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EXTENDING AND LIFTING OPERATORS ON
BANACH SPACES

JEONGHEUNG KANG

ABSTRACT. In this article, we show that the nuclear operator de-
fined on Banach space has an extending and lifting operator. Also we
give new proofs of the well known facts which were given Pelczynski
theorem for complemented subspaces of ¢; and Lewis and Stegall’s
theorem for complemented subspaces of L (u).

1. Introduction

In this article, we first show that the nuclear operator on Banach space
has an extension property and a lifting property such as an operator
defined on /,.-space and as an operator on /;-space which may not be
norm preserving. Also we give a new proof of the well known facts which
were given by Pelczynski for complemented subspaces of ¢1 in [17] and [2,
p.114] and by Lewis and Stegall’s theorem for a complemented subspace
of Li(p) in [2] and [10].

We start our discussion with well known results concerning with geo-
metric structures of £, and ¢; spaces and with bounded linear operators
between these Banach spaces. We first recall the well known generaliza-
tion of the Hahn-Banach extension theorem due to Nachbin [16].

Received April 17, 2019. Revised July 20, 2019. Accepted July 22, 2019.

2010 Mathematics Subject Classification: 46B03.

Key words and phrases: Extension Property, lifting property, absolutely p-
summing operator, nuclear operator.

This paper is partially supported by the Hwa-Rang Dae Research Institute in
2018.

© The Kangwon-Kyungki Mathematical Society, 2019.

This is an Open Access article distributed under the terms of the Creative com-
mons Attribution Non-Commercial License (http://creativecommons.org/licenses/by
-nc/3.0/) which permits unrestricted non-commercial use, distribution and reproduc-
tion in any medium, provided the original work is properly cited.


https://doi.org/10.11568/kjm.2019.27.3.645

646 J. H. Kang

THEOREM 1.1. [16,17]. Let (2,3, u) be a measure space and let Y
be a closed subspace of a Banach space X. Then every bounded linear
operator T : Y — Loo(1) extends to an operator T : X — Lo (1) such
that T|y =T, |T|| = |T|| and they satisfy the following diagram.

Y 5 Le(p)
(1.1) il AT
X

We can readily show that with (. (") in place of Lo (p) this result is
a consequence of the Hahn-Banach extension theorem.

In this direction of research, we can give one of motivating fact that
the absolutely 2-summing operators between Banach spaces have the ex-
tension property due to the particular form of their factorization through
as Lo (p) space where p is a suitable probability measure. Now for this
we will give the definition of p—summing operators on a Banach space
which is given several books such as in [1], [2] and [18].

DEFINITION 1.2. [1] Suppose that 1 < p < coand T : X — Y is
a bounded linear operator between Banach spaces. We say that T is
absolutely p-summing operator if there is a constant C' > 0 such that for
any finite natural number n and for any choice of z1,x9, -+ ,x, in X,
we have

(12) O ITz|")V? < Csup{() | <2 2; > [))/? - 2" € By }.
i=1 i=1
The least C' for which inequality as given above (1.2) always holds
is denoted by m,(7"). Moreover, we will denote by IL,(X,Y") the set of
all p—summing operators 7' : X — Y. Then we know that IL,(X,Y) is

a linear subspaces of L(X,Y') the space of all bounded linear operators
from X into Y and that for all 7" € IL,(X,Y),

1T < (7).

Also, it is known that 1 < p < oo, m,(T) is a norm on IL,(X,Y’), with
which this space is a Banach space. Also the space IL,(X,Y") satisfies the
following (so-called) “ideal property”. If T': X — Y is a p—summing,
and if R: W — X and S : Y — Z are bounded operators between
Banach spaces, then the composition ST R is a p—summing, and we have
m,(STR) < ||S||mp(T)||R||. For more facts for absolutely p—summing
operator refers to books [1] and [2].
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Now let’s go back to the extension property of linear operators. As
a well known fact, for any probability measure p, Lo () is an injective
Banach space given in Theorem 1.1. The following theorem is an easy
consequence of Pietch factorization theorem for 2-summing operators in

[1, pp.86].

THEOREM 1.3. [1] [ma-extension theorem]. Let X, Y, and Z be Banach
spaces with X a subspace of Z. Then every 2-summing operator T :
X — Y admits a 2-summing extension T' : Z — Y with T|x = T and
7T2(T) = ’7T2(T).

DEFINITION 1.4. [2] A bounded linear operator T': X — Y is called
a nuclear operator if there exist sequences (z) in X* and (y,,) in Y such
that

00
D N lllyall < oo
n=1

and such that for all z € X,

T(x)= Z () Yn.

