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A FIXED POINT APPROACH TO THE STABILITY OF
A QUADRATIC-CUBIC FUNCTIONAL EQUATION

YAaNG-H1 LEE

ABSTRACT. In this paper, we investigate the stability of the func-
tional equation

flx+ky) —kf(z+y)+kflz—y) - flz—ky) — f(ky)

k3 + k2 -2k k3 — k2 — 2k
ff(—y) - ff(y) =0
by using the fixed point theory in the sense of L. Cadariu and V.

Radu.

1. Introduction

Throughout this paper, let V' and W be real vector spaces, Y a real
Banach space, and k a fixed nonzero real number such that |k| # 1. In
1940, the stability problem for group homomorphisms was first raised
by S. M. Ulam [15]. In the next year, D. H. Hyers [10] gave a partial
solution to Ulam’s question for the case of additive mappings. His result
was generalized by T. Aoki [1], Th. M. Rassias [13], and P. Gavruta [9].
Gavruta’ result has greatly influenced the study of the stability problem
of the functional equation.

In 2003, L. Cadariu and V. Radu [3] proved the stability of the qua-
dratic functional equation:

(1) flx+y) + flr—y) —2f(x) —2f(y) =0
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by using the fixed point method [4]. We call a solution of (1) a quadratic
mapping. Notice that a mapping f : V — W is called a cubic mapping
if f is a solution of the cubic functional equation

(2)  fle+2y)=3f(x+y)+3f(x) - fle—y) —6f(y) =0.

A mapping f is called a quadratic and cubic mapping if f is represented
by sum of a quadratic mapping and a cubic mapping. A functional
equation is called a quadratic-cubic functional equation provided that
each solution of that equation is a quadratic-cubic mapping and ev-
ery quadratic and cubic mapping is a solution of that equation. Many
mathematicians investigated the stability of the quadratic-cubic func-
tional equations [5, 6, 11, 12, 14, 16]. Now we consider the functional
equation:

Flx + ky)—kf(z +y) + k(@ —y) - f(z — ky) — f(ky)
3 2 _ 2 3 _ 1.2 2
PRy BT ) =0
The function f: R — R defined by f(z) = az® + bx? is a solution of
this functional equation, where a and b are real constants.

Many mathematicians proved the stability of the quadratic-cubic func-
tional equations by handling the odd part and the even part of the given
function f, respectively. In this paper, instead of splitting the given
function f : V — Y into two parts, we will prove the stability of the
functional equation (3) at once by using the fixed point theory and we
will show that the functional equation (3) is a quadratic-cubic functional
equation when k is a rational number.

(3)

2. Main results

We recall the following Margolis and Diaz’s fixed point theorem to
prove the main theorem.

THEOREM 2.1. ([8]) Suppose that a complete generalized metric space
(X, d), which means that the metric d may assume infinite values, and
a strictly contractive mapping J : X — X with the Lipschitz constant
0 < L <1 are given. Then, for each given element x € X, either

d(J"z, J""2) = 400, Vn € NU {0},
or there exists a nonnegative integer k such that:
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(1) d(J"z, J""z) < 00 for all n > k;

(2) the sequence {J"x} is convergent to a fixed point y* of J;

(3) y* is the unique fixed point of J inY := {y € X,d(J"z, y) < 4o0};
(4) d(y,y") < (1/(1 = L))d(y, Jy) for all y € Y.

For a given mapping f : V — W, we use the following abbreviations

£.(2) f(z) + f(=x) f(n) = f(x) = f(=z)

= )=

Cf(x,y) =f(r+2y) = 3f(z+y) +3f(x) — f(z —y) —6f(y),

Qf(x,y) =fx+y)+ fx —y) —2f(x) = 2f(y),

Dif(z,y) =f(x +ky) —kf(x +y) +kf(x —y) — flx — ky) — f(ky)
Lk +k2 Qkf(_y>_l<; k2 Qkf(y)

for all z,y € V.
We need the following particular case of Baker’s theorem [2] to prove
Corollary 2.3.

