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ON A RING PROPERTY RELATED TO NILRADICALS

HAI-LAN JIN, ZHELIN P1A0*, AND SANG JO YUN

ABSTRACT. In this article we investigate the structure of rings in
which lower nilradicals coincide with upper nilradicals. Such rings
shall be said to be quasi-2-primal. It is shown first that the Kothe’s
conjecture holds for quasi-2-primal rings. So the results in this ar-
ticle may provide interesting and useful information to the study
of nilradicals in various situations. In the procedure we study the
structure of quasi-2-primal rings, and observe various kinds of quasi-
2-primal rings which do roles in ring theory.

1. Basic properties of quasi-2-primal rings

The Ko6the’s conjecture implies that if a ring has no nonzero nil ideals
then it has no nonzero nil one-sided ideals. For more than 90 years
significant progress has been made to answer this, however it is still
open. In this article we consider a ring property under which the Kéthe’s
conjecture holds. Via this work, we may give useful information to the
study related to nilradicals of polynomial rings, matrix rings and factor
rings.

Throughout this note every ring is associative with identity unless
otherwise stated. Let R be a ring. We write N,(R), N*(R), N(R), and
J(R) to denote the lower nilradical (i.e., the intersection of all prime
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ideals), the upper nilradical (i.e., the sum of all nil ideals), the set of all
nilpotent elements, and the Jacobson radical of R, respectively. Note
No(R) € N.(R) C N*(R) C N(R) and N*(R) C J(R). In this note we
concentrate on the case of N,(R) = N*(R) and study the structure of
rings satisfying N.(R) = N*(R).

Given a ring R, we use R[z| (resp. R][z]]) to denote the polynomial
(resp. power series) ring with an indeterminate x over R. For f(z) €
R[z], let Cy(;) denote the set of all coefficients of f(x). Denote the n
by n full matrix ring over R by Mat,(R), and the n by n upper (resp.,
lower) triangular matrix ring over R by U,(R) (resp., L,(R)). Write
D,(R) = {(a;;) € Upo(R) | a11 = -+ = aun}. Use E;; for the matrix
with (4, 7)-entry 1 and elsewhere 0. Z (Z,) denotes the ring of integers
(modulo n).

A ring is usually called reduced if it has no nonzero nilpotent elements.
We first recall two kinds of generalizations of commutative rings. Follow-
ing Birkenmeier et al. [4], a ring R is called 2-primal if N,(R) = N(R).
It is obvious that R is 2-primal if and only if R/N,(R) is reduced. Marks
constructed various kinds of 2-primal rings in [17] to give almost com-
plete characterizations for 2-primal rings. Following Marks [16], a ring R
is said to be NI'if N*(R) = N(R). Note that R is NI if and only if N(R)
forms an ideal if and only if R/N*(R) is reduced. The NI condition is
clearly a generalization of 2-primal rings. But NI rings need not be 2-
primal by Birkenmeier et al. [5, Example 3.3], Hwang et al. [9, Example
1.2], or Marks [16, Example 2.2]. If a ring R is of bounded index of
nilpotency, then R is NI if and only if R is 2-primal by [9, Proposition
1.4]. The upper triangular matrix rings over 2-primal (resp., NI) rings
are basic examples of noncommutative 2-primal (resp., NI) rings which
have important roles in noncommutative ring theory. Note that a ring
R is reduced if and only if R is nil-semisimple (i.e., R has no nonzero nil
ideals) and NI if and only if R is semiprime and 2-primal.

We consider next another generalization of 2-primal rings.

DEFINITION 1.1. A ring R is said to be quasi-2-primal if N,(R) =
N*(R).

