously one can easily verify that the Definition 1 of index-pair
can also be applicable for a meromorphic function f.

In order to compare the growth of entire functions having the same
(p, q)-th order, Juneja, Kapoor and Bajpai [9] also introduced the con-
cepts of (p, q)-th type and (p, ¢)-th lower type in the following manner

DEFINITION 2. [9] The (p,q)-th type and the (p,q)-th lower type
of entire function f having finite positive (p,q)-th order ps (p,q) (b <
ps(p,q) < o) (p,q are any two positive integers, b = 1 if p = ¢ and
b =0 for p > q) are defined as :

o (pa) _ p sup log? ! M (r)

Ef (p, q) r—00 mf (log[q_l] T> ,Of(p,q) )

0<3;(p.q) <os(p,q) <oco.
If f is meromorphic function with 0 < pf (p, q) < oo, then

07 (p,q) _ pp, SUP log?~2 Ty (r)
of (p,q) r—oo Inf (log[q_” T)Pf(l’y‘])’

0<7;(p,q) <of(p,q) <o

Likewise, to compare the growth of entire functions having the same
(p, q¢)-th lower order, one can also introduced the concepts of (p, q)-th
weak type in the following manner :

DEFINITION 3. The (p, q)-th weak type of entire function f having
finite positive (p, ¢)-th lower order As (p,q) (b < A (p,q) < 00) is defined
as :
log” Y M; (r)

r—00 (log[qfl] 7-) A (.0)

where p,q are any two positive integers, b = 1 if p = g and b = 0 for
p>q.
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Similarly one may define the growth indicator 7 (p,q) of an entire
function f in the following way :

b<Ar(p,gq) <o0

where p, q are any two positive integers, b = 1 if p = ¢ and b = 0 for
p>q.
If f is meromorphic function with 0 < Af (p,q) < oo, then

Tr(pa) _ i sup log" Ty (r)

Tf (p, q) r—00 1nf <1Og[q_1] r) )‘f(p,q) .

It is obvious that 0 < 7y (p,q) < T (p,q) < 0 .

Given a non-constant entire function f defined in the open complex
plane C its maximum modulus function and Nevanlinna’s characteristic
function are strictly increasing and continuous. Hence there exists its
inverse functions Mf_l(r) (£ (0)],00) = (0,00) with SILIEOMJ:I (s) =00
and Tf_l(r) 2 (|f (0)],00) = (0,00) with limTf_1 (s) = 0.

S5—00
In this connection, Bernal [1,2] introduced the definition of relative

order of an entire function f with respect to another entire function g,
denoted by p, (f) as follows:

pg (f) = inf{pu>0:M;(r)<M,(r*) for all r > o (1) > 0.}
— log M My (r)

= lim
r—00 log T

The definition coincides with the classical one [11] if g (z) = exp 2.
Similarly one can define the relative lower order of an entire function f
with respect to another entire function g denoted by A, (f) as follows :

-1
A () = h_mlogMg My (1) |

r—o0 log r

Extending this notion, Ruiz et. al. [10] introduced the definition of
(p,q) -th relative order of a entire function with respect to an entire
function in the light of index pair which is as follows :



28 Tanmay Biswas

DEFINITION 4. [10] Let f and g be any two entire functions with
index-pairs (m, q) and (m,p) respectively where p, ¢, m are positive in-
tegers such that m > max(p,q). Then the relative (p,q)-th order of f
with respect to g is defined as

—log? MMy (r)

PP (f) = Jim, log! 1

Analogously, the relative (p, ¢)-th lower order of f with respect to g is
defined by:

log!® M M; (r
)\ép’q)(f):h_m g g f( )
f—— log@ r

In order to refine the above growth scale, now we intend to introduce
the definitions of an another growth indicators, such as relative (p,q)-
th type and relative (p, q)-th lower type of entire function with respect
to another entire function in the light of their index-pair which are as
follows:

