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GROWTH ANALYSIS OF COMPOSITE ENTIRE
FUNCTIONS FROM THE VIEW POINT OF RELATIVE
(»,q)-TH ORDER

TANMAY BISWAS

ABSTRACT. In this paper we study some comparative growth prop-
erties of composite entire functions on the basis of relative (p, ¢)-th
order and relative (p,q)-th lower order of entire function with re-
spect to another entire function where p and ¢ are any two positive
integers.

1. Introduction, Definitions and Notations

Throughout this paper, we assume that the reader is familiar with
the fundamental results and the standard notations of the theory of
entire functions which are available in [17]. For any entire function
f defined in the open complex plane C, the maximum modulus func-
tion My (r) is defined as M/ (r) = max|f (z)|. Since M (r) is strictly

|z[=r
increasing and continuous, therefore there exists its inverse function
Mf_1 : (]£(0)],00) — (0,00) with lim Mf_1 (s) = oo. However, for an-
S5—00

other entire function g, M, (r) is defined and the ratio %’; Eg

is called the growth of f with respect to g in terms of their maximum
moduli. The maximum term g () of f can be defined in the following

asr — oo
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way:

pr (r) = max (lan|r™).

In fact py (r) is much weaker than My (r) in some sense. So from
another angle of view Z;—g; as r — oo is also called the growth of f with
respect to g where p, (1) denotes the maximum term of entire g.

However, the order p; (resp. lower order A\s) of an entire function f
which is generally used in computational purpose is defined in terms of
the growth of f with respect to the exp z function as

ps — T log log M () _ mw

r—oologlog Mexy . (1) 7= log 7
resp. Ay = lim 08 loe My (r) _ -, loglog My (r)
Y rooologlog Mexp (1) 100 log r '
Extending this notion, Juneja et. al. [10] defined the (p, ¢)-th order

(resp. (p, q)-th lower order) of an entire function f for any two positive
integers p, ¢ with p > ¢ which is as follows:

—log! My (r) log!”! M;(r)
,q) = lim —————~ [resp. \¢ (p,q) = lim ————= |,
Py (prq) = lim log" 7 p- (P = lIm log! 7
where
loghl 2 = log (log" &) for k= 1,2,3, - and
logl 2 = a;
and

exp z = exp (exp[k_l] I) for k=1,2,3,--- and

[0]

exp™ r = x.

These definitions extend the generalized order pgf} and generalized

lower order )\Eﬂ of an entire function f considered in [13] for each integer
[ > 2 since these correspond to the particular case ,055] = pr(l,1) and
A =2 (1,1). Clearly, py (2,1) = py and Ay (2,1) = ;.
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In this connection, let us recall that if 0 < py(p,q) < oo, then the
following properties hold

pr(p—mn,q) =00 for n <p, pr(p,q—n)=0for n < g, and

pr(p+n,g+n)=1forn=12,..
Similarly for 0 < As (p, ¢) < 0o, one can easily verify that

Ar(p—n,q) =00 forn <p, A\f(p,q—mn)=0forn < q, and

Af(p+n,g+n)=1forn=1,2,....

Recalling that for any pair of integer numbers m,n the Kroenecker
function is defined by 6,,, = 1 for m = n and 9,,,, = 0 for m # n, the
aforementioned properties provide the following definition.

DEFINITION 1. [10] An entire function f is said to have index-pair
(1,1) if 0 < ps(1,1) < oo. Otherwise, f is said to have index-pair

(piq) #((1,1),p>q>1,if 0, g0 < ps(p,q) <ocandps(p—1,¢—1) ¢
R+.

DEFINITION 2. [10] An entire function f is said to have lower index-
pair (1,1) if 0 < )\f(l 1) < oo. Otherwise, f is said to have lower
index-pair (p,q) # (1,1), p > ¢ > 1, if 6,40 < Af(p,q) < oo and
A (p—Lag—1)¢ R

An entire function f of index-pair (p, ¢q) is said to be of regular (p, q)-
growth if its (p, ¢)-th order coincides with its (p, ¢)-th lower order, oth-
erwise f is said to be of irregular (p, q)-growth.