It is clear that a ring R is 2-primal if and only if it is both NI and
quasi-2-primal. The following shows that quasi-2-primal rings need not
be 2-primal and that NI property and quasi-2-primal property are inde-
pendent of each other.
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ExaMPLE 1.2. (1) Let S be any semiprimitive ring (i.e., J(S) = 0)
and R = Mat,(S) for n > 2. Then J(R) = Mat,(J(S)) = 0, entailing
J(R) = N.(R) = N*(R) = 0. Thus R is quasi-2-primal. But R is not
NI (hence not 2-primal) by the existence of E;; € N(R), where i # j.

(2) We apply the construction and argument in [9, Example 1.2]. Let
S be a 2-primal ring, n be a positive integer, and R, be the 2" by 2"

upper triangular matrix ring over S. Define a map o : R, = R, 41 by
A — 61 j), then R, can be considered as a subring of R, via
o. Notice that D = {R,,, 0pm}, With 0, = 0™ whenever n < m, is
a direct system over I = {1,2,...}. Set R = lim,_, R, be the direct
limit of D. Then R = UX,R,,, R is a semiprime ring by [10, Theorem
2.2(1)], and moreover R is NI by [9, Proposition 1.1 and Example 1.2].
Note 0 # N*(R) = {(a;;) € R| ay; = 0foralli} = N(R). So R is
not quasi-2-primal because N,(R) = 0 C N*(R), entailing that R is not
2-primal.

We see next that an important ring theoretic property holds for the
quasi-2-primal rings. The Ko6the’s conjecture (i.e., in any ring, the sum
of two nil left ideals is nil) is an open problem in noncommutative ring
theory that was raised by Gottfried Kéthe in 1930 [13]. Various equiva-
lent formulations are investigated by many authors, and one is that for
any ring R and any nil ideal J of R, Mat,(J) is a nil ideal of Mat, (R)
for every n (shown by Krempa [14] and Sands [21] independently). The
Kothe’s conjecture holds for NI rings by the definition.

It is well-known that N,(Mat,(R)) = Mat,(N.(R)) for any ring R.

PROPOSITION 1.3. The Kothe’s conjecture holds for quasi-2-primal
rings.

Proof. Let R be a quasi-2-primal ring and n > 1. Then
Mat,(N*(R)) = Mat,(N.(R)) = N.(Mat,(R)) = N*(Mat,(R))

by Theorem 2.2(2) to follow. So, for any nil ideal J of R, Mat,(J) is
contained in N*(Mat,(R)), and hence Mat, (/) is a nil ideal of Mat,,(R).
Thus the Kothe’s conjecture holds for R by [14] or [21]. O

Considering the structure of the ring R in Example 1.2(2), one may
ask whether the quasi-2-primal property is closed under direct limits.
However we get a negative answer as follows. The ring R, in Example
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1.2(2) is 2-primal (hence quasi-2-primal) for any positive integer n. But
the direct limit R is not quasi-2-primal. For, if R is quasi-2-primal then
R is both NI and quasi-2-primal; hence R is 2-primal, a contradiction
to R being not 2-primal. However we can get an affirmative answer
when we use full matrix rings in place of upper triangular matrix rings
in Example 1.2(2).

EXAMPLE 1.4. Let S be a semiprimitive ring, n be a positive integer,
and R, be the 2™ by 2" full matrix ring over S. We use the construction

A 0

0 A
then R, can be considered as a subring of R,,; via 0. Notice that
D = {R,,0nm}, With 0y, = 0™ " whenever n < m, is a direct system
over I ={1,2,...}. Set R = lim, R, be the direct limit of D.

Then R = U2, R, and R is a semiprimitive (hence quasi-2-primal)
ring by the following computation. Assume on the contrary that R is
not semiprimitive. Then there exists 0 # A € R such that 1 — AB is
a unit for all B € R. Thus there exists k > 1 such that A € R;, and
1— AC is a unit for all C' € Ry. This implies J(R}) # 0, a contradiction
to Ry being semiprimitive.

in Example 1.2(2). Define a map o : R, — R, by A —

Therefore R is semiprimitive, and this shows that R is quasi-2-primal.