Also the nuclear norm of T is defined by
(1.3) 1T e = inf > Neplllyall : T(z) = 2" (x)yn}
n=1 n=1

where the infimum is taken over all sequences (z}) in X* and (y,) in Y.

For later references, we now give one more definition concerning the
(1-space which has a property dual to the extension property saying the
“lifting property”.

DEFINITION 1.5. We say that a Banach space X has the lifting prop-
erty if for every bounded linear operator ¢ from a Banach space Z onto a
Banach space Y and for every T' € L(X,Y), there exists a T e L(X, Z)
such that T = qo T, |T|| < A||T)|, for some A > 0 and the following
diagram commutes;

N
(1.4) L

N
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Also for the later reference, we gave the well known theorem which is
given several authors such as in [9] and in [17].

THEOREM 1.6. ([13], pp.107) Let X and Y be Banach spaces such
that there is an operator q from Y onto X. Then for every T € L({1, X)
there is a T € L(¢y,Y) for which go T =T and ||T|| < \|T|, for some
A > 0.

Moreover if q is a quotient map then for every e > 0, T may be chosen
so that ||T|| < (1+ ¢€)||T|| and the following diagram commutes;

L X
(1.5) TL /g
Y

For the converse of above theorem, Kothe [9] also proved as following
theorem in [13]. From this theorem we can see that the space having
the lifting property is characterized in the nonseparable case also.

THEOREM 1.7. [9] Every Banach space X with the lifting property is
isomorphic to ¢,(I"), for some index set I'.

2. Main results

In this article, first one of main question is which bounded linear op-
erator has extending on its upper spaces, as like Hahn-Banach extension
theorem. There are a lot of such extending operators as you can see
several theorems(Theorem 4.1 and Theorem 4.2, p.1723-1726) given by
M. Zippin in [4]. Also we can see the my-extension Theorem 1.3. Second,
we are concerned with the lifting property, that is, which bounded linear
operators on X into Y can have the lifting property? The space with
the lifting property is completely characterized in separable and nonsep-
arable cases as given in Theorem 1.7. Now we will give another fact for
extension property for a nuclear operator on Banach spaces.

THEOREM 2.1. Let X,Y and Z be Banach spaces with X a subspace
of Z. Then if a bounded linear operator T : X — Y is a nuclear operator,
then there exists a nuclear extended operator T :Z — Y such that
Tlx =T and |T ||nue < (14 €)||T||nue, for any e > 0.
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Proof. Suppose T': X — Y is a nuclear operator. Then for ¢ > 0,

by the definition of nuclear operator norm we can find sequences (x}) in
X* and (y,) in Y such that

(2.1) > lzsllllynll < 1+ OIT e

n=1
Now define S : X — £, by S(z) = (m(?) and R : o, — {1 by R((a,)) =
((@nllz5 lynll)). Then we have

15 = [

(s

Hence [|S]| < 1. Also, for (a,) € ls with ||(a,)]|e <1,

Moo < 1]

IB((@)ll =D lanlliz} |yl

< llapllllyall - by (2.1)
n=1

(2.2) < (14 )T e
Therefore we also have ||R||nue < (14 €)[|T || nue-

Finally, define U : ¢, — Y by U(b,) = 3>, tn¥n  Then we have

n=1[lya|l*

TG <D Ballgnll/nl
n=1

<> bl
n=1

(2.3) = [16nllr-
Hence we have |U|| < 1. For all z € X,

URS(x) = UR(Z),y

el

= Ul () lyall)

(2.4) =3 i ()y. = T(a).
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From the above argument, we have the following diagram:;
X 5y

(2.5) sl TU

.~y

~ Now by extension property of /., we can define S : Z — (. such that
Slx = S and ||S|| = ||S]|. Then we can consider the following diagram.

X 2t
(2.6) IS
7

Then we define T = U o Ro S on Z. Hence by the ideal property of
a nuclear operator R and above argument, we have

HTHnuc =|[UoRo SHnuc
< U1 Bllnucl S|
<Rl by (22)
(2.7) < (L4 O[T ue-

Hence T is an extension of T with || T |nue < (14 €)]|T|[nue and T|x =
T. This proves the theorem. O

We now are going back to the work of the ¢;-space which has a prop-
erty dual to the extension property saying the “lifting property”. For
this time, we can show that a nuclear operator on Banach space X can
have the liftable operator.