Since for 0 <r < R,

s (r) < My (1) < =" ug (B) {ef. 18] )

it is easy to see that

log!?!
pr (p,q) = T e tlr)

. log yus(r)
BT ( respectively Af (p,q) = lim ————= | .

—00 log[q] r

L. Bernal [1,2] introduced the relative order between two entire func-
tions to avoid comparing growth just with exp z. In the case of relative
order, it was then natural for Lahiri and Banerjee [11] to define the
relative (p, ¢)-th order of entire functions as follows.
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DEFINITION 3. [11] Let p and ¢ be any two positive integers with
p > q. The relative (p, ¢)-th order of f with respect to g is defined by

—_logP Ut (r)
(»,9) _ T g /
pg " (f) = lim og

Then pit (f) = py (p.q) and i (f) = pk (f) for any k > 1.

Sanchez Ruiz et al. [12] gave a more natural definition of relative
(p, q) th order of an entire function in the light of index-pair which is as
follows:

DEFINITION 4. [12] Let f and g be any two entire functions with
index-pairs (m, q) and (m,p) respectively where p, g, m are all positive
integers such that m > p and m > ¢. Then the relative (p, ¢) th order of
f with respect to ¢ is defined as

— logP MM, (r
plp) () = Ty 28~ 2o _Mr ()

r—00 log[‘l] r

Similarly one can define the relative (p,q) th lower order of an entire
function f with respect to another entire function g denoted by /\ép 2 (f)
where p and ¢ are any two positive integers in the following way:
log”! MM (1)
(P2 (£) = g °F
AP (f) = lim |

r—00 IOg[q] r

In fact Definition 4 improves Definition 3 ignoring the restriction p >

q.

If f and g have got index-pair (m, 1) and (m, k), respectively, then
Definition 4 reduces to generalized relative order of f with respect to g.
If the entire functions f and g have the same index-pair (p, 1) where p
is any positive integer, we get the definition of relative order introduced
by Bernal [1,2] and if ¢ = exp™ 1 2, then p, (f) = pgem} and p"? (f) =
pg(m,q). Further if f is an entire function with index-pair (2,1) and
g = exp z, then Definition 4 becomes the classical one given in [16].

An entire function f for which relative (p,q)-th order and relative
(p, q)-th lower order with respect to another entire function g are the
same is called a function of regular relative (p,q) growth with respect to
g. Otherwise, f is said to be irregular relative (p,q) growth with respect
to g.
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In terms of maximum terms of entire functions, Definition 4 can be
reformulated as:

DEFINITION 5. For any positive integer p and ¢, the growth indicators
pgp ) (f) and Agp 2) (f) of an entire function f with respect to another

entire function g are defined as:

log?! ;=1 r log?! ;=1 r
o) () — T 28 s pe(r) o A () = L 25V pe(r)

rooo Jogld rooo  logld

In fact, Lemma 6 states the equivalence of Definition 4 and Definition
5.

For entire functions, the notions of their growth indicators such as
order is classical in complex analysis and during the past decades, sev-
eral researchers have already been exploring their studies in the area of
comparative growth properties of composite entire functions in different
directions using the classical growth indicators. But at that time, the
concepts of relative orders of entire functions and as well as their tech-
nical advantages of not comparing with the growths of exp z are not at
all known to the researchers of this area. Therefore the studies of the
growths of composite entire functions in the light of their relative orders
are the prime concern of this paper. In fact some light has already been
thrown on such type of works by Datta et al. in [4], [5], [6], [7], [8] and [9)].
Actually in this paper we establish some newly developed results related
to the growth rates of composite entire functions on the basis of relative
(p,q) th order and relative (p,q) th lower order improving some earlier
results where p, ¢ are any two positive integers.