DEFINITION 5. Let f and g be any two entire functions with index-
pairs (m,q) and (m,p) respectively where p,q, m are all positive inte-
gers such that m > max{p,q}. The relative (p,q)-th type and rela-
tive (p,q)-th lower type of entire function f with respect to the en-

tire function ¢ having finite positive relative (p,q) th order pép ) (f)
(O <P (f) < oo> are defined as :
(1) _ s o 0

= lim .
_(p7q) r—00 f (p"I)
a? (f) —oo I (log[q’” T)Pg ()

Analogously, to determine the relative growth of two entire functions
having same non zero finite relative (p, ¢)-th lower order with respect
to another entire function, one can introduced the definition of relative
(p, q)-th weak type of an entire function f with respect to another entire

function ¢ of finite positive relative (p, ¢) -th lower order Agp 9 (f) in the
following way:

DEFINITION 6. Let f and g be any two entire functions having fi-
nite positive relative (p, ¢)-th lower order AP? (f) (0 < AP () < oo)

where p and ¢ are any two positive integers. Then the relative (p, ¢)-th
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weak type of entire function f with respect to the entire function g is
defined as :

logP~Y MM (r

Tg(p’q) (f) = lim g ! (p;( )

r—00 [qfl] )‘9’ (f)
<log 7")

Similarly one can define another growth indicator 79 (f) in the follow-
ing way:

— logP M Mt (r
F_S]p’q) (f) — Tm g g f( )

00 (p,q)
- (log[qfl] r)Ag v

In the case of relative order, it therefore seems reasonable to define
suitably the relative (p, ¢)-th order of meromorphic functions. Debnath
et. al. [4] also introduced such definition in the light of index pair in the
following manner:

DEFINITION 7. [4] Let f be any meromorphic function and g be any
entire function with index-pairs (m,q) and (m,p) respectively where
p,q, m are all positive integers such that m > p and m > ¢. Then the
relative (p, ¢)th order of f with respect to g is defined as
—log” T, Ty (r)
lim
r—00 log[q] r

A9 () =

Similarly, one can define the relative (p, ¢)-th lower order of a mero-
morphic function f with respect to an entire function g denoted by
APD (£) where p and ¢ are any two positive integers in the following
way:

-1
AP () = tim B L T 1)
r—00 logl 7

Now we state the following two definitions relating to the meromor-
phic function which are similar to Definition 5 and Definition 6 respec-
tively.

DEFINITION 8. Let f be a meromorphic function and g be an entire
function with index-pairs (m,q) and (m,p) respectively where p,q,m
are all positive integers such that m > max {p, ¢} . The relative (p, ¢)-th
type and relative (p,q)-th lower type of meromorphic function f with
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respect to the entire function g having finite positive relative (p,q) th
order pép’Q) (f) (O < pfj’vq) (f) < oo) are defined as :

O'!(]p’q) (f) . sup log[pil} Tg_le (T)
=(p,q) = lim f () gy
9g° (f) r—oo 111 <10g[q71} 7’) pg ' (f)

DEFINITION 9. Let f be a meromorphic function and ¢ be an en-
tire function having finite positive relative (p, ¢)-th lower order )\ép ) (f)

(0 < Ao (f) < oo) where p and ¢ are any two positive integers. Then
the relative (p, ¢)-th weak type of meromorphic function f with respect
to the entire function ¢ is defined as :
logP~ 1T 1T
7(P:9) (f) = lim o8 J s (r) )
g r—00 S (f)
(log[q_” r)

Similarly one can define another growth indicator ?g""” (f) in the follow-
ing way:

— logP Ty (r
200 (f) = T 8 Lo T ()

oo (p,q) '
- (log[q—ﬂ T>Ag )

In this paper we wish to prove some results related to the growth
rates of composite entire and meromorphic functions on the basis of
their relative (p, ¢)-th order, relative (p,q)-th type and relative (p,q)-
th weak type where p and ¢ are any two positive integers which in fact
extend some results of [6]. We use the standard notations and definitions
of the theory of entire and meromorphic functions which are available
in [7] and [12].