In the following we examine some examples which give meaning to
the existence of quasi-2-primal rings.

EXAMPLE 1.5. (1) The case of N.(R) = N*(R) & J(R
simple domain and R = D[[z]]. Then N.(R) = N*(R) =
J(R).

(2) The case of N.(R) & N*(R) = J(R). We apply the argument
in Example 1.2(2). Let S be a simple domain, n be a positive integer
and R, = Dyn(S). Define a map o : R, — R,y by A — 61 21
then R, can be considered as a subring of R,,; via . Notice that
D =A{R,,0nm}, with 0, = ¢™ ™ whenever n < m, is a direct system
over I = {1,2,...}. Set R = limy o R, be the direct limit of D. Then
R = U2 R, and R is a prime ring by applying the method in the proof
of [9, Proposition 1.3], entailing N,(R) = 0. It is clear that N*(R) =
{A € R| the diagonal entries of A are zero}. Moreover N*(R) = J(R)
since R/N*(R) = [[;2, S; where S; = S for all 4.

). Let D be a
0G xD[[z]] =
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(3) The case of N,(R) & N*(R) & J(R). Let S = T[[z]] for a
simple domain 7" and R be the ring of the same structure as in (2).
Then R is a prime ring by applying the method in the proof of |9,
Proposition 1.3], entailing N,(R) = 0. It is clear that N*(R) = {A €

R | the diagonal entries of A are zero}. Moreover
J(R) ={A € R| the diagonal entries of A are in xT[[x]]}
since R/N*(R) = T[z]].

Following Neumann [18], a ring R is called reqular if for each a € R
there exists b € R such that a = aba. Regular rings are semiprimitive
by [8, Corollary 1.2(c)] and so quasi-2-primal. The classes of 2-primal
rings and NI rings are closed under subrings by [4, Proposition 2.2]
and [9, Proposition 2.4], respectively. But the class of quasi-2-primal
rings is not closed under subrings as the following shows.

EXAMPLE 1.6. We apply the argument in Example 1.2(2). Let S be a
regular ring, n be a positive integer, and R,, = Matan(.S). Define a map
A 0
0 A
of R,.1 via 0. Notice that D = {R,,, 0 }, with 0, = ¢”~" whenever
n < m, is a direct system over I = {1,2,...}. Set R = lim, R, be
the direct limit of D. Then R is also a regular (hence quasi-2-primal)
ring. For, letting A € R, A € Ry, for some k£ > 1, and so A = ABA for
some B € R; C R since Ry, is regular.

Next let R;, = U« (S) and define a map o : R, — R/, by A —

(61 2) Let R’ be the direct limit of { R/, 0,;n}. Then R’ is not quasi-

2-primal by Example 1.2(2), in spite of R’ being a subring of R.

c:R,— R,,1by A ( , then R, can be considered as a subring

2. Structure of quasi-2-primal rings

In this section we study the structure of quasi-2-primal rings, and
observe several sorts of ring extensions over quasi-2-primal rings which
we meet usually in the study of ring theory.

We recall first the following which do roles in our study.

LEMMA 2.1. (1) [15, Theorem 10.19] N.(R)[zx] = N.(R[z]) for any
ring R.
(2) [7, Corollary 5] No(R)[z] = No(R[z]) for any ring R.
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As important cases, the quasi-2-primal property can pass to matrix
rings and polynomial rings as the following shows.

THEOREM 2.2. (1) A ring R is quasi-2-primal then so is R[z].
(2) A ring R is quasi-2-primal then so is Mat,(R).

(3) A ring R is quasi-2-primal then so is U,(R).

(4) A ring R is quasi-2-primal then so is L, (R).

(5) Let R, S berings and rMg an (R, S)-bimodule. Let E = ]g j\s/,[)
Then FE is quasi-2-primal if and only if R and S are both quasi-2-primal.