2. Lemmas

In this section we present some lemmas which will be needed in the
sequel.

LEMMA 1. [3] If f and g are any two entire functions with g (0) = 0.

Let B satisfy 0 < 8 < 1 and ¢(B) = (125)2. Then for all sufficiently
large values of r,

My (c(B) My (7)) < Myog (r) < My (Mg (r))
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In addition if f = %, then for all sufficiently large values of r,

Moy (r) > M; (éMg (g)) .

LEMMA 2. [14] Let f and g be any two entire functions. Then for
every a > 1 and 0 <r < R,

) = s (2 (1)

o —

LEMMA 3. [14] If f and g are any two entire functions with g (0) = 0,
then for all sufficiently large values of r,

) 2 305 (10 (5) = o0 )

LEMMA 4. [2] Suppose f is an entire function and o > 1, 0 < f < «.
Then for all sufficiently large r,

My (ar) = BMg(r).

LEMMA 5. [6] If f be an entire and o > 1, 0 < 8 < «, then for all
sufficiently large r,

pp(ar) = Bug(r) .
LEMMA 6. Definition 4 and Definition 5 are equivalent.

Proof. Taking R = ar in the inequalities 11, (r) < M, (r) < 22y, (R)
{cf. [15] }, for 0 < r < R we obtain that

M (r) < pg ' (r)

g

') <! ().

Since M, " (r) and ' (r) are increasing functions of r, then for any
a > 1 it follows from the above and the inequalities pf (1) < My (r) <

iy (ar) {cf. [15] } that

and

(1) My My 1) < iyt | )]
and ]
) iy ) < a2y )
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Therefore in view of Lemma 5, we have from (1) that

My My (r) < pg g {%r] :

Thus from above we get that

_ 200—1)a
logl! M;le (r) log™’ Hg Yy [% ’ 7"]
log[‘ﬂ r

log[‘ﬂ r

200—1)
~ logh! MMy (r) log”! py [(( )) ~7”]
1.€., <

[a] - a—1)a
log' r log!? [(2(—1)) - } +0(1)
—log® p=tpuy (r)
' (p.q) <1 g
(3) e pg ™ (f) = rlgrolo logl?

and accordingly

log? u e ()
(@) AP () < lim & Hs

r—00 log[‘ﬂ r
Similarly, in view of Lemma 4 it follows from (2) that

_ _ 200 — 1
gy py (r) < oMMy [(&_1 ) -r}

and from above we obtain that

log!?! fig gy (7) - log!! oM, My [(22=L) 7]

log[‘” r o log[‘” r

i log! u;luf (r) - log[p}M "My [(2a 1)' ]—i—O( )

o log[q]r - log[q] [(20‘ 1) . } +0O(1)
(5) i.e., pP0(f) > Tim log” 'ug_l'uf r)

€.y Py = log[q] .,
and consequently
log?! ;=1 r

(%) APD () > lim 8 Mo 11 ()

oo log[q] T
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Combining (3), (5) and (4), (6) we obtain that

log?! ;=1 log?! ;=1
p) (1) = T 222 ) g \po () — g 8 e 11 O

r—00 log[‘ﬂ r r—00 log[Q] r

This proves the lemma. O

3. Main Results

In this section we present the main results of the paper.

THEOREM 1. Let f and h be any two entire functions such that
0 < )\Elp,q) (f) < p,(lp’q) (f) < oo. Also let g be an entire function with
finite (m, n)-th lower order where p, q, m,n are all positive integers with
m > n. Then for every positive constant A and every real number «,

(1) lim log® 1 rgog(exp" 1 7)
oo _ 1+«
7 {rogh gy s (r4) |

log® 1y, [n—1]
(44) lim 08" 1y, Hyog(eXP™ 1) = ooifg>1landg<m

r—oo 1+a
7 {10g gy g (expla=1r4) |

oo if ¢ =1,

and

log[pfl]

