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THE GAUSS SUMS OVER GALOIS RINGS AND ITS
ABSOLUTE VALUES

YouNG Ho JANG AND SANG Pyo Junf

ABSTRACT. Let R denote the Galois ring of characteristic p™, where
pis a prime. In this paper, we investigate the elementary properties
of Gauss sums over R in accordance with conditions of characters
of Galois rings, and we restate results for Gauss sums in [1, 2, 3, 7,
12, 13]. Also, we compute the modulus of the Gauss sums.

1. Introduction

Throughout this paper, p will denote a prime number and n,m
positive integers. We set ¢ = p™. Let C, C', F,, Z,» and @ denote
the field of complex numbers, the unit circle in the complex plane, the
finite field of order ¢, the ring of integers modulo p™ and the complex
conjugate of a € C, respectively.

Let x be a multiplicative character of F, such that x(0) = 0 and let
Ai(z € F,) be an additive character of F,. The Gauss sum related to
the pair (x, A;) is defined by

GOt M) = D xW)Aa(y).

If both x and A(= A;) are not trivial character xo and A, respec-
tively, one uses the orthogonality relations of characters to establish
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that G(x, A) has absolute value /g and that
G(X07 >\0) =q— 17 G(X7 )\0) = 07 G(X07 )\) =—1L

For the Gauss sums over finite fields we refer to Lidl and Niederreiter’s
book [4].

Let R be the Galois ring of characteristic p™. As in the case of fields,
the Gauss sums over R considered here are of the form

(1.1) GG ta) = Y XW)ea(v),

YyERX

where R* is the multiplicative group of invertible elements of R, x a
multiplicative character of R*, and ¢,(x € R) an additive character of
R.

The calculation of Gauss sums over quasi-Frobenius rings (we see
that F,, Z,» and R are quasi-Frobenius rings) is initiated by Langevin
and Solé [3] in 1999. Using multiplicative characters defined differently
on Galois rings, the Gauss sums over Galois rings has been computed
in [1,7,12] for characteristic 2%, in [13] for characteristic 2", in [2] for
characteristic p?, and its absolute values given in [2,3,7]. In this paper,
we investigate the elementary properties of Gauss sums over R given by
(1.1) in accordance with conditions of characters of Galois rings, and we
restate results for Gauss sums in [1, 2, 3, 7, 12, 13]. Also, we compute
the modulus of the Gauss sums.

2. Basic properties of Galois rings and its characters

In this section, we discuss the Galois ring R of characteristic p™
and its additive and multiplicative characters. Also, we give some simple
but useful propositions which shall use later.

2.1. The Galois ring R of characteristic p”.  The finite field [,
of order ¢ = p™ is a simple algebraic extension over the prime field [F,,.
That is, if £ is a primitive element of [y, then

(2.1) F, = F,[] = Fylz]/(f(2))

where f(z) is a monic primitive polynomial in F,[z] of degree m having
¢ as a root. The ring Z,. is a finite commutative local ring with a
unique maximal ideal pZyn. Let p : Zyn — Zpn [pZyn = T, be the mod-
p reduction map. We can extend p to a map Zyn[z] — Fplz] in the
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natural way. In (2.1), since € is a simple zero of f(x), if f(x) € Zy[7]
is a preimage of f(z) under the homomorphism g, then, by [5, Lemma
(XV.1)], there is precisely one element & such that €' = 1, u(€) = €
and f(£) = 0. Such polynomial f(x) is called a monic basic primitive
polynomial of degree m. The Galois ring GR(p™, m) of characteristic p™
is defined by

(2.2) R = Rnm = GR(p",m) = Ly [§] = L[]/ ([ ().