THEOREM 2.2. (Theorem 1 in [2]) Suppose that V and W are vector
spaces over Q, R or C and «y, By, . . . , a4, Bm are scalar such that o; 5 —
a;fB; #0 whenever 0 < j <l <m. If f; : V = W for 0 <1 <m and

Z Jilawx + Bry) =0
1=0

for all x,y € V', then each f; is a "generalized” polynomial mapping of
”degree” at most m — 1.

We easily obtain the next result from Baker’s Theorem.

COROLLARY 2.3. If a mapping f : V — W satisfies the functional
equation Dy f(x,y) =0 for all z,y € X, then f is a generalized polyno-
mial mapping of degree at most 3.

As we stated in the previous section, solutions of Qf =0 and C'f =
0 are called a quadratic mapping and a cubic mapping, respectively.
Suppose that f,g : X — Y are generalized polynomial mapping of
degree at most 3. It is well known that if the equalities f(kz) = k*f(z)
and g(kx) = k3g(z) hold for all x € X and a fixed k € Q\{-1,0,1},
then f and g are a quadratic mapping and a cubic mapping, respectively.

Now I will show that the functional equation Dy f(z,y) = 0 is a
quadratic-cubic functional equation when & € Q\{—1,0,1}.
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THEOREM 2.4. Let k € Q\{—1,0,1}. A mapping satisfies the func-
tional equation Dy f(x,y) = 0 for allz,y € V if and only if f, is quadratic
and f, is cubic.

Proof. Assume that a mapping f : X — Y satisfies the functional
equation Dy, f(z,y) = 0 for all z,y € V. The equalities f,(kx) = k3 f,(z)
and f.(kx) = k?f.(z) follow from the equalities

fo(kx> - k3fo(x) = Dkfo(oax)a fe(kx) - k2f€<£€) = _Dkfe(oam)

for all z € V. Since f, and f. are generalized polynomial mappings of
degree at most 3, f, is a cubic mapping and f. is a quadratic mapping.

Conversely, assume that f, is a cubic mapping and f. is a quadratic
mapping, i.e., f is quadratic-cubic mapping. Notice that the equalities
fo(kx) = kgfo(m)a fo(x) = _fo(_x)> fe(kx) = k2f€<£€>, fe(x) = fe(_x)a
and f(z) = fo(z) + fe(x) hold for all x € V and k € Q.

First the equalities Do f(z,y) = 0 and D5 f(z,y) = 0 follow from the
equalities

Dy fo(r,y) = Cfo(w,y) + Cfo(r —y,y),
Dsfe(z,y) = Qfe(r +y,y) — Qfe(z — y,9),
Dsfo(z,y) = Cfolr —y,2y),

Dsfe(w,y) = Qfe(r +y,2y) — Qfe(x — y,2y)

for all x,y € X. If the equalities D,f(z,y) = 0 hold for all j € N
when 2 < j < n — 1, then the equality D, f(z,y) = 0 follows from the
equalities
Dy fo(x,y) =Dp-1fo(® +y,y) + D1 folz —y,y)
- Dn72fo($a y) + (TL - 1)D2fo(xa y>7
Dy fe(w,y) =Dn 1 fe(x +y,y) + Duife(z — y,y)
- an2fe<x7y) + (Tl - 1)D2fe(x7y)
for all x,y € X. Using mathematical induction, we obtain
for all x,y € X and n € N. Using the equalities
Dkfo(xa y) :fo(x =+ ky) - kf0<£li' + y) =+ kfo(m - y)
- f0(37 - ky) - 2<k3 - k)fO(y);
Dkfe(xa y) :fe(x + ky) - kff@(m + y) + kfe($ - y) - fe(x - ky)
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for all z,y € X and k € Q, we get the desired equalities D= f(z,y) =0
and D . f(x,y) = 0 from the equalities

D%fa(xvy) :ane(l', %) - %Dmfe(]?, >’

D%fo(xvy) :ano(l’, %) - %Dmfo(‘r’ %)’
_ _Y

D%f@(l’ay) _antf(m’ m

D%fo(x7y) :ano(x7 _Ey) - EDmfo(xv E

for all z,y € X and n,m € N. O

SRS

Now we can prove some stability results of the functional equation
(3) by using the fixed point theory.