(i4i) lim i Fgog (expl" 11 7)
r—00 1 [P} —1 A 1+O¢
{Og py, g (7 )}

Proof. If o be such that 1+ «a < 0 then the theorem is trivial. So we

suppose that 1+« > 0. Now from the definition of p (f) in terms of
maximum terms, it follows for all sufficiently large values of r that

(7) log[p] ,Uglﬂf(exp[qil] 7GA) < (pépyq) (f) + 5) log[q] eXp[qfl] A

Case I. Let ¢ = 1. Then we have from (7) for all sufficiently large values
of r that

=o0ifqg>1and g > m.

log i s () < (o7 () + ) Alogr

1+ 1+
(8)i.e., {log[p} ,u;l,uf(rA)} < (p}[f} (f) + 6> A (logr) e
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Case II. Let ¢ > 1. Then we obtain from (7) for all sufficiently large
values of r that

logh gy g (explt 7 ) < (p0 (f) + ) Alogr

1+a
9) e, {log[p] ,u};luf(exp[q—ll TA)} <

1+a
(PP (F) +) AT (tog )+

Case III. Again let ¢ > 1. Then it follows from (7) for all sufficiently
large values of r that

tog?” 1 s (1) < (o9 () +2) 10 7+ O(1)

tog? 11 1) < (o2 () +2) loglr | 14— ”
(ph’ (f)+€) log”'r

IN

1+a
(10) i.e., {log[p] ,u,:luf(rA)}

[14q]

(pgp,q) (f) + 5) I+a <1og[fﬂ T) Ita 1+ (pgp,q) (f)Oj_l)g) logl®

Let us choose 0 < & < min(AP? (f), Ay (9)) -
Now from Lemma 3 we get for all sufficiently large values of r that

rnr) 2 3y (350 (5) ) e 11

Therefore in view of Lemma 5, we obtain from abvove for all sufficiently
large values of r that

(1) urar) 2y (50 (5) ) -

Since p; ! (1) is an increasing function of r, it follows from (11) for all
sufficiently large values r that

_ e _ 1 exp["*” T
1 pog (exp" 1 r) > gy (4_8% (T

i.e., log” 11, pog (expl® =1 1) >
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1 expl—pr
(Agp’q) (f) - 5) log'? {Eug (—4

(12) i.e., log® pirt pr o (exp™t ) >

n—1]
7 exp r
(A2 (1) = ) oy (22 4 000,
Case IV. Let ¢ < m. Then from (12) it follows for all sufficiently large
values of r that

(13) 1og™ 11y prpoq(exp" M 7) >
[n—1]
) m—q— m— exp r
(A,(lp 9 (f) — s) explm=a= ogm =1y, (—4 ) +0(1).
Now from the definition of (m, n)-th lower order of ¢ in terms of maxi-
mum terms we obtain for arbitrary positive € (> 0) and for all sufficiently

large values of r that
(m] exp"~r
log™ pg —

[n—1]
ST 3 O ) - <) tog (P

4
expl~p

ie., log™ pu, ( 1

) > (A (m,n) —e)logr+ O(1)

: ] (exp[”l]r
.e., log"™ g — 1

Also for all sufficiently large values of r we get from (??) that

[n—1]
(14) logm—1 g (%) > rRa(mm=2) 4 (1) .

Now from (13) and (14) it follows for all sufficiently large values of r
that

(15) log? p; " prgeg(expl =1 r) >
<)\§LP7Q) (f) . 5) exp[m—q—l] r()\g(m,n)—a) + 0(1) )

Case V. Let ¢ = m. Then from (12) we obtain for all sufficiently large
values of r that

) > log rPs(mm=2) 1 O(1) .