The simplest examples of Galois rings are R,1 = GR(p", 1) = Zyn
and Ri,, = GR(p,m) = F,. By definition (2.2) of Galois rings, every
element z € R has a unique additive representation

(23) z=2zy+ 215 + 2252 + -+ Zm_lfm_l, 2 € an,

so that R is a finitely generated free Z,»-module and |R| = ¢"(= p"™).
Also, R is a local ring with a unique maximal ideal M = M,,,, = pR
which consisted of 0 and all zero divisors in R, and its residue field R /M
is isomorphic to F,. Clearly i has a natural extension to R and therefore
to Rlz], and u(R) = R/M = F,. For more knowledge on Galois rings
we refer to [5,6,9,11].

The group R* = R\M of units has the direct decomposition (see [5,
Theorem XVIIL.2]):

(2.4) R*=T) x(1+M)

where T'% = (&) is the cyclic group of order ¢ — 1 and 1 + M is
the multiplicative p-group of order ¢"~!. Define I',, = ' U {0} =
{0,1,&,-+- €972}, Tt can be shown that every element z € R has a
unique p-adic representation

1

(2.5) 2=zo+zp+ -+ znap” o, 2z € L.

From (2.5) we have M = pR,,_1 1, i.€., z € M if and only if 2y = 0 and
z € R* if and only if z5 € I'). An arbitrary element z of R* is uniquely
represented as

(26) z =2+ Z, Z()EFX zeM

m?

(27) :fk$:£k<1+py), $€1+M7 yERnfl,ma nggq_2

Any element of R\{0} is either a unit or a zero divisor. Since the zero
divisors in R are those elements divisible by p, any element z € R\{0}
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can be written as
(2.8)
z=pru=p"(14pr), u € R, 1 € Ry, 0 <k <n—1,0<1 < g2

2.2. Additive characters of R. Let o be the Frobenius map of R
over Zyn given by

0(2) = 20 +paf 4+ " e
for z = Z?:_()l p'z; € R, where z; € I',,. As we know, o is the generator

of the Galois group of R/Z,» which is a cyclic group of order m. The
trace mapping Tr, : R — Z,» is defined by

Tr,(2) =2z+0(z)+--+0™z) for z€R

where ¢7(z) = o(097!(2)). Tr, is an epimorphism of Z,»-modules and
Tr, can be reduced by p to the trace mapping tr : F, — [F, of finite
fields. Then we have the following commutative diagram:

Namely, we have p(Tr,(z)) = tr(u(z)) for all z € R.

An additive character of R is a homomorphism from the additive
group of R to C!. For any z,y € R, the additive characters of R are
given by
(29) Yaly) = SO

different 2’s affording different additive characters. In fact, {1, }.er con-
sists of all additive characters of R (see [10, Lemma 6]). vy is the trivial
additive character of R and ¢(= 1) is called the canonical additive

character of R. Let R+ denote the additive characters group.

REMARK 2.1 ([1,7,12]). In the case of R = GR(2% m),
Tra(x
(210) daly) = V=1

PROPOSITION 2.1 ( [8, Lemma 2.1, 2.2, 2.3]). For any x € R we have

(2.11) > waly) = { oo ;8 ;

YyER
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n—1 n—1
_Jq 1fx Ep R

(¢—1)g" " ifx=0,

(2.13) > haly) =4 =" if v € p"'R\{0},
yeRX 0 ifx € R\p" 'R.
PROPOSITION 2.2 ( [10, Lemma 8]). For any x € R we have
n—1 . q ifz e M,
(2.14) > v {5 ieRr
yclm

ProPoOSITION 2.3. If v, € R+ is nontrivial on M, then

(2.15) D taly) == tuly) =0.

YyERX yeM

Proof. From the assumption, ¥, € R+ is nontrivial on R and so

YyeERX yeER yeM yeM

by (2.11). Also, there exists z € M such that ¥,(z) # 1. Since adding
all y € M by z € M permutes M. we have

Zwm Z ¢wy+z Z¢x

yeM y+zeM yeM

As 1 —1,(z) # 0, we get (2.15). O

PROPOSITION 2.4. Ify € R+ is trivial on M, then
—q" if x € R*,
(2'16> Z % Z ¢ xy { 1)qn—1 if c M
YyeERX YyERX