THEOREM 2.5. Let ¢ : V? — [0,00) be a given function and |k| > 1.
Suppose that the mapping f : V — Y satisfies the inequality

(4) | Dr.f(z, y)|| < o(z,y)

for all z,y € V and f(0) = 0. If there exists a constant 0 < L < 1 such
that ¢ has the property

(5) p(kz, ky) < k*Ly(z,y)
for all x,y € V, then there exists a unique mapping F : V' — Y such

that
(k[ + D(p(0, —2) + ¢(0, z))

for all x € V and DyF(x,y) = 0 for all z,y € V. In particular, F is
represented by

0 (R g

forallz € V.

Proof. Let S be the set of all mappings g : V' — Y with g(0) = 0 and
introduce a generalized metric on S by

d(g, h) = nf{K € R™|[|g(z) — h(z)]| < K(p(0, —z) + ¢(0,2)) Yz € V}.
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It is easy to show that (5, d) is a generalized complete metric space. Now
we consider the mapping J : S — S, which is defined by

g(kr) — g(—kx) N g(kz) + g(—kx)
2. k3 2. 2

Jg(z) =

for all x € V. Let g,h € S and let K € [0,00] be an arbitrary constant
with d(g,h) < K. From the definition of d, we have

996e) = o)l < St latho) = hik)l + 5 lo(-ko) - H-ko)]

< K (9(0, ~ka) + (0, k)

for all x € V', which implies that
d(Jg,Jh) < Ld(g,h)

for any g,h € S. That is, J is a strictly contractive self-mapping of S
with the Lipschitz constant L. Moreover, by (4), we see that

1) = 3 £0)| =5k + DDLAO, ~2) + (k= 1) DR 0.2)]
s@ﬁgwm—m+¢mw»

for all z € V. It means that d(f, Jf) < ‘jl‘,j|3 < 00 by the definition of d.

Therefore according to Theorem 2.1, the sequence {J"f} converges to
the unique fixed point F' : V' — Y of J in the set T' = {g € S|d(f,g) <
oo}, which is represented by (7) for all z € V. Notice that

U5.F) £ Pl < s
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which implies (6). By the definitions of F', together with (4) and (5), we
have that

= lim
n—oo

H Dy(K"x, k™y) — Dy f(—=k"x, —, k"y)
2. k3n

2. k2
SJE&W (p(k"z, k"y) + o(—k"z, —k"y))
<l (DL
=0

|1 Dy f (2, y)]

(p(z,y) + o(—2,—y))

for all x,y € V. So F satisfies DyF(x,y) = 0 for all x,y € V. Notice
that if F' is a solution of the functional equation (3), then the equality

F(z)—JF(z) = (HI)D’“F(O*?I;(’“*UD’“F(O’I) implies that F is a fixed point

of J. Hence F is unique mapping satisfying (6). O

THEOREM 2.6. Let ¢ : V? — [0,00) be a given function and |k| < 1.
Suppose that the mapping f : V — Y satisfies the inequality (4) for all
z,y € V and f(0) = 0. If there exists a constant 0 < L < 1 such that ¢
has the property

(8) o(kz, ky) < |k Lo(z,y)

forall z,y € V, then there exists a unique mapping I’ : V' — Y satisfying
(6) for all x € V' and DyF(x,y) =0 for all z,y € V. In particular, F' is
represented by (7) for allx € V.