(16)  log™ 1, prpoq(expl™ M)
n—1]

[
, —-m m €xXp r
> (AP () — <) log " og™ (T) + o).
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Now from (??) and (16) we have for all sufficiently large values of r
that

log™ 1y 1709 (exp" 1)
> ()\EZM) (f) — 5) logl?=™ log rPe(mm=2) L (1)

i.e., log® =ty po, (exp=tr) > (Aﬁf”q) (f) — 5) loglt=™ 1 4 O(1)

(AP (h)—e)
i.e., 1og? 1t i soq (exp™ U ) > log <log[q_m] T) +0(1)

)\(qu)(f)_a
(17) d.e., log? ™!yt pog(exp™Hr) > (log[q_m} r)( " ) + O(1).

Now combining (8) of Case I and (15) of Case IV it follows for all
sufficiently large values of r that

[p] m— Ag(m,n)—e
log?” 1, pyog(exp" 1) (/\f (f)—€> expl™=2 pQamm=e) 4 O(1)

1+a =— 1+«
{10g" i (r4) | (b (1) +e) At (1ogr)'
Since eXp[mE;]gr;;fi:m)_s) — 00 as r — o0, then from above it follows
that

] ,,—1 [n—1]
lim 108 Fa Hrog( XD TT)

2121 1+o
= Llogh ity (r4) |
from which the first part of the theorem follows.

Again combining (9) of Case I and (15) of Case IV we obtain for all
sufficiently large values of r that

log? 1 1 oy (expl11 ) N (Agpm (f) — 5) explm—a=1 Qg (mn)=2) 4 O(1)

1+a — 1+«
{1Og[p] /Lgl,uf(eXp[q_” TA)} (pgp,q) (f) + 5) A+ (log T)l—l—a
A eXp[m_;;g:)(;f;mm_g) — 00 as r — 0o, then we obtain from above
that
llm log[p] ,U/};lﬂfog(exp[n_l] ,r.> B

oo 14+«
7 108" i g (expla=l ) §

This establishes the second part of the theorem .
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Again combining (10) of Case IIT and (17) of Case V it follows for all
sufficiently large values of r that

log? ™ piy puog (expl =1 )
1+a
{10g" i ay(r4) }

(p,a) e
(log[q_m} 7"> S +O(1)

1+« 1+« I4a”
(r,9) [q] o)
(ph (f) + 5) <10g q T) (1 + (pﬁlp‘q)(f)—"_&‘) log[q] T’)

(10g[q_m] 7‘) <)\§zp’Q) (f)—c‘)
)1+oc

— 00 as r — oo. Thus it

Since ¢ — m < ¢, so
(10g[Q]T

follows from above that

i 108”7 15 oy (expl Y )
r—00 b, —1 A I+a
{log G )}

This proves the third part of the theorem.
Thus the theorem follows . O

= o0 .

REMARK 1. Theorem 1 is still valid with “limit superior” instead of
“limit” if we replace the condition “ 0 < AP? (f) < pP? (f) < 00” by
« 0 < )\ELP#Z) (f) < OO”.

In the line of Theorem 1 one may state the following theorem without
proof:

THEOREM 2. Let f, g and h be any three entire functions such that g

is of finite (m,n)-th lower order, Aép’q) (f) > 0 and pl(lp’n) (9) < oo where
p,q,m,n are all positive integers with m > min {p, ¢,n} . Then for every
positive constant A and every real number «,

i 1087 15 oy (exp )
r—m{log[pl 15 1y (expln—1 TA)}

1+a

REMARK 2. In Theorem 2 if we take the condition A"™ (g) < oo

instead of pP™ (g) < oo, then also Theorem 2 remains true with “limit

superior” in place of “ limit ”.
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THEOREM 3. Let f and h be any two entire functions such that
APD (£) > 0 and g be an entire function with finite (m,n)-th order
where p,q,m,n are all positive integers with m > n. Then for each
a € (—00,00),

1+o
{108™ 17 1110y () |
(¢) lim

r=oologhl py g (expll (r4))

=0ifg=>m

and

14+«
( ) ) {1Og[}7+m—q—1] :U’}leubfog (T)}
11 1m

r—00 lOg[p] ,u/}:l:uf (exp[Q] (rA))
where A > (1 + a)p, (m,n).