Proof. If x € R*, then multiplying all y € R* by z permutes R*, so
that by setting z = zy € R* we have

Z% way Zw Zw(z)—zw(z):_zlz_

yERX yERX ZERX z€ER zeEM zEM
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by (2.11) and the assumption. If x € M, then zy € M for all y € R*

and
dotely) =D wlay) =Y 1=(g-1)¢""
YyeERX YyERX YyERX
by the assumption. O]

In definition (2.2) of Galois rings R = R, m, for the monic basic prim-
itive polynomial f(z) in Zy[x] of degree m, put p(z) = f(z) (mod p*),
where 1 < k <n — 1. Then ¢(z) is a monic basic primitive polynomial
in Z,x|x] of degree m. Let 6 € Ry, be a root of p(x). Using additive
representation (2.3), we define the homomorphism 7, as

m—1 m—1
(2.17) Tk - R — Rk,rm Tk (Z Zz§2> = Z gz’gi
=0 =0

where Z; = z; (mod p*), z; € Zyn and z; € Zy. Then we have the
following commutative diagram:

Namely, we have
(2.18) 7k(Tr,(2)) = Trp(1i(2)) for z € R.

In particular, for & = 1, we have Ry,, = Fy, Z, = F,, 7 = p and
Try = tr.

PROPOSITION 2.5. For any x € R we have

(2.19) > haly) = { gnl L{ng% ; 8:

yeM

where 7,1 : R = Ry—1.m is the homomorphism defined by (2.17).
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Proof. The element y € M = pR,_1,, is written as y = pz, z €
Ry—1,m- We have

Z wm(y) _ Z €2ﬂiTrn(xy)/pn _ Z e27riTI'n(mpz)/pn
ye./\/[ yGM ZeRn—l,m
_ Z o2 Tn 1 (rn1 (2)2) /p" ! (by (2.18))

ZGRnf 1,m

= Y Ynaw) (by (29)

ZGRn—l,m
Since ., () is an additive character of R,_1,,, from (2.11) we get
(2.19). O
PROPOSITION 2.6. For any x € R we have

(q—1)g" ' ifx=0,
(2.20) Z Ye(y) = —¢" ! ifx # 0 and 7,-1(z) = 0,
YyERX 0 ian_1<J]> 7é 0,
where 7,1 : R = Ry—1.m is the homomorphism defined by (2.17).

Proof. Since

YyERX YyeER yeM

combining (2.11) and (2.19) we get (2.20). O

2.3. Multiplicative characters of R. A multiplicative character
x of R* is defined by x(zy) = x(x)x(y) for z,y € R*, and each value
of x(z) is a (¢ — 1)¢"!-th root of unity. We extend y as the character
of R by defining x(M) = 0. We call this the multiplicative character of
R. Let xo and R* denote the trivial multiplicative character of R and
the multiplicative characters group, respectively.

PROPOSITION 2.7. For any character x € 7/€\X,

(2.21) Y @) = 3 xi) = { (()q “ 1)t ifx = xo,

if .
=~ =~ if X # Xo

Proof. 1t is clear if x = xo. If x # X0, there exists y € R* such that
X(y) # 1. Since multiplying all x € R* by y € R* permutes R*, we
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have
> x(@) = D> xlay) =x) Y x(@)
TERX TYERX zERX
As1—x(y) #0, we get > px x(2) =0. O

REMARK 2.2. In [7], the authors extend x as the character of R =
GR(2%,m) by defining xy(M) =1 for x = xo and x(M) = 0 for x # Xo,

and so that
q" = (2m)* =4 if x = xo,
> " x(x) = { :
=~ 0 if x # Xo,

which is a little different with (2.21).

Since R* =T} x (1 + M) (see (2.4)), there are few kinds type of
multiplicative characters of R:
(I) The multiplicative characters y of R that vanish on 1 + M (i.e.
X(1+2z) =1 for x € M) are in one-to-one correspondence with the
multiplicative characters n; of I, defined by

(2.22) n; (€%) = 2R/t for 0 < 4k < g — 2.