2. Lemmas

In this section we present some lemmas which will be needed in the
sequel.

LEMMA 1. [3] Let f be meromorphic and g be entire then for all
sufficiently large values of r,

L) o, ()

Thog (r) < {1+0(1)} Tog M, ()
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LEMMA 2. [5] Let f be an entire function which satisfies the Property
(A), 3>0,6>1and o> 2. Then

BTy (r) < Tf (047’5) .

3. Main Results

In this section we present the main results of the paper.

THEOREM 1. Let f be meromorphic, g and h be any two entire func-

tions such that 0 < )\,(lp’q) (f) < p,(lp’q) (f) < 00, o4(m,n) < oo and h
satisfies the Property (A) where p,q, m,n are all positive integers with

m >mn and m — 1 = q. Then
" log? T}, 'Tyo, (1) 0y (m.n) - o (f)
r—00 g(M,n - (p,a) ’
7 log[p] T, Tf (exp{(ﬂ <log[" 1 )p ( )> A (f)

Proof. Let us suppose that « > 2 and § — 17 in Lemma 2. Since
T, ' (r) is an increasing function 7, it follows from Lemma 1, Lemma 2

and the inequality T, (r) < log M, (r) {cf. [7]} for all sufficiently large
values of r that
Ty Treg (r) < T, {1+ 0(1)} Ty (M ()]
<

_ 5
e, Ty 'Trog (r) < [T, Ty (M, (r))]
e., 1og? T, Tpoy (1) < logl? T, Ty (M, (r)) + O(1)
€., 10gh T Ty (r) < (P () + ) 1og! My (r) + O(1)
e Tog T Ty (1) < (7 (f) + ) log™ =) M, () + O(1)
e., logl! T, Tog (1)
(1)
< (p%p’q) (f)+ 8) (04 (m,n)+¢) (10g[“_1] r)
Now from the definition of )\gp ) (f), we obtain for all sufficiently large

pg(m,n)

L O(1) .

values of r that
Q(mvn)
log™! T, 'Ty <exp[‘ﬂ <10g[”_1] r>p )

2) pg(m,n)
> (M2 () =) (togh=r) "
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Therefore from (1) and (2), it follows for all sufficiently large values
of r that

log[p] T,;leog (r)

pg(m,n)
log? T, (eXpm <1og[”—” r) ’ >

(pl(lpvq) (f) + 5) (04 (m,n)+¢) <log[”—1} 7“> pg(m,n) o
<)\§vaq) (f) - 8) <1Og[n—1] 7“) pg(m.n)

<

9

- o) -1 )
i.e., Tim log” T} " Toq (1) — < 99 (mvg)q) pi " (f) '
T og T, Ty (exp[‘ﬂ <log["_” 7"> o ) A ()

Thus the theorem is established. O

In the line of Theorem 1 the following theorem can be proved :

THEOREM 2. Let f be meromorphic, g and h be any two entire func-
tions such that 0 < AP? (f) < piP? (f) < 0o and 7, (m,n) < oo and h
satisfies the Property (A) where p,q, m,n are all positive integers with
m >n and m — 1 = q. Then

" log”! Ty ' Ty (1) _ Ty (mn) - o (f)
r—00 g\, - (p.q) .
- log[p} Th_le (exp[Q] <log["_1] r)p ( )) AP (f)

Now we state the following two theorems without their proofs as those
can easily be carried out in the line of Theorem 1 and Theorem 2 re-
spectively.