=0ifqg<m,

Proof. If 14+a < 0, then the theorem is obvious. We consider 1+ a >
0. Let us we choose ¢ such that

(18) 0<e<min {Agp"” (f) A

"1+«

) |
Since p;; ! (r) is an increasing function of r, taking R = r in Lemma

2 and in view of Lemma 5 it follows for all sufficiently large values of r
that

(2o —1)af
oy (on))
(19) e Tog? gy ageg (r) < (o2 (f) + 2) Tog py (Br) + O(1) .

Now the following cases may arise :
Case I. Let ¢ > m. Then we have from (19) for all sufficiently large
values of r that

(20) log™! [ pog (1) < (pép’Q) (f)+ 8) loglm~1 py (Br) +0(1) .

Now from the definition of (m, n)-th order of g in terms of maximum
terms, we get for arbitrary positive ¢ and for all sufficiently large values
of r that

log® 11, p1oq (r) < log® 1" s <(

log!™ 1, (8r) < (py(m,m) +2) logh)r + O(1)
(21) i.e., log™ u, (1) < (pg(m,n) + €)logr + O(1) .

Also for all sufficiently large values of r it follows from (21) that
(22) log™ = 1, (Br) < rlestmm+e) L O(1) .
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So from (20) and (22) it follows for all sufficiently large values of r
that

(23)  log? i pgey (1) < (6P () +2) rum 49 0(1)

Case II. Let ¢ < m. Then we get from(19) for all sufficiently large values
of r that

(24) log[p] u,:lufog (r) < <p§lp’q) (f)+ 6) expl™ 4 log[m] iy (Br) +O(1).

Since % — 00 as r — 00, we obtain from (21) for all

sufficiently large values of r, that
expl™ 4 Jogl™ 1y (Br) < expl™ 4 Jog r(2Pe(mn)+e)
(25) ie., expl™ Dogl™ i, (Br) < explm=a 1 pZealmn)te),

Now from (24) and (25) we obtain for all sufficiently large values of r
that

log? 115 110 (1) < (pﬁf”‘” (f) + 6) expl™ =4 pRralmmte) L O(1)

exp

(26) i.e., loglPtm=a=1 =Ly o () < rPeolmm+e) L (1) .
Again for all sufficiently large values of r we get that
log! ity (exp (r*)) > ()\;f"” (f) — 5) logl? expl® (r*)
(27) i.e., log? iy puy (exp!? (r)) > (Aﬁf”” (f) — 5) r

Now if ¢ > m, we get from (23),(27) and in view of (18) for all
sufficiently large values of r that

{log[p] M;l,ufog (T>}1+O‘ (P;LP’Q) (f) + 5) o p(pg(mn)+e)(1+a) 4 o(1)
logP 1 (expld (+) (WP () —2) e
ie., lim {log[p] b oo (r)}m :
" rooologll py pp (expld (r4))

which proves the first part of the theorem.

)
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Again when ¢ < m, we obtain from (26), (27) and (18) for all suffi-
ciently large values of r that

14+« lta
{10g[}7+m7q71] M;lufog (7“)} ,},.(ng(m,n)—i-s)(l-i,-a) <1 + %)

g(m,n)+e

[l —1 [q] (A S (p,a)
log!” pu, "y (expldl (r4)) (/\hp,q (f) —5) rA

14+o
1.e., lim =

ro0 logl ity (expld (r4))
This proves the second part of the theorem. O

REMARK 3. In Theorem 3 if we take the condition pglp ) (f) >0

instead of A"? (f) > 0, the theorem remains true with “ limit inferior”
in place of “limit ”.