Then 7;’s form a cyclic group with ¢ — 1 elements. It is familiar that the
order of each character n; is a divisor of ¢ — 1.

REMARK 2.3 ( [10, Theorem 13]). Let 1, be a nontrivial additive
character of R given by (2.9) and y a nontrivial multiplicative character
of T' given by (2.22). Then

> xWea(y)| <p 't

yel'y,

(IT) The multiplicative characters y of R that vanish on I'), (i.e. x(z) =
1 for x € T'})) are in one-to-one correspondence with the multiplicative
characters of the multiplicative p-group 1+ M of order ¢"!. In the case
of R = GR(p?,m), from the p-adic representation (2.5)

z=29+2p (20,21 €Tp), M =ply,, M*=0
and
(14+M, )= 1Q+ply, ) =(F,,+), 1+pyr— y=ymodpfory € I',,.
Hence multiplicative characters of R that vanish on I'), are given by

(2.23) Xz(1+py) = vz(@) (v,y € T, T,7 €Fy).



The Gauss sums over Galois rings and its absolute values 527

where ¢z is an additive character of [F, defined by
(2.24) oz(y) = 2@/ for all 7,7 € F,.

REMARK 2.4 ( [12, Theorem 1, Theorem 2]). Let ¢, be an additive
character of R = GR(2% m) given by (2.10) in Remark 2.1 and x, a
multiplicative character of R given by (2.23) such that y2 = xo. Then
explicit form of Gauss sums over R is given as follows:

X ()G (Xas ¥1) when y € R*,
G (Xas Uy) = X (%) G(Xa,12) when y € M\{0},
" gl¢g—1)=2m(2" —1) when x =0 and y = 0,
0 when z # 0 and y = 0,
and
Tra(2)
2my/—1 when x # 0 and y = 1,
where z =7 (mod M), z €T},
G(XesVy) = 0 when x =0 and y = 1,
0 when z # 0 and y = 2,
—2m when z =0 and y = 2.

REMARK 2.5 ( [1], [2]). Let 1, be an additive character of R =
GR(p*,m) given by (2.9) and x a multiplicative character defined by

where 7); is a multiplicative character of I') given by (2.22) and x, is a
multiplicative character of 1 + M given by (2.23). The values of Gauss
sums over R have been calculated explicitly as follows:

q(g—1) for x = xo and y = 0,

Jo for x # xo and y = 0,
G(Xawy) - —q for x = xo and y € M\{O};
0 for y = xo and y € R*.

_ I X()G(x,¥) fory e RX,
Guﬂ%%_{iwxx%%ﬂfmy:pzwefﬁ.

0 itz =0,
qnj(:L‘1)62’”'Tr2(““)/1°2 ifxel),

GW%OZ{
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where 1 = x for p = 2 and z; = —x for p > 3.

« 0;(2)e2mIT@ /P if g = 0,
G(X7¢p) = { gZzeFm 77]( ) if £ e T,

3. The Gauss sums over R and its absolute values

In this section, we give explicit form of the Gauss sum G(y,¥,)
over R given by (1.1) in accordance with conditions of characters of
Galois rings, and we compute the modulus of the Gauss sums.

Let R = Rpm = GR(p™,m), M = pR, R* = R\M, T',,, T%, R,
R*, and 7; be as in Section 1 and Section 2. From (2.21), we have

(3.1) Gl o) = { o

PROPOSITION 3.1. For x € R we have

{ (¢—1Dg" " ifx=0,

G(xo,¥e) =4 —¢"" if (x € p"'R\{0}) or (z # 0 and 71 (2) = 0),

0 if (z ¢ p""'R) or (ru1(x) # 0),

where 7,,_1 : R = Ry—1m is the homomorphism defined by (2.17).
Proof. See (2.13) and Proposition 2.6. O

REMARK 3.1 ( [3, Proposition 1]). Let ¢ € R¥*. If y € R is trivial
on 1+ M then

n—1 . . ..
G (X, ) if 4 is trivial on M,
Glov) = { 0 else.