Proof. Let the set (S,d) and the mapping J : S — S be as in the
proof of Theorem 2.5. Let g,h € S and let K € [0,00] be an arbitrary
constant with d(g,h) < K. From the definition of d, we have

17g9(x) = Jh(z)]| < #K (0(0, =kx) + ¢(0, kz))

< KL(p(0, =) + ¢(0, )
for all z € V', which implies that
d(Jg, Jh) < Ld(g, h)
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for any g,h € S. That is, J is a strictly contractive self-mapping of .S
with the Lipschitz constant L. Moreover, by (4), we see that

1
1f(2) = Jf (@)l =5 T [(k + 1) Dy f(0, —x) + (k = 1) Di f (0, z)
|kl +1
< _
< (0 =)+ (0.2)
for all z € V. It means that d(f, Jf) < ‘kai < 00 by the definition of d.

Therefore according to Theorem 2.1, the sequence {J"f} converges to
the unique fixed point F': V — Y of J in the set T' = {g € S|d(f,g) <
oo}, which is represented by (7) for all z € V. Notice that

1 k| +1
d(f, F) < ——=d < mTe
which implies (6). By the definitions of F', together with (4) and (8), we
have that

<t (R D)
n—o00 2

=0

for all z,y € V. So F satisfies D, F(z,y) = 0 for all x,y € V. Notice
that if F' is a solution of the functional equation (3), then the equality
F(z)—JF(z) = (HI)D]“F(O’_?I;UC_I)D’“F(O@) implies that F is a fixed point

of J. Hence F is unique mapping satisfying (6). O

(p(z,y) + o(—z,—y))

We continue our investigation with the next result.

THEOREM 2.7. Let ¢ : V? — [0,00) and k be a real number such
that |k| > 1. Suppose that f :V — Y satisfies the inequality (4) for all
z,y € V and f(0) = 0. If there exists 0 < L < 1 such that the mapping
@ has the property

(9) Lo(kz, ky) > |k|*o(x,y)

for all x,y € V, then there exists a unique mapping F' : V — Y such
that

L

(10) 1f(z) = F(z)] < TE

WPA=1) ((0, —2) + ¢(0,2))
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for all x € V and DyF(x,y) = 0 for all z,y € V. In particular, F is
represented by

(11)
P =t (5 0 () =4 () + 5 0 G) +1 ()

forallz € V.

Proof. Let the set (S,d) be as in the proof of Theorem 2.5. Now we
consider the mapping J : S — S defined by

=5 (0 (1) =0 (1)) + 5 (6 (}) + ()

forall g € Sand z € V. Let g,h € S and let K € [0, 00] be an arbitrary
constant with d(g, h) < K. From the definition of d, we have

17g(x) —3Jh(l;)||
<o () - @5 e (1) - (D)
<K (¢ (0.-7) +¢(0.7))

< LK (¢(0,—z) + ¢(0, 2))

for all z € V. So
d(Jg, Jh) < Ld(g. h)

for any g,h € S. That is, J is a strictly contractive self-mapping of .S
with the Lipschitz constant L. Also we see that

176 = 27 = -Dur (0.55) | £ (0.-%) < et

for all x € V, which implies that d(f,Jf) < |kL|3 < 00. Therefore

according to Theorem 2.1, the sequence {J"f} converges to the unique
fixed point F' of J in the set T := {g € S|d(f,g) < oo}, which is
represented by (11) for all z € V.

Notice that

L

d(f,F) < (f Jf) < WE=1)
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which implies (10). From the definition of F(x), (4), and (9), we have
3n

k2 (Dk:f< ,zl) kf( kn’_k_y">>
2n
(5 ) oo (o)
i (2 ) ()

. (k™ + 1)L
=0

for all z,y € V. So F satisfies D, F(z,y) = 0 for all x,y € V. Notice
that if F' is a solution of the functional equation (3), then the equality

F(z) - JF(z) = —DyF (o, %x)

implies that F' is a fixed point of J. m

THEOREM 2.8. Let ¢ : V? — [0,00) and k be a real number such
that |k| < 1. Suppose that f : V — Y satisfies the inequality (4) for all
z,y € V and f(0) = 0. If there exists 0 < L < 1 such that the mapping
¢ has the property

(12) Lp(kx, ky) > kK o(z,y)

for all x,y € V, then there exists a unique mapping F' : V — Y such
that

L
(13) 1f(z) = F(z)] < WPA=1) (0(0, =) + (0, 7))

for all x € V and D.F(x,y) = 0 for all x,y € V. In particular, F is
represented by (11) for all x € V.