THEOREM 3. Let f be meromorphic, g and h be any two entire func-
tions such that AP™ (g) > 0, p"? (f) < oo and o, (m,n) < co and h
satisfies the Property (A) where p,q, m,n are all positive integers with
m >mn and m — 1 = q. Then

m log[P] Th_leog (T) < oy (m’ TL) . p§LP7Q) (f)
T o g m,n - ( 7,n) .
; log"” Th_ng (exp[n] (108;["71] r)p ( )> A (9)
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THEOREM 4. Let f be meromorphic, g and h be any two entire func-
tions such that Aﬁf’"’ (g9) > 0, pELp’Q) (f) < o0 and 7, (m,n) < oo and h
satisfies the Property (A) where p,q, m,n are all positive integers with
m >n and m — 1 = q. Then

T log[p} Th_leog (r) < Ty(m,n)- pgp’q) (f)
r—00 m,n - (p,n) ’
T log? 1T, (exp[n} <1og["*” 7’) ! )) A (9)

Using the notion of (p,¢)-th lower type we may state the following
two theorems without proof because it can be carried out in the line of
Theorem 1 and Theorem 3 respectively.

THEOREM 5. Let f be meromorphic, g and h be any two entire func-
tions such that 0 < A;an) (f) < pl(lp’Q) (f) < oo and @, (m,n) < oo and h
satisfies the Property (A) where p,q, m,n are all positive integers with
m >n and m — 1 = q. Then

lim log[P] Th_leOg (T) < Eg (rrn7 TL) . péqu) (f)
g(m,n — (p,q) .
r—>0010g[P] Th_le (exp[q] <1Og[n71} T)p ( )) )\hpq (f)

THEOREM 6. Let f be meromorphic, g and h be any two entire func-
tions such that /\,(Lp’n) (9) >0, pgp’Q) (f) < 00 and G, (m,n) < oo and h
satisfies the Property (A) where p,q, m,n are all positive integers with
m >n and m — 1 = q. Then

lim log[P] Th_leog (T) < Eg (rrn7 TL) . pgpaQ) (f)
g (m,n — (pn) .
r—)oolog[p] Th_ng (exp[n] (log[n—l} T)P ( )) )‘hp (g)

Further using the notion of (p, ¢)-th weak type we may also state the
following two theorems without proof because it can be carried out in
the line of Theorem 2 and Theorem 4 respectively.

THEOREM 7. Let f be meromorphic, g and h be any two entire func-

tions such that 0 < AP (f) < pP? () < 0o and 7, (m,n) < oo and h
satisfies the Property (A) where p,q, m,n are all positive integers with
m >mn and m — 1 = q. Then

- log" T, Ty (1) < Ta(mn) - o (f)
g(m,n - ( ) ) '
" logh T, Ty (exp[q} <log["_1] T>p ( )) A (f)
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THEOREM 8. Let f be meromorphic, g and h be any two entire func-
tions such that Agp’") (9) > 0, pép’q) (f) < oo and 7, (m,n) < oo and h
satisfies the Property (A) where p,q, m,n are all positive integers with
m >n and m — 1 = q. Then

lim logh T, 'Tyoq () 7y (m,n) - P ()
mn)\ (p.m) '
" 0g? T, T, (exp[”} (log[nfu r) ol )) A (9)

Now we state the following six theorems without their proofs as those
can easily be carried out in the line of Theorem 1.

THEOREM 9. Let f be meromorphic, g and h be any two entire
functions such that 0 < AP (f) < oo or 0 < piP? (f) < oo and
o4 (m,n) < oo and h satisfies the Property (A) where p,q,m,n are all
positive integers with m > n and m — 1 = q. Then

lim log[p] Ty 1Tng (r)
r—00 _ g(m,n)
gl T, 'Ty (exp[‘ﬂ <log[" 4 T)p )

THEOREM 10. Let f be meromorphic, g and h be any two entire
functions such that 0 < )\Elp’Q) (f) < c0or0 < p,(Lp’q) (f) < oo and
T4(m,n) < oo and h satisfies the Property (A) where p,q,m,n are all
positive integers with m > n and m — 1 = q. Then

lim log" T, ' T (r)

pg(m,n)
T pglP! T, 'Ty (exp[q] (log[nfl] 7") ’ )

THEOREM 11. Let f be meromorphic, g and h be any two entire
functions such that AP™ (g) > 0, \P? (f) < 00 and o, (m,n) < 0o and
h satisfies the Property (A) where p,q, m,n are all positive integers with
m >n and m — 1 = q. Then

lim log'” T, Toq () < 99 (m,n) - /\;Squ) (f)
m,n - ( 7n) .
r—00 log[P} T}:ng (eXp[”} (1og[n—1] 7’> Pa( )) /\hp (g)

<o, (m,n) .