In view of Theorem 3 the following theorem can be carried out:

THEOREM 4. Let f, g and h be any three entire functions where

g is of finite (m,n) th order, \P™ (g) > 0 and p"? (f) < oo where
p,q, m,n are all positive integers with m > min {p, ¢, n}. Then for each
a € (—o0,00),

{log[p—l-m—q—l] u—l (7’)}1+a
] h Hfog
lim

r=oe log? g (expld (1))
The proof is omitted.

=0ifA> (14 a)py (m,n).

REMARK 4. In Theorem 4, if we take the condition ,0;1 ) (9) >0
instead of /\,(Lp ) (g) > 0, the theorem remains true with “limit replaced
by limit inferior”.

THEOREM 5. Let f,g and h be any three entire functions such that

pépm (f) < oo and A;Lp’q) (f og) = oo where p and q are any positive
integers with ¢ > 1. Then for every A (> 0),

r=oelogh g (r4)

Proof. 1f possible, let there exists a constant 3 such that for a sequence
of values of r tending to infinity we have

(28) 10g™) 117 pigeg (1) < B -1og? iy ()

log® 10y,
o 108" 1y fpog (1) _
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Again from the definition of pgp ) (f) in terms of maximum terms, it

follows for all sufficiently large values of r that
(20)  1og¥ ity () < (o7 (f) + ) logr + O(1)

Now combining (28) and (29) we obtain for a sequence of values of r
tending to infinity that

log” 15 pigey (1) < B+ (P (£) +2) logl v + O(1)
ie, \PD (fog) < @-< () (f)+€),

which contradicts the condition )\2’) ) (fog) = co. So for any positive
integer ¢ and for all sufficiently large values of r» we get that

log i3 pugoq (1) > B - log iy ()

from which the theorem follows. O]

In the line of Theorem 5, one can easily prove the following theorem
and therefore its proof is omitted.

THEOREM 6. Let f,g and h be any three entire functions such that
pép’q) (9) < oo and Aﬁf”” (fog) = oo where p and q are any positive
integers with ¢ > 1. Then for every A (> 0),

log™ iy 1170y (r)

lim = 00
r—00 log[P] ,Uf_Ll,ug (TA)

REMARK 5. Theorem 5 is also valid with “limit superior” instead of
“limit” if )\%M) (fog) = oo is replaced by pglp’Q) (fog) = oo and the
other conditions remain the same.

REMARK 6. Theorem 6 is also valid with “limit superior” instead of

“limit” if )\gp,q) (fog) = oo is replaced by ,oﬁf”‘” (fog) = oo and the
other conditions remain the same.

COROLLARY 1. Under the assumptions of Theorem 5 and Remark 5,

[p—1] ,,—1 [p—1] ,,—1
lim log M _Hfog (T) = 00 and lim log Hn_Hiog (T) =0

r=oelogl™ gty (r4) r=oelogh ™t g g (r4)

respectively.
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Proof. By Theorem 5 we obtain for all sufficiently large values of r
and for K > 1,

10g™ 11y p1poq (r) > K -1og? pi ' puy (r?)
K
ives 10gP Y i gy (1) = {log? N ptuy () |

from which the first part of the corollary follows.
Similarly using Remark 5, we obtain the second part of the corollary.

O
COROLLARY 2. Under the assumptions of Theorem 6 and Remark 6,
loglP~=1 1y, . — loglP U oy,
lim og[ _1],Uh_1:uf 0 (:1“) — oo and Tm og[p_uuh_luf g(:) .
r=oelog?™ g () r=oelog? g ()
respectively.

In the line of Corollary 1, one can easily verify Corollary 2 with the
help of Theorem 6 and Remark 6 respectively and therefore its proof is
omitted.

THEOREM 7. If f, g and h be any three entire functions such that
pg (Mmyn) < /\ELP’Q) (f) < pgp’Q) (f) < oo where p,q,m,n are all positive
integers with m > n. Then

log® 10,
(i) Jim — “fg(r_) — = 0ifg=m
r=o0]og? ™ ity (expla=t r4)

and
[p+m—q—1]

1 Liige

r%m]og[p_l} N;lﬂf (exp[q—l] rA)

=0ifg<m

where A > 0.