Proof. (1) It suffices to show the case of X = {z}. Let R be a quasi-
2-primal ring. Then N,(R) = N*(R). By Lemma 2.1(1), N.(R)[z] =
N.(R[z]) and so N,(R[z]) = N.(R)[z] = N*(R)[x]. Moreover J(R[z]) =
I[z] for some nil ideal I of R by [20, Reproof of Amitsur’s Theorem
(2.5.23) after Lemma 2.5.41]. Thus we now have

J(Rlz]) 2 N*(R[z]) 2 N.(R[z]) = N.(R)[x] = N*(R)[x] 2 I[z] = J(R[z]),
entailing N, (R[z]) = N*(R[z]) = J(R[z]). Thus R[z] is quasi-2-primal.
(2) Note that N.(Mat,(R)) = Mat, (N.(R)). Let R be a quasi-2-
primal ring. Then
N.(Mat,(R)) = Mat,, (N.(R)) = Mat,,(N*(R)) 2 N* (Mat,(R)) 2 N, (Mat,(R)).
Thus Mat,(R) is quasi-2-primal.
(3) Use induction and set S = Mat,_1(R). Let R be a quasi-2-primal

ring. Then we obtain that U,(R) is also quasi-2-primal. The proof of
(4) is similar to that of (3).

(5) By observing N*(E) = N éR) N{‘\{S)) , we have that N* (E) =
N, (E) if and only if N* (R) = N, (R) and N* (S) = N, (S). O

Due to Armendariz [3, Lemma 1], Rege et al. [19] called a ring Ar-
mendariz if a;b; = 0 for all 4, j whenever (37" a;z")(3 "_ybja?) = 0.
Reduced rings are Armendariz by [3, Lemma 1]. If R is an Armendariz
ring then N(R) is a subring of R by [2, Proposition 2.7 and Theorem 3.2].
A ring is usually called Abelian if every idempotent is central. Armen-
dariz rings are Abelian by the proof of [1, Theorem 6] (or [12, Lemma

7).

LEMMA 2.3. (1) [11, Lemma 2.3(5)] If R is an Armendariz ring then
No(R) = N,(R) = N*(R).
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(2) [2, Corollary 5.2] If R is an Armendariz ring then N(R)[z] =
N(R[z]).

Armendariz rings are quasi-2-primal by Lemma 2.3(1), comparing
this with the fact that Armendariz rings need not be NI (hence not 2-
primal) by [2, Example 4.8]. There exist many quasi-2-primal rings but
not Armendariz. Let S be a semiprimitive ring and R = Mat,(S) for
n > 2. Then R is semiprimitive (hence quasi-2-primal) as above, but R
is not Armendariz since R is non-Abelian.

Following the literature, a ring R is called directly finite if ab = 1
implies ba = 1 for all a,b € R. The class of 2-primal (resp., NI) rings
are directly finite by [4, Proposition 2.10] (resp., [9, Proposition 2.7]).
Abelian rings are easily shown to be directly finite. So one may conjec-
ture naturally that quasi-2-primal rings are also directly finite. However
the following erases the possibility.

EXAMPLE 2.4. Let F' be a field and V be an infinite dimensional vector
space over F' with a basis {vq, vy, ... }. Consider the endomorphism ring
R = Endp(V) and define f,g € R such that fu; = 0, fv; = v;_; for
j=2,3,...and gv; = v;4q fort =1,2,.... Then R is a regular ring such
that fg = 1 but gf # 1. So R is quasi-2-primal which is not directly
finite.

As another example, consider next U,(R) for n > 2. Then U, (R) is
quasi-2-primal by Theorme 2.2(3). Take a = (a;;) and b = (b;;) in U, (R)
such that Qi = f, b“ =4dg for all ’L', and Q55 = bij = 0 for Z,j with ¢ 7é j
Then ab = 1 but ba # 1; hence U, (R) is not directly finite.