THEOREM 2.2. Let X, Y and Z be Banach spaces andT : X — 'Y be
a nuclear operator. If for every surjective linear map q from a Banach
space Z onto a Banach space Y, there exists a nuclear operator T:X —
7 such that T = qo T and ||T|lpue < (1 + €)||T|lnue, for € > 0 and the
following diagram commutes;

N
(2.8) L 7

N
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Proof. Suppose T': X — Y is a nuclear operator. Then for ¢ > 0, by
the definition of nuclear operator norm, we can find sequences (z7) in
X* and (y,) in Y such that

Dl lgall < 1+ N e
n=1

Now define S : X — fo by S(z) = (222 and R : (o, — (1 by

[l |
R((an)) = ((an||lt||llynl])) as in Theorem 2.1. Then applying the same
argument as in Theorem 2.1, we can have ||S|| < 11in (2.2) and || R||nue <

(14 )T ||lnue in (2.3). Finally, define U : £, — Y by U(b,) = .02, betn

n=1 {|yn||
Then we also have ||U|| < 1 in (2.3) as in Theorem 2.1. For all x € X,

we also have in (2.4)

URS(x Z x ()

From the same argument in theorem 2.1, we have the following diagram
as in (2.5) ;

X vy

(2.9) Sl TU

o —2 4,
Since U : {1 — Y is a bounded linear operator with [|[U[| < 1 and

by the lifting property of /1, we can find a lifting U : ¢, — Z such that
qoU = U and ||U|| = |U||. Then define a lifting of T by T'=U o Ro S

where R is a nuclear operator on /... Now for all z € X,
qoT(z)=qoUoRoS(x)

=UoRoS(x)
(2.10) =T(z).
Hence goT = T and

||T||nuc S ||U © R © SHnuc

< UM Rl S]]
2.11) < (14 T e
This proves the theorem. O
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Now by using Theorem 1.7, we can prove the following Pelczynski’s
theorem in [17] and ( [2], pp. 114) which is complemented subspaces of
4.

THEOREM 2.3. Every infinite dimensional complemented subspaces
of {1 is isomorphic to (7.

Proof. Let X be an infinite dimensional complemented subspace of ¢;.
Now let P : ¢; — X be the projection on ¢; into X with norm ||P|| = 1.
Suppose Y and Z are Banach spaces and T': X — Y is a any bounded
linear operator. And let ¢ be a surjective linear operator Z onto Y, then
we have the following diagram;

R T
£1<— X — Y

(2.12) N e

Z

Then by the lifting property of {1, T o P: {1 — Y has a lifting operator
ToP: 0y — ZW1thquoP T o P and

IToP| =T 0P| <|T]|P] =|IT].

Let J : X — /£ be just an inclusion map with norm ||J|| = 1. Finally
define a lifting of T by T=ToPoJ: X — Z. Then for all z € X,

goT(zx)=qoToPoJ(x)
=ToPoJ(z) since PoJ=Idx
(2.13) = T(z).
Moreover, we have
IT| = |ToPoJ|
<|ToP||J|
(2.14) < ||

Hence this shows X has the lifting property. Then applying Theorem
1.7, X is isomorphic to ¢;(I"), for some index set I'. But X is a com-
plemented subspace of ¢;, I' should be countable set. This proves the
theorem. O]
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For one more application of theorem which was given by Lewis and
Stegall in [10], we need to introduce a known theorem in [6,7].

THEOREM 2.4. ( [6,7]). Let X be a Banach space with the Radon-
Nikodym property. Then for € > 0, for any Banach space Y, and for a
surjective linear map q from Y onto X, if T : L1(u) — X is a bounded
linear map, then T has a lifting T : Ly(u) — Y such that ||T| <
(1+e)|T), and goT =T.

Now by using Theorem 1.7 and Theorem 2.4, we can give another
proof of the following theorem originally due to Lewis and Stegall in [10]
and in [2, pp.114].

THEOREM 2.5. Let (€2,%,u) be a finite measure space and X be
a complemented infinite dimensional subspace of Li(u). If X has the
Radon-Nikodym property, then X is isomorphic to ;.

Proof. Let P : Li(u) — X be a bounded linear projection with norm
|P|| = 1. For Banach spaces Y and Z, let T : X — Y be any bounded
linear operator and let ¢ : Z — Y be a surjective linear map. Then
consider the following diagram:;

P
Lip) = X 5 Y

(2.15) N g

Z

Since X has the RNP, we can apply Theorem 2.4 in [6,7] for projection

T o P to get the lifting ToP: Li(p) — Z such that qu{o\P =ToP
and

ITo Pl < +olT]]P]
(2.16) = (L+o[T].
Then define a lifting T of T, by T = ToPolJwith J: X — Ly(p)
inclusion operator. Then for all x € X, we have
goT(z)=qoToPoJ(x)
=ToPoJ(z)
(2.17) =Toldx(x)=T(x)
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and
1T =T oPoJ|
< |[[T o Pl[[J]
<|IToP|| by (216)
(2.18) = (1+¢)|T].
Hence X has the lifting property. This implies X is isomorphic to /1,
by Theorem 1.7. This proves the theorem. O
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