<Ty(m,n) .

THEOREM 12. Let f be meromorphic, g and h be any two entire

functions such that pi"™ (g) > 0, p™? (f) < oo and o, (m,n) < co and
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h satisfies the Property (A) where p, q, m,n are all positive integers with
m >mn and m — 1 = q. Then

lim log 7, ey (1) < oam.n) - (f)
o(mm)) (pm) :
rﬁoolog[p] Th_ng (exp[n] (log[n_l] r)p ( )> pi" (9)

THEOREM 13. Let f be meromorphic, g and h be any two entire
functions such that AP™ (g) > 0, AP (f) < 0o and 7, (m,n) < oo and
h satisfies the Property (A) where p, q, m,n are all positive integers with
m >mn and m — 1 = q. Then

- log? T, " Tyo (1) _ Ty (mn) - NP (f)
g(m,n — (p,n) :
" log? T, T, <exp[”] <log[n_1] r)p ( )> A (9)

THEOREM 14. Let f be meromorphic, g and h be any two entire
functions such that pi"™ (g) > 0, p"? () < oo and 7, (m,n) < co and
h satisfies the Property (A) where p,q, m,n are all positive integers with
m >mn and m — 1 = q. Then

= o] -1 AT
log” T77' T, ( expl™ <10g 7’)

THEOREM 15. Let f be meromorphic, g and h be any two entire
functions such that (i) 0 < pi"? (f) < oo, (ii) pi"? (f) = p, (m,n),
(14i) o4 (m,n) < oo and (iv) 0 < U,(lp’Q) (f) < oo where p,q, m,n are all

positive integers with m — 1 = n = q. Also let h satisfies the Property
(A). Then

logl” T, Ty, (1) 7y (m,n) - o (f)
pP™ ()

i 2087 T Ty (1) _ o (f) - 0y ()
roclog? U Ty (1) oPD (f)

Proof. In view of condition (i7),we obtain from (1) for all sufficiently
large values of r that

log” T, 1 Tpo (1)
(3)

0
< (o () +¢) (0, (mm) +2) Jlog o™+ 0(1).
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Again in view of Definition 8 we get for a sequence of values of r
tending to infinity that

PPV (f)
(1) 10g" T () 2 (P (f) — ) [logt |

Now from (3) and (4), it follows for a sequence of values of r tending
to infinity that

PP (f)

08 T Ty, (1) _ (A (D) +2) (0 tmom) +2) [log o]+ o)
1 [p—1] T—lT - (P,q)(f) )
og oLy (1) (a}(Lp,q) (f) — €> [log["*l} T} Ph
Since € (> 0) is arbitrary, it follows from above that
o MogP Ty () piP () - 0y (mam)
r=oclog? N T4y () oPD (f)
0

Using the notion of (p,q)-th lower type and relative (p,q)-th lower
type , we may state the following theorem without its proof as it can be
carried out in the line of Theorem 15.

THEOREM 16. Let f be meromorphic, g and h be any two entire
functions such that (i) 0 < pP? (f) < oo, (i) pi" (f) = p, (m,n)
(ii1) 74 (m,n) < oo and (iv) 0 < agp’q) (f) < oo where p,q,m,n are all

positive integers with m — 1 = n = q. Also let h satisfies the Property
(A). Then
i 08P T Ty (1) _ o0 (f) -y (mam)
- b,

rsoologP I T1Ty (1) P (f)

Similarly using the notion of (p, ¢)-th type and relative (p, q)-th lower
type one may state the following two theorems without their proofs
because those can also be carried out in the line of Theorem 15.

