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STRONG CONVERGENCE OF AN ITERATIVE
ALGORITHM FOR SYSTEMS OF VARIATIONAL
INEQUALITIES AND FIXED POINT PROBLEMS IN
¢-UNIFORMLY SMOOTH BANACH SPACES

JAE UG JEONG

ABSTRACT. In this paper, we introduce a new iterative scheme to in-
vestigate the problem of finding a common element of nonexpansive
mappings and the set of solutions of generalized variational inequali-
ties for a k-strict pseudo-contraction by relaxed extra-gradient meth-
ods. Strong convergence theorems are established in g-uniformly
smooth Banach spaces.

1. Introduction

Throughout this paper, we assume that E is a real Banach space
and E* the dual space of E. Let C be a subset of £ and T be a self
mapping of C. Denote by Fiz(T) the set of fixed points of T, that
is, Fiz(T) = {x € C : Tx = x}. When {z,} is a sequence in E,
z, — z(x, — ) will denote strong(weak) convergence of the sequence
{z,} to x.

Let ¢ > 1 be a real number. The duality mapping J, : £ — 25" is
defined by

Jo(@) ={f € E": (. f) = =], [Ifll=lzl"""}, VzeE.

In particular, J = J5 is called the normalized duality mapping and
Jy(x) = ||z||92J2(2z) for x # 0. If E is a Hilbert space, then J = I,
where [ is the identity mapping.
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Recall that a mapping 7" is said to be nonexpansive if
[Tz =Tyl < lz -yl

for all z;y € C. A mapping T is called a pseudo-contraction if there
exists some j,(z —y) € J,(z — y) such that

(Tx =Ty, jo(x —y)) < [lo —y||*
for all z,y € C. T is said to be a k-strict pseudo-contraction in the

terminology of Browder and Petryshyn [1] if there exists a constant k& > 0
such that

(LY (To =Ty, jo(z —y)) <z —yl|* = k|( = T)z — (I = T)y||*
for every x,y € C and for some j,(x —y) € J,(z —y).

REMARK 1.1. From (1.1) we can prove that if T' is k-strict pseudo-
contraction, then T is Lipschitz continuous with the Lipschitz constant
L= %.A Banach space E is called uniformly convex if for each ¢ > 0
there is a0 > 0 such that for z,y € FE with ||z||, |ly|]| <1 and ||z—y|| > ¢,
|l + y|| < 2(1 —6) holds. It is known that a uniformly convex Banach
space is reflexive and strictly convex. Let S(E) = {z € E : ||z| = 1}.
E is said to be Gateaux differentiable if the limit

ety — |

t—0 t
exists for each x,y € S(F). In this case, FE is called smooth. Let
pE 1 [0,00) = [0,00) be the modulus of smoothness of E defined by

pe(®) =sup { Sl + ol + e =) = 150 € S(E). = )

A Banach space F is said to be uniformly smooth if lim, o @ =0.
Let ¢ > 1. A Banach space E is said to be g-uniformly smooth if
there exists a fixed constant ¢ > 0 such that p(t) < c¢t?. Recall that con-
struction of fixed points for nonexpansive mappings and A-strict pseudo-
contractions via the Mann’s iterative algorithm has been extensively in-
vestigated by many authors (see [3,6,7,8]). The Mann iteration is exten-
sively and successfully used to approximate fixed points of nonexpansive
mappings.

However, iterative methods for strict pseudo-constractions are far less
developed than for nonexpansive mappings. On the other hand, strict
pseudo-contractions have more powerful applications than nonexpan-
sive mappings do in solving inverse problems (see [11]). Therefore it is
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interesting to develop the theory of iterative methods for strict pseudo-
contractions.In 1967, Halpen [4] introduced the following explicit itera-
tion scheme for a nonexpansive mapping 1" which was referred to Halpern
iteration: for u,zg € K, o, € [0, 1],

Tpr1 = o+ (1 — ay) Ty,

Recently, Zhou [17] obtained strong convergence theorem for the fol-
lowing iterative sequence in a 2-uniformly smooth Banach space E: for
u,rg € E and a A-strict pseudo-contraction T,

Tpy1 = Bpll + YTy + (1 — By — ’Vn)[anTxn + (1 - O‘n)an

where {a,,}, {8} and {7, } in (0,1) satisfy
(i) a <a, < % for some a > 0 and for all n > 0;
(i) lim, e B = 0 and Y07 | B, = 00;
(i) limy, oo |ans1 — an| = 0;
(iv) 0 < liminf, oo v, < limsup,, oo 7o < 1.

Very recently, Zhang and Shu [16] extended Zhou’s results to g-uniformly
smooth Banach space.