Proof. From the definition of relative (p, ¢)-th order in terms of max-
imum terms, we obtain for all sufficiently large values of r that

tog” 1 sy (expl ) > (AP (f) = =) log excple11 4

(p:0) ( py_
(30) i.e., 1Og[p71] M}Zlﬂf (GXp[qfl] TA) > TA(Ahpq () 5) '
As pg (m,n) < )‘g”q) (f), we can choose € (> 0) in such a way that

(31) p, (m,n) +e < A (Ag“q) (f) — 5) .
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Now if ¢ > m, combining (23),(30) and in view of (31) we have for
all sufficiently large values of r that

log™ p " 1170y (r) (A7 (7)) rlme9 + O(1)
log? ! iy iy (expla=1174) AR ()=e)

o log” y15 e ()
i.e., lim
T—)oolog[p_l] ILL];l/’Lf (exp[q—l} frA)
This proves the first part of the theorem.
When ¢ < m, combining (26) and (30) it follows for all sufficiently
large values of r that

=0.

ptmg1] (205 (m.n)+e) (1 i Ll))

Grg(mm+e)

,Uf_zlﬂfog (r)
log[p—l] Mﬁlﬂf (expla—11r4) =

log

A (AP0 ()—e)

Since p, (m,n) < AP? (f) and & (> 0) is arbitrary, we get from above

lim 10g[p+m_q_1] ,Uf_zlﬂfog (r)

which is the second part of the theorem. O

THEOREM 8. If f, g and h be any three entire functions with A\, (m,n) <

Agp’q) (f) < p,(lp’q) (f) < oo where p,q, m,n are all positive integers such
that m > n. Then

log" 1, 110 (7)

1) lim =0ifg>m
( ) rﬁoolog[p_l] ,u,glﬂf (exp[q—l] TA) q
and - _—
loglP =01 =1y
(i) Jim —2——Fe 1 g(rl —0ifg<m
r—oolog? ™ty (expla=1 r4)
where A > 0.

Proof of Theorem 8 is omitted as it can be carried out in the line of
Theorem 7.

THEOREM 9. Let h and f be any two entire functions such that
0< Agp’q) (f) < pgp’q) (f) < co. Then for any entire function g with finite
(m,q) th order,

HIOg[p+m_q] Ha Hgog () < Py (m, q)
r—00 log[p] u’;lﬂf (7“) Aéﬁﬂ) (f)

Y
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where p, q and m are all positive integers with m > q.

Proof. Since ¢ < m, we get from(24) for all sufficiently large values of
r that
log? ™= 11, g (r) < logi™ g (Br) + O(1)

ie IOg[IH_m_q} “i?llufOQ (1) < IOg[m] pg (Br) + O(1) _ log[q] r
log!”! M;:l,uf (r) = logld log!P! N}Zlﬂf (r)
e, T o8 i agog () prlog™ g (Br) + OQ) - logfr
700 log[P] ijl,uf (r) ~ rooo log[q] (Br) + O(1) 700 log[p] H;lﬂf (r)
o T8 e )L pe(meg)
T r S loglP! ;,~1 (r) > pgm,q ) ) .
This proves the theorem. =

In the line of Theorem 9 we may state the following theorem without
proof.

THEOREM 10. Let f,g and h be any three entire functions satisfying
(i) P (f) < o0, (i) AP™ (g) > 0 and (iii) p, (m,n) < co.Then

mlog[Per*Q] :ule,ufog (7”) - Pg (m’ n)
r—00 1Og[P] H;lﬂg (T) - /\I(zp,n) (g)

where p,q, m and n are all positive integers with m > n.

Y

REMARK 7. The same results of above theorems, remarks and corol-
lary in terms of maximum modulus of entire functions can also be de-
duced with the help of Lemma 1.
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