PROPOSITION 3.2. Let x € R\{0}. If x € R* is trivial on 1 + M,
then
qnilGFf;(wax) if (sz is trivial on M) or ([L‘ c p"’lR)

. or (Tn— (l’) - 0)7
G, ¥z) = 0 if (¢, is n(l)ntrivia] on M) or (z & p"'R)

or (T,—1(x) # 0),
where 7,1 : R = Ry—1.m is the homomorphism defined by (2.17).
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Proof. Indeed,
Gl ta) = > X(2)1u(2)

ZERX
= > ) x(t+y)a(t+y) (by (2:6))
ter), yeM
= Y xOx(L+ ) () ¢a(y) (where £y € M)
telx, yeEM
= S () S () (by assumption).
teTy, YyeEM

From (2.12), (2.15) and Proposition 2.5, we completes the proof of
Proposition 3.2. O

PROPOSITION 3.3. Let u € R* and t a fixed integer with 0 < t <
n — 1. Then

G (X Yptu) = X ()G (X, Yyt )
Proof. Indeed,

G Upa) = > x(@) () =X(w) > x(ua)y (ur) = X(u)G(x, ¥y)

TERX TERX

since multiplying all z € R* by u permutes R*. [

We introduce a new operation * in R, ,,, n > 2. For elements z,y €
Roym, we let

(3.2) Txxy=2x+y+ pry.

Then the elements of the ring R, ,, form an abelian group with respect
to the new operation *, an identity element is 0 and inverse of an element
r is given by —x(1 + pz)~t.

Let x be a multiplicative character of R, ,, that vanish on I’ (i.e.
Xnt1(z) =1forx € I')). For 1 +pr,1+py € 1 + Mpj1m =14+ pRum
where z,y € R, we have

(1+px)-(1+py) = 1+p(x+y)+p°zy = L+p(r+y+pry) = 1+p(rxy).

Thus a multiplicative character x of R, ,, that vanish on I') can be

regarded as a multiplicative character x* of the group R,, ,, with respect
to the new operation * that vanish on I'),. We extend x as the character
of Rn—i—l,m by deﬁning X(Mn+1,m> =0.
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THEOREM 3.1 ( [13, Lemma 6] for p = 2). Let x be a multiplicative
character of R41, that vanish on I') and ¢, (v € R,,,) an additive
character of Ry 41, given by (2.9). Then for

z=p"(1+py) € Rus1m\{0}, Y ERpm, 0<k<n, 0<1<q—2,

we have

Proof. Indeed,

G(x,¥z)

= Y x(¥e(y) (put y=E1+p2),0<t<q—2,2€ Rym)
yG’R,f+1 m

— Z Z Y(EH(1 + p2)) 27riT1"n+1(€t(1+p2)p’“£l(1+py))/p"“
t=0 2z€ERn,m

— Z Z QﬂzkarnH (€ (1+p(y*2))/p"HL

t=0 2€ERn,m
(since Oxz==zand (1 +py)(1+pz) =1+ p(y*2))
= Z Z *(y  2)x " (y~ )X P T (€ Wp(y=)) /0" (g« 2 = o)
t=0 z€ERn,m
= Z Z )P M1 (€ (14pa) /pn T
t=0 a€Rn,m
= (1 +py) Z Z 1+ pa))e 2miph T 41 (€8 (14pa) /p" T
t=0 aERn,m
= X/ Y. x(B)ep )
BGR'Z«FLW

= X(&/p")G(x, ).
O

LEMMA 3.1. Let x € R* be a nontrivial character. Then we have

G - | XG0 ifreR,
)= 00 ifx € M and vy € R+ is trivial on M.
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Proof. If x € R*, then multiplying all y € R* by x permutes R*, so
that by setting z = xy € R* we have

Goute) = Y xWe(y) = > xW)v(zy)

= 3 x@ () =x@) Y x(2)u(2)
= X(@)G(x, ¥).