Motivated and inspired by the above works, in this paper, we con-
sider the problem of convergence of an iterative algorithm for a system of
generalized variational inequalities involving strictly pseudo-contractions
and a nonexpansive mapping. We prove the strong convergence of pur-
posed iterative scheme in uniformly convex and g-uniformly smooth Ba-
nach spaces.

2. Preliminaries

Let C be a nonempty closed convex subset of a Banach space E and
E* the dual space of E.

DEFINITION 2.1. Let E be a real Banach space, C' a nonempty closed
and convex subset of £ and K a nonempty subset of C'. Let () be a
mapping of C into K. Then (@) is said to be:

(1) sunny if for each x € C and t € [0, 1] we have
Qlt + (1 — 1)) = Qu;
(2) a retraction of C' onto K if
Qr=x, VrekK;
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(3) a sunny nonexpansive retraction if () is sunny nonexpansive and a
retraction onto K.

The following result describes a characterization of sunny nonexpan-
sive retractions on a smooth Banach space.

PRrOPOSITION 2.1. ([9]) Let E be a smooth Banach space and let
K be a nonempty subset of E. Let (Q : E — K be a retraction and
let J be the normalized duality mapping on E. Then the following are
equivalent:

(a) @ is sunny and nonexpansive;

(b) 1Qz — QulI* < (z —y, J(Qz — Qy)), Vz,y € E;
(c) (+ —Qux,J(y — Qx)) <0, VxeE yekK.

PROPOSITION 2.2. ([5]) Let K be a nonempty closed convex subset
of a uniformly convex and uniformly smooth Banach space E and S a
nonexpansive mapping of C' into itself with Fixz(S) # ¢. Then the set
Fix(S) is a sunny nonexpansive retract of C'. Reich [10], in 1980, proved
the following behavior for nonexpansive mappings.

PROPOSITION 2.3. Let E be a real uniformly smooth Banach space
and C' a nonempty closed convex subset of E. Let T : C — C' be
a nonexpansive mapping with a fixed point and let z € C. For each
t € (0,1), let z; be the unique solution of the equation v = tz+(1—1t)T'z.
Then {z:} converges to a fixed point of T as t — 0 and

Qz=s— lg% 2
defines the unique sunny nonexpansive retraction from C' onto Fix(T),
that is, () satisfies the property:
(u—Qu,J(y —Qu)) <0, VYueCye Fiz(T).

Motivated by Wang and Chen [13], we consider the following general
system of variational inequalities in a uniformly smooth Banach space E.
Let S : C' — C be a k-strict pseudo-contraction. Find (z*,y*) € C' x C
such that

(2.1)

AT =8S)y" +a* -y, J(x—2") 20, Vzel,
(uI = S)z* +y*—a*, J(x —2*)) >0, Vel

In order to prove our main results, we need the following lemmas.
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LEMMA 2.1. ([14]) Let E be a real q-uniformly smooth Banach space.
Then there exists a constant ¢, > 0 such that
Iz +yll* < lzll* + q{y, o () + cqllyll*
forall z,y € E.
LEMMA 2.2. ([12]) Let {z,} and {w,} be two bounded sequences in
a Banach space E such that
Znet = (1= M)zn + yown, n 21,

where {v,} satisfies condition: 0 < liminf, ., v, < limsup,,_, . v, < 1.
If lim sup,,_, oo (||lwni1 — wal|| = [|2ne1 — 2nll) < 0, then w, — z, — 0 as
n — oo.

LEMMA 2.3. ([2]) Let C' be a nonempty closed convex subset of a real
Banach space E. Let T1 and T, be nonexpansive mappings from C' into
itself with a common fixed point. Define a mapping T : C'— C' by

Tx =6Tvx+ (1 —0)Tx, YxeC,
where § is a constant in (0,1). Then T is nonexpansive and Fix(T) =

LEMMA 2.4. ([15]) Assume that {o,} is a sequence of nonnegative
real numbers such that
Opi1 S (1 - ’Yn)an + 5n7
where {v,} is a sequence in (0,1) and {0,} is a sequence such that
(2) Doniy Tn = 005
(b) limsup,,_, ., i—z <0or > 2 |6,] < oo.Then lim,_ . o, = 0.

LEMMA 2.5. For given (z*,y*) € C x C, where y* = Qc¢(2* — pu(l —
S)z*), (z*,y*) is a solution of problem (2.1) if and only if x* is a fixed
point of the mapping D : C'— C' defined by

D(z) = QclQc(z — pu(I — S)z) = M1 = S)Qc(x — p(I — S)z)], VaeC,

where A\, u > 0 are constants and QQ¢ is a sunny nonexpansive retraction from
FE onto C.