Proof. Let the set (S,d) and the mapping J : S — S be as in the
proof of Theorem 2.7. Let g,h € S and let K € [0, 00] be an arbitrary
constant with d(g,h) < K. From the definition of d, we have

|7g(a) = Jh(@)ll < KK (¢ (0.—7) + (0.7))
< LK ((0,—z) + ¢(0,2))

forallz € V. So
d(Jg, Jh) < Ld(g, h)
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for any g,h € S. That is, J is a strictly contractive self-mapping of .S
with the Lipschitz constant L. Also we see that

—Dyf (o, %)

for all x € V, which implies that d(f,Jf) < # < 00. Therefore
according to Theorem 2.1, the sequence {J" f} converges to the unique
fixed point F' of J in the set T := {g € S|d(f,g) < oo}, which is
represented by (11) for all x € V.

Notice that

1f(x) = Jf(@)] =

< (O, —%) < #@(07 —)

__ L
~RP( - L)

which implies (13). From the definition of F(x), (4), and (12), we have

Z) F < m —po|—. = —'—(D - =
I1DeF )l nl—>1 oo 2 kn’ kn kn’ o kn

(k™ +1)L"

1
d(faF)Sﬁd(f,Jf)

< lim

T n—oo

=0

(p(z,y) + o(—2,—y))

for all z,y € V. So F satisfies Dy F'(z,y) = 0 for all x,y € V. Notice
that if F is a solution of the functional equation (3), then the equality

k
implies that F' is a fixed point of J. m

F(z) — JF(z) = —DyF (07 —_x)

COROLLARY 2.9. Let X be a normed space, Y a Banach space, and
|k| > 1. Suppose that the mapping f : X — Y satisfies the inequality

1Dk f ()|l < O(1 )" + [yll”)

for all x,y € X, where § > 0 and p € [0,2) U (3,00). Then there exists
a unique mapping F : X — Y such that

20| ||?

weer L p>3

1f(2) = F(z)| <

Ok + Dl
ey 0Sp <2

for all x € X and DyF(z,y) =0 for all z,y € X.
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Proof. This corollary follows from Theorem 2.5 and Theorem 2.7, by
putting ¢(z,y) := 0(||z]|” + ||y||P), L := |k[*? < 1 when p < 2, and
L:= |k[P~® <1 when p > 3. O

COROLLARY 2.10. Let X be a normed space, Y a Banach space, and
|k| < 1. Suppose that the mapping f : X — Y satisfies the inequality

1Dk f (2, )| < OClll” + l[y]]*)

for all z,y € X, where § > 0 and p € [0,2) U (3,00). Then there exists
a unique mapping F': X — Y such that

(LEDolel?  jr s 3
If@ - Fal<d o
GE=E if 0<p<?2

for all x € X and Dy F(z,y) =0 for all x,y € X.

Proof. This corollary follows from Theorem 2.6 and Theorem 2.8, by
putting o(z,y) := 0(||z]|” + ||y||P), L = |k[* P < 1 when p < 2, and
L:= |k[P~3 <1 when p > 3. O

COROLLARY 2.11. Let X be a normed space and Y a Banach space.
Suppose that the mapping f : X — Y satisfies f(0) = 0 and the in-
equality

1D f(z,y)| <0

for all x,y € X, where 6 > 0. Then there exists a unique quadratic and
cubic mapping F': X — Y such that

1f(2) - F(a)] S M <t
flz)—F(x)]| <
o(|k|+1) .
smge—y A k[>1
for all x € X.
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