Ifre Mandy e R+ is trivial on M, then xy € M for all y € R* and
Y(zy) = 1, so that we have

GR(x.%a) = > x(va(y) = > x@v(zy) = > x(y) =0

YyERX yeERX yERX

by (2.21). O

The following result has been proved in [3, Proposition 3]. Here we
reproduce the proof for reader’s convenience.

THEOREM 3.2. The modulus of a Gauss sum is completely deter-
mined:

n

if x is nontrivial on 1 4 ann(M),
if x is trivial on 1 4+ ann(M),

53 (el ={
where ann(M) = {z € R | xy =0 for all y € M}.

Proof. Let S =1+ ann(M). Then S is a subgroup of R* and 1 € S.
Since multiplying all z € R* by y~! € R* permutes R*, so that by
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setting z = xy~! € R* we have

GO )
= D > Xy Yl —y) (by (1.1))
TERX yeRX
= > x(x) Y w(z-1y)
= > xE@+ Y k) {Z W((z=1y) = > vz - 1)9)}
z€S ZERX\S yER yeEM
O = e S e Sl — 1) (by (211))
yeER 2€8 yeM ZERX\S yeM
= "= D) xE) - D x> aaly).
z€S ZERX\S yeM
Since z — 1 & p" 'R, from (2.12) we have > eers X(2) 2y em (2 —
1)y) = 0. This completes the proof of (3.3). O

ProOPOSITION 3.4. If 7,,_1(y) # 0 for all y € R\{0}, where 7,,_1 :
R — Ryu—1,m Is the homomorphism defined by (2.17), then we have

IGOxGY)P = (g—1)¢" "

Proof. Since multiplying all x € R* by y~! € R* permutes R, so
that by setting z = zy~! € R* we have

GOe)? = D D x(ay (e —y) (by (1.1))

TERX yeRX
= > x(=) ) wz-1y)
= (¢—1)¢" '+ Z (2) Z Yo-1(y)

ze€R*\{1} yERX
By the assumption, 7,_1(z — 1) # 0 and from Proposition 2.6, we have
Z X(Z) Z ¢z—1<y) =
z€R*\{1} yeERX

this completes the proof of Proposition 3.4. O]
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THEOREM 3.3. Let x € R* be a nontrivial character. If¢ € RY is
trivial on M, then

o | q" ifxeRX,
(3.4) G (X ¥a) | = { 0 ifzreM.

Proof. 1t is clear if x € M by Lemma 3.1. Let x € R*. The definition
(1.1) of Gauss sums yields that

D GGG = D) xWve(y) Y x(2)1(2)

z€ER zER yeRX zERX

= D D> X)) ty-a(a)

YERX zeRX TER

= D 1) 1+ D xWx(2)D ()

ZERX TER y,zeRX TER
y—27#0

= (¢—1)¢""'¢" (by (2.11)).
On the other hand, by Lemma 3.1 we have
zeR TERX
By comparing above two formulas we have |G (x,v)[*> = ¢". This com-

pletes the proof of Theorem 3.1. O]

COROLLARY 3.1. Let R = GR(p*,m). If x € R* is nontrivial on
1+ M, then

2 X

s | ¢ ifzxeRx,

(35) O R )
Proof. From (2.4) and (2.25), we have x = n;¢; where n; € f; and

¢ € F," (t € F,) is a nontrivial on F,. Let y = 2(14+pw), z € T}, w
I, with w = w (mod p), w € F,. Then

G(x; V)
= D xWey) = D D nij(@2)eu(@)a(2(1+ pw))
yeERX zeT )} WEFq
= Y @) Y @) = 3 (e ia(x) Y (s ().

2T welF, 2T welF,
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If x € M, then zw € M for all w € T',,, C R* and so that prw = 0,
i.e., ¥, (prw) = 1. Thus

Gl ve) = ) m(2)a(2) Y @) =0

zel'y, wely

since Y e, pe(w) = 0 for a nontrivial character ¢;. For z € R*, we

have the same proof of Theorem 3.3. O
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