Proof. Observe that

NI = S)y* +z* —y*, J(x —a%)) >
(I = S)z* +y* — a*, J(z — x*)) >
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r* = Qc(y" — M1 = S)y),
y* = Qo(x* — p(l — S)x*).

v" = QolQo(z™ — u(I = 5)a") = A = S)Qc(x" — p(I — §)a")].

3. Main results

Now, we consider the following main result of this paper.

THEOREM 3.1. Let C' be a nonempty closed convex subset of a uni-
formly convex and q-uniformly smooth Banach space E and ()¢ a sunny
nonexpansive retraction from E onto C. Let S : C — C' be a k-strict
pseudo-contraction such that Fiz(S) # ¢ and T : C' — C' a nonexpan-
sive mapping with Fiz(T) # ¢. Assume that F' = Fix(T)NFiz(D) # ¢,
where D is defined as Lemma 2.5. Let a sequence {x,} be generated by

r1=u€ C,
(31) Yn = QC(xn - M(I - S)l‘n),
Tn+1 = QpU + BrnTn + 'Yn[(;T‘Tn + (1 - 5)QC(yn - A(I - S)yn)]a n2>1,

where § € (0,1), A\, p € (0, min{1, (£ )q 1} and {a,.}, {8,} and {v,}
are sequences in [0, 1] such that

(H1) apy + B+ v =1, Vn>1,
(H2) limy, oo 0y = 0, D07 @ty = 00;
(H3) 0 < liminf, ., 3, < limsup,,_,., 8. < 1.

Then {x,} defined by (3.1) converges strongly to T = Qru and (Z,7),
where § = Q¢ (T — (I — S)7) and Qr is the unique sunny nonexpansive
retraction from C' onto F, is a solution of the problem (2.1).

Proof. We divide our proofs into several steps as follows.
(Step 1.) First, we show that F is closed and convex.
It is well known that Fiz(T') is closed and convex. Next, we show that

Fix(D) is closed and convex. Forany A, u € (0, M|, M = min{1, (& )q T}
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we have that the mappings I —pu(I—S5) and I —\(/ —.S) are nonexpansive
mappings. Indeed, from Lemma 2.1, we have for all z,y € C,

(I = A = S))x = (I = AL = 9))yl*

= [lz —y— Az —y — (Sz— Sy))||

<z —yll” — gMz —y — (S — Sy), Jy(z — y))
+ cgAl||lz —y — (Sz — Sy)||?

<z =yl? = gAllz = yl|? + gA{Sz — Sy, Jo(z — y))
+ cgAl||lz —y — (Sz — Sy)||?

< lz =yl = gAllz — yl|* + gAlllz — yl|? = K[[(L = S)z — (I = S)yl|]
+ cgAl||lz —y — (Sz — Sy)||?

= [lz =yl = Mgk — ceAT )|z — y — (Sz — Sy)||

< [lz =y,

which shows that I — A(/ — S) is a nonexpansive mapping. So is [ —
pu(I — S). By Lemma 2.5, we can see that

D = QclQc(I — p(I = 5)) = M = 5)Qc(I — p(I = 5))]
= QoI = M1 = 5))Qc(I — p(l = 5))
is nonexpansive. Thus, F' = Fiz(T) N Fiz(D) is closed and convex.
(Step 2.) The sequences {x,} is bounded.
For * € F' = Fix(T) N Fix(D), we have that
" = QclQc(x™ — u(l — S)x*) — X1 — S)Qc(z* — pu(l — S)z")).
Set y* = Qc(a* — p(l — S)x*). We obtain * = Qc(y* — A1 — S)y*).
Since y, = Qc(xy, — u(I — S)x,), we have
3:2) Mlyn ="l = NQc(xn —pll = S)xn) = Qele”™ — A = S)z”|
< len =27
For the sake of simplicity, let u, = 0Tz, + (1 — §)Qc(yn — AL — S)yy) for
each n > 1. By (3.2), we have
[un — 2% = [[0Tzn + (1 = 0)Qc(yn — A = S)yn) — 27
< 6| Txy — ™|
(3-3) + (1 =9)Qc(yn — A = S)yn — Qo(y™ — AL = S)y™)|
< llzn — 2 + (1= 0)llyn — ¥l
< Ollzn — 2| + (1 = 6)[len — 27|

= [lzn = 2.
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Then we have
|Znt1 — 2% = [lanu + Butn + Ynun — 27|
< apllu—2*|| + Bnllzn — 2| + Yollun — 2|
< apllu = 2" + (1 = an)[lzn — 27|
< max{lu — 2], [lzn — 2*|}-
By induction, we get
|y — 2| < max{||u — z*||, ||[z1 — 2"}

Thus, {z,} is bounded, so are {y,} and {u,}.