THEOREM 17. Let f be meromorphic, g and h be any two entire

functions such that (i) 0 < AP? (f) < pP? (f) < oo, (i) pP? (f) =

pg(m,n), (iii) o,(m,n) < oo and (iv) 0 < &P (f) < oo where
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P, q, m,n are all positive integers with m —1 = n = q. Also let h satisfies
the Property (A). Then

Mo T Ty (r) NP (f) - 0y (mym)
roclog® Ty (1) T a7 (f)

THEOREM 18. Let f be meromorphic, g and h be any two entire

functions such that (i) 0 < pi"? (f) < oo, (i) piP? (f) = p, (m,n),

(iii) o, (m,n) < oo and (iv) 0 < 7" (f) < oo where p,q,m,n are all

positive integers with m — 1 = n = q. Also let h satisfies the Property
(A). Then

- log[p] Th_leog (T) < pgp’q) (f) "0y (m7 n) .

im
r—>oolog[P*1} Th_le (7’) - Egpﬂ) (f)

Now using the concept of relative (p, q)-th weak type, we may state
the subsequent four theorems without their proofs since those can be
carried out in the line of Theorem 15, Theorem 16, Theorem 17 and
Theorem 18 respectively.

THEOREM 19. Let f be meromorphic, g and h be any two entire
functions such that (i) 0 < A\P? (f) < pP? (f) < oo, (i) AP (f) =
Ag (m,n), (iii) Ty(m,n) < oo and (iv) 0 < ?,&p’q) (f) < oo where
p,q, m,n are all positive integers with m —1 = n = q. Also let h satisfies
the Property (A). Then

log” T}, ' Ty, (r) < ng’q) (f) - 7y (m,n)

— [p—1] -1 - —(p,q)
r—)oolOg Th Tf (T) Th’ (f)

THEOREM 20. Let f be meromorphic, g and h be any two entire
functions such that (i) 0 < A\P? (f) < piP? (f) < oo, (i) AP (f) =
Ag (m,n), (ii1) 7, (m,n) < oo and (iv) 0 < T}(Lp’Q) (f) < oo where p, q,m,n
are all positive integers with m — 1 = n = q. Also let h satisfies the
Property (A). Then

o 10g" T Ty (r) _ p (f) -y (mim)
r—oologl? 11Ty (1) — T;(Lp’q) (f)

THEOREM 21. Let f be meromorphic, g and h be any two entire
functions such that (i) 0 < AP? (f) < oo, (i) AP? (f) = A, (m,n),
(iii) 7y (m,n) < oo and (iv) 0 < 779 (f) < oo where p,q,m,n are all
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positive integers with m — 1 = n = q. Also let h satisfies the Property
(A). Then

log T, 'Troy (r) _ N (f) -7 (m,1)
1m < .
o0 log® T, Ty () 7P (f)

THEOREM 22. Let f be meromorphic, g and h be any two entire
functions such that (i) 0 < AP9 () < plP9 (f) < oo, (i) AP (f) =
A, (m,n), (iii) 7y (m,n) < oo and (iv) 0 < 79 (f) < oo where
P, q, m,n are all positive integers with m —1 = n = q. Also let h satisfies
the Property (A). Then

m log[p} T}:leog (T) S pgp’q) (f) ’ ?g (m7 Tl) .

r—>oolog[27*1] Th—le (r) T}(Lp,q) ()

We may now state the following theorems without their proofs based
on relative (p, ¢)-th type and relative (p, ¢)-th weak type:

THEOREM 23. Let f be meromorphic, g and h be any two entire
functions such that (i) 0 < /\I(lp’Q) (f) < p%pﬂ) (f) < oo, (i7) /\I(lp’Q) (f) =
pg (m,n), (iii) o,(m,n) < oo and (i) 0 < 7" (f) < oo where
p,q, m,n are all positive integers with m —1 = n = q. Also let h satisfies
the Property (A). Then

i 1087 T Ty (1) o0 (f) - 0y ()
roclog? U Ty () T 7P (f)

THEOREM 24. Let f be meromorphic, g and h be any two entire
functions such that (i) 0 < pP? (f) < oo, (ii) pP? (f) = Ay (m,n),
(13i) T4 (m,n) < oo and (iv) 0 < a,(Lp’q) (f) < oo where p,q, m,n are all
positive integers with m — 1 = n = q. Also let h satisfies the Property
(A). Then

o 1087 T Ty (1) i (F) Ty (mom)

roologl? ™! T71Ty (7) o PP (f)

THEOREM 25. Let f be meromorphic, g and h be any two entire
functions such that (i) 0 < AP9 () < plP9 (f) < oo, (i) AP (f) =
pg (m,n), (iii) 7,(m,n) < oo and (iv) 0 < T,Ep’q) (f) < oo where
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P, q, m,n are all positive integers with m —1 = n = q. Also let h satisfies
the Property (A). Then

10g" T Ty, (r) _ py (f) -y (mm)
roclog? U Ty (1) T P9 (f)
THEOREM 26. Let f be meromorphic, g and h be any two entire
functions such that (i) 0 < pP? (f) < oo, (ii) p™? (f) = Ay (m,n),
(iii) 7, (m,n) < oo and (iv) 0 < &P? (f) < oo where p,q,m,n are all

positive integers with m — 1 = n = q. Also let h satisfies the Property
(A). Then

lim log!?! T, Thog (1) < szp’q) (f) 7 (m,n) '

roclog? Ty (1) T P9 ()

THEOREM 27. Let f be meromorphic, g and h be any two entire
functions such that (i) 0 < /\I(lp’Q) (f) < p%p"n (f) < oo, (i7) /\I(lp’Q) (f) =
pg (m,n), (iii) o,(m,n) < oo and (i) 0 < 7"V (f) < oo where
p,q, m,n are all positive integers with m —1 = n = q. Also let h satisfies
the Property (A). Then

) log!”! T, ' Thog (1) < /\I(lp’Q) (f)-o4(m,n)
im < .
roclog® U T-1Ty (1) 7P (f)

THEOREM 28. Let f be meromorphic, g and h be any two entire
functions such that (i) 0 < AP? (f) < pP? (f) < oo, (i) pP? (f) =
A, (m,n), (iii) T, (m,n) < oo and () 0 < &P (f) < oo where

p,q, m,n are all positive integers with m —1 = n = q. Also let h satisfies
the Property (A). Then

i 1087 T Ty (1) _ NP ()7 (mym)
r—oologl N Ty (1) 7 (f)
THEOREM 29. Let f be meromorphic, g and h be any two entire
functions such that (i) 0 < AP9 () < plP9 (f) < oo, (i) AP (f) =
pg(m,n), (iii) o,(m,n) < oo and () 0 < 7"V (f) < oo where

p,q, m,n are all positive integers with m —1 = n = q. Also let h satisfies
the Property (A). Then

—log? T Tyoy (1) pPV (f) - 0y (m, )

lim <
r%oolog[p_l} Th_le (r) Tlgpvq) ()
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THEOREM 30. Let f be meromorphic, g and h be any two entire

functions such that (i) 0 < pP? (f) < oo, (ii) pPD (f) = A, (m,n),

(iii) 7y (m,n) < oo and (iv) 0 < 7" (f) < oo where p,q,m,n are all

positive integers with m — 1 = n = q. Also let h satisfies the Property
(A). Then

— log" T, Ty, (r) _ pi™ (f) Ty (mm)

im
r—>oolog[P*1] Th—le (7“) - Egpﬂ) (f)
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