Recall that subrings of quasi-2-primal rings need not be quasi-2-
primal by Example 1.6, but we get an affirmative answer for ideals as
the following shows. It is well-known that N.(/) = N.(R) NI and
N*(I) = N*(R)N I when [ is an ideal of R.

LEMMA 2.5. Let R be a ring and I be a proper ideal of R. If R is
quasi-2-primal then so is I as a ring without identity.

Proof. Recall first that N,(I) = N,(R)N [ and N*(I) = N*(R)N [
when [ is an ideal of R. Suppose that R is a quasi-2-primal ring. Then
we have

N*(I)=N*(R)NI = N.,(R)NI= N.I).
Therefore I is quasi-2-primal. O
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LEMMA 2.6. Let R be a ring and I be a proper ideal of R. If both
R/I and I are quasi-2-primal rings, then so is R.

Proof. Assume that R/I and I are quasi-2-primal rings, and let RaR
be a nil ideal of R (i.e., a € N*(R)). Write R = R/I and 7 = r + I with
r € R. Then RaR C N,(R), and so a is strongly nilpotent in R.

Consider a sequence (a;),~, such that ap = a, and a;41 = a;ra0; €
a;Ra; (r; € R) for any i > 0. Then there exists a positive integer k such
that aj, € I, because R is quasi-2-primal. Note that Ia.I is a nil ideal
of I (i.e., ap € N*(I)) because every ay is contained in N*(R). Next
consider the following sequence:

by = ag;
b1 = iz = Qg 1Thi1Gri1 = Ok (TRRT 1087, ) A € aglay, = bolbo;
by = Qpta = Qi 3Th430k+3 = Qg2 (Th20hi 2Tk 30k +2Tk+2) Ahy2 € gyl appo
= bllbl,
bi = Qg2
= Qg42(i—1) (Tk+2(ifl)ak+2(i71)rk+2iak+2(i71)7“k+2(i71))ak+2(z’fl)
€ apy23i-1)Lapro@i—1) = bi11bi—1,
where ¢ > 1. Since [ is quasi-2-primal, there exists [ > 0 such that

b; = 0. This implies ag.9; = 0, and so a is strongly nilpotent in R. Thus
we now have N*(R) = N,(R), and therefore R is quasi-2-primal. O

From the preceding lemmas we obtain the following results.

PROPOSITION 2.7. Let R be a ring and I be an ideal of R that is a
direct summand of R. Then the following conditions are equivalent:

(1) R is quasi-2-primal;

(2) Both I and R/I are quasi-2-primal rings.

Proof. Since I is a direct summand of R, the ring R is isomorphic to
I® R/I. Thus, (1) = (2) and (2) = (1) are shown by Lemma 2.5 and
Lemma 2.6, respectively. 0

LEMMA 2.8. Let {R;|i € I} be a set of quasi-2-primal rings. Then
the direct sum of {R;|i € I} is quasi-2-primal.

Proof. Let {R;|i € I} be a set of quasi-2-primal rings and R be the
direct sum of R;’s. Suppose that RaR is a nonzero nil ideal of R where
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a = (a;) € R. Then there exist indices 41,4y, . .., i) in I such that a;, # 0
for j=1,...,k, and a; = 0 for all i & {iy, i, ..., 0%}

For any i;, R;ja;R;; is a nil ideal of R;,. Thus a;, is a strongly
nilpotent element in R;, i.e., a;; € N,(R;;) because every R; is a quasi-
2-primal ring. This implies that a is also strongly nilpotent because
{ij | j=1,...,k} is finite. Therefore R is quasi-2-primal. ]

PROPOSITION 2.9. For a ring R, the following conditions are equiva-
lent:

(1) R is quasi-2-primal;

(2) Both eR and (1 — e)R are quasi-2-primal rings for some nonzero
central idempotent e of R.

Proof. (1) = (2) is shown by Lemma 2.5. (2) = (1) is done by Lemma
2.8. [
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