Tn+1 —BnTn

(Step 3.) Tpt1 — Tn — 0 as n — 00.We now define w,, = T

Set M; = |lu|| + sup{||un||}. By using (3.1), we get

Ap1U + Tn+1Un+1 . anpU + TnlUn

[wnt1 — wyl|l =

1- ﬁn+1 1-— 5n
an+1 (679 an+1 (07
3.4 = - u+ ( - )un
( ) "(I_Bn+1 1_/871> 1_/6n+1 1_/8'”
( an+l (67 >U + "Yn+l ” Yn u
- - n T o UYn4l = T 5 Un
L=Bup1 1—B, =B 1 1= B,
Hn+1 Qn Tn+1
< — R _
< |2 Ll + ) + 125 s =
an+1 (0'7%%
<M — + |ty — un
1’1571—&-1 1*5n || +1 H

and
[tnt1 = unll = 167241 + (1 = 6)Qc(Ynt1 — AU — S)yn+1)
= 0Ty + (1= 0)Qc(yn — AL — S)yn)) |
(3.5) <O Tzps1 — Ty
+ (1 =0)IQc(ynt1 = A = S)yn+1) = Qe (yn — A = S)yn) |
<Ol wnta = znll + (1= 8)|ynt1 — ynll
< fzntr — ol + (1 = 0)[[znt1 — znl
= [|zns1 — zn-
Substituting (3.5) into (3.4) yields
Qnty1  Qp
1- Bn+1 1- Bn
By the assumptions on {a,,} and {5, }, we get

||wn+1 - wn” <M + ||~Tn+1 - an

lim sup(|[wp41 — wnll = [[Tne1 — z4l]) < 0.
n—oo
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By using Lemma 2.2, we conclude that w, — x, — 0 as n — oco. Noting that
Tl — T = (1 = Bp)(wp — x,), we get Ty — xy — 0 as n — 0.

(Step 4.) There exists a continuous path {z;} such that z; — T as t — 0,
where T = Qpu and Qp : C — F is the unique sunny nonexpansive retraction
from C onto F. Define a mapping 715 : C — C by

Tsr =0Tx + (1 - 5)Qc(1 — )\(I - S))Qc(f - ,u(I - S)):L’, Vo e C.
Then Ty is nonexpansive and
Fix(Ts5) = Fiz(T) N Fiz(Qc(I — AMI = 5))Qc(I — pu(I = 5)))
= Fiz(T) N Fiz(D)
=F
by Lemma 2.3. For ¢ € (0,1) we define a contraction via
Tix =tu+ (1 —t)Tsz, YreC.

Then, the Banach contraction mapping principle ensures that there exists a
unique path x; € C' such that

xp =tu+ (1 —t)Tsxy

for every ¢t € (0,1). By Proposition 2.3, we know that z; — T € Fix(T5) as
t — oo. Further, if we define Qpiy(ry)u = 7, then Qpiy(zy) : C — Fix(Ts) is
a unique sunny nonexpansive retraction from C onto Fiz(Ts). Noting that
Fix(Ts) = F, we see that Qp : C — F' is indeed the unique sunny nonexpan-
sive retraction from C onto F.

(Step 5.) limsup,,_,..(u — T, J(x, — T)) <0, where T = Qpu.
We note that

20 — Tsznll < |20 — gl + |01 — Tszy|
< zn = Zoga |l + anllu — Tszn || + Bullzn — Tsnll-

This implies that
(1= Bu)llwn — Tsznll < [|2n — gl + anllu — Tz

It follows from conditions (H2), (H3) and Step 3 that z, — Tsz, — 0 as
n — 0o. Since

Ty — Xy = tu+ (1 — )Tz — zp
= (1 —=t)(Tsxy — ) + t(u — zy),



234 Jae Ug Jeong

then
||z — an2 = (1 = t)(Tszy — xp, J (2 — x0)) + t{u — 20y, J (24 — 24))
= (1 —t)(Tsxy — Tswp, J (21 — x0)) + (Ts20 — Tp, J (21 — x0))]
+t(u —ay, J (2 — xp)) + (e — 20, J (@4 — )
< (1= t)([lze — znll® + (| Tozn — @l [|2: — 20]])
+tlu — zp, J(xp — 20)) + t||lzp — 25

= ||z — acn||2 + | Tszpn, — zplll|ze — 2| + t{u — x4, (2 — 24)).

It turns out that

1
(xy —u, J(xp — ) < ;HT(;:L‘n — zpl|l|lze — xn|l, V€ (0,1).

By the above inequality, we have

lim sup(x; — u, J(x¢ — ) < 0.
n—oo

Since J is strong to weak™ uniformly continuous on bounded subset of E, we
see that

[(u =T, J(2n —T)) — (21 — u, J (21 — 2n))]
< [{u =7, J(2n = 7)) — (u =T, J(2n — 21))|
+ u =7, J(wn — x1)) = (2 — u, J (2 — )|
= [u =2, J(2n = T) = J(@n — x0))| + ({2 = T, J (20 — 1))
< lu = (|| J(2n = T) = J(@n — xo) || + |20 = T[|[|2n — 4]
—+0 as t—0.
For any ¢ > 0, there exists 6 > 0 such that for every ¢ € (0, 6)
(u—7=, J(xn —T)) < (xr —u, J (2 — 20)) + .

Therefore

limsup(u — 7, J(z, — 7)) < limsup(z; — u, J(x: — zp)) + €.
n—00 n—00

This implies that

limsup(u — @, J(z, — T)) < 0.

n—o0
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(Step 6.) z, > T € Qru as n — co. By using (3.3) we have

|Zns1 — Z)|? = (antu + BnZn + Yntin — T, J(Tpy1 — T))
=ap(u—T,J(xny1 — T)) + Bn(Tn — T, J (Tnt1 — T))
+ W lun =T, J(Tni1 — T))
<an(u—7,J(@pt1 — 2)) + Bullzn — 2| 2041 — Z||
+ Wllun = Z||lzni — T
< an(u =7, J(Tnt1 — T)) + Bullzn — Zll[|2nt1 — 7
+ Wllzn — Zll|zne — Tl
S an(u—7,J (@01 — T)) + (1 — an)llzn = T[l[|znr — 7]

1—a,

< ap(u—7,J(Tpt1 — T)) + (lzn =212 + 20t — 2)?),
which implies that
Zn+1 — f\lz < (1= ap)|lzn — f\lz + 20, (u = T, J(Tns1 — T))

and hence x,, — T as n — oo by virtue of Lemma 2.4. This completes the
proof. O

REMARK 3.1. Since LP(1 < p < 2) is uniformly convex and p-
uniformly smooth, we see that Theorem 3.1 is applicable to LP for
l<p<L2

4. Applications

In real Hilbert spaces, Lemma 2.3 is reduced to the following.

LEMMA 4.1. Let C' be a nonempty closed convex subset of a Hilbert
space H. For given (Z,7) € C' x C, where y = Po(T — (I — S)), (T,7)
is a solution of the following problem:

1) {()\(I—S)g+f—g,x—f>

if and only if T is a fixed point of the mapping D : C' — C' defined by
D(x) = Po[Po(z — p(I — S)x) — M — S)Po(x — u(I — S)z)],

where Po is a metric projection H onto C'. Utilizing Theorem 3.1 we
can obtain the following results.
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THEOREM 4.1. Let C' be a nonempty closed convex subset of a Hilbert
space H. Let S : C' — C be a k-strict pseudo-contraction such that
Fiz(S) # ¢ and T : C — C' a nonexpansive mapping with Fix(T) # ¢.
Assume that F = Fiz(T) N Fiz(D) # ¢, where D is defined as Lemma
4.1. Let a sequence {x,} be generated by

1 =u € C,
(4'2) Yn = PC(zn - ,U'(I - S)xn)v
Tpt1 = Qe+ By + Y [0Tzy, + (1 = 8)Po(yn — AT — S)yn)], n>1,

where § € (0,1), A\, € (0,2k) and {ay,}, {Bn} and {7, } are sequences
in [0, 1] such that

(H2) limy, oo 0, =0, D7 | @t = 00,
(H3) 0 < liminf, o B, < limsup,,_,. B, < 1.

Then {z,} defined by (4.2) converges strongly to T = Ppu and (T,7y) is
a solution of problem (4.1), where § = Po(T — u(I — S)Z).

THEOREM 4.2. Let C' be a nonempty closed convex subset of H.
Let T,S : C' — C be a nonexpansive mapping such that Fix(T) # ¢

and Fiz(S) # ¢. Assume that F' = Fiz(T) N Fix(D) # ¢, where
D is defined as Lemma 4.1. Let the sequence {z,} generated by (4.2)
such that the conditions (H1), (H2), (H3) hold. Then {z,} converges

strongly to T = Ppu and (Z,7) is a solution of problem (4.1), where
Y= Po(T—p(l - 5)T).
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