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MATRIX TRANSFORMATIONS AND COMPACT
OPERATORS ON THE BINOMIAL SEQUENCE SPACES

MusTara CEMIL BISGIN

ABSTRACT. In this work, we characterize some matrix classes con-
cerning the Binomial sequence spaces b3’ and by, where 1 < p < oo.
Moreover, by using the notion of Hausdorff measure of noncompact-
ness, we characterize the class of compact matrix operators from
by®, b* and b7 into co, ¢ and o, respectively.

1. The Basic Notions And Notations

The family of all real(or complex) valued sequences is a vector space
under point-wise addition and scalar multiplication. This space is de-
noted by w and every vector subspace of w is called a sequence space.
The spaces of all bounded, null, convergent and absolutely p-summable
sequences are symbolized with (., ¢o, ¢ and ¢, , respectively, where
p € [1,00).

A sequence space X with a linear topology is called a K-space pro-
vided each of the maps p, : X — C defined by p,(x) = z, is con-
tinuous for all n € N. A Banach sequence space which has the prop-
erty of K-space is called a BK-space [7]. A BK-space X that con-
tains the set of all finite sequences is said to have AK property, if
gml = S pe® — 1 (as m — oo) for all z = (z) € X, where

k=0
e® =1(0,0,...,1,0,0,...) with 1 in place k and 0 elsewhere [13].
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The classical sequence spaces (., ¢y and ¢ are BK-spaces according
to their sup-norm defined by |z|s = sup|zx| and ¢, is a BK —space
keN

with respect to its £,-norm defined by

00 1
el = (D lal?)”
k=0

where 1 < p < 0.

Let x € w and A = (ay,,) be an infinite matrix with a,; € C, for each
n,k € N. Then,

(1) Az = ((Az),) = <Z ankxk)

is called the A-transform of x and the series ZZOZO ankTr 18 assumed to
be convergent for all n € N. Also, the sequence in the n-th row of A
is denoted by A, = {ank}:ozo for all n € N. For simplicity of notation,
we prefer throughout the paper that the summation without limits runs
from 0 to oo.

Let X be an arbitrary sequence space and A = (a,;) be an infinite
matrix. Then the set defined by

o0

n=0

(2) XA:{I:(ZL‘k)GwiAZL‘EX}

is called the domain of A and X4 is also a sequence space. The notation
of (X : Y) stands for the class of all infinite matrices A such that X C Yj.
The spaces of all bounded and convergent series are defined by means
of the matrix domain of the summation matrix S = (s,x) such that
bs = ({x)s and cs = cg, respectively, where S = (s,;) is defined by

1, 0<k<n
k=0, k>n

for all n,k € N. For an infinite matrix A = (a,x), we use the term of
triangle, if a,, = 0 for k£ > n and a,, # 0 for all n,k € N. A triangle
matrix A has an inverse A~! which is unique and also a triangle matrix.

Let X and Y be normed spaces. Then, the set of all bounded lin-
ear operators on X into Y is denoted by B(X : Y). Also, the sets
Sx ={reX:|z]| =1} and Bx = {z € X : ||z|| < 1} are called the
unit sphere and closed unit ball in X, respectively.
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Let X be a BK-space containing the set of all finite sequences and

a € w. Then, we write ||a|% = sup | arxy|.
z€Bx |k=0

A linear operator L : X — Y is said to be compact if and only
if for each bounded sequence (z,) in X the sequence (L(x,)) has a
subsequence such that the subsequence is convergent in Y. We denote
the class of such operators by C'(X,Y) [13].

A functional L : (., — R is called a Banach Limit, if the following
conditions hold.

(i) L(azx, + by,) = aL(x,) + bL(y,) a,beR

1

(i) L(z,) > 0if z,, > 0, n =0, 2,

(iii) L(P(xy)) = L(xy), P/(xn) = Tney, 7=1,2,3, ...

(iv) L(e )—1wheree—( 1,...)

A bounded sequence x (x,) is called almost convergent to the

generalized limit A if L(:Un) = A hold for every Banach Limit L [12].
Here A is called f — limit of (x,) and denoted by f — limx, = A.

The theory of matrix transformations is of great interest in the study

of sequence spaces and was first motivated by Cesaro, Riesz Norlund,

So, many authors have defined new sequence spaces by the aid
of the matrix transformations. For example, ¢ and ¢ in [26], X, and
Xoo in [22], co(A), c¢(A) and lo(A) in [11], ej and €] in [1], e and
el in [2] and [16], e5(A), e(A) and €7 (A) in [3], ef(A™), el (AM™) and
el (A in [23]. Moreover, some authors have investigated compactness
property by using the notion of Hausdorff measure of noncompactness
n [17], [18], [19], [20] and [21].

In this work, we characterize some matrix classes concerning the Bi-
nomial sequence spaces b5 and by®, where 1 < p < oo. Moreover, by
using the notion of Hausdorff measure of noncompactness, we character-
ize the class of compact matrix operators from b;”®, b* and b%® into cq,
c and /., respectively.

2. Some Matrix Classes Related To The Binomial Sequence
Spaces
In this chapter, we remind some informations about the Binomial
sequence spaces, almost convergent sequences space and almost conver-
gent series space. Also, we charecterize some matrix classes concerning
the Binomial sequence spaces b3 and b;*, where 1 < p < oc.
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The Binomial sequence spaces by”, b7%, ;7 and b)° have been defined
in [5] and [6] as follows:

s BRT 1 - n n—k, .k
b, :{J,‘:(xk)Ew.nll_)n;Omg(k)S Txkzo}u

1 n
bZ’s = {ZE = (xk‘) cw: T}Lllgo m Z (Z) Sn_krk$lc exiStS} )

k=0
n n <
n I kypk Tr o0
=0
< oo}

b;,S_{x—(xk)Ew:Z 1) n()(Z) rFry,
)

where 1 < p < oo. Given a sequence z = (xy), the B™*-transform of
x = (xy) is defined by

(3) (B™2)k =y = T Jrlr)k g (k) s" iy,

J

neN

bt = {x: () € w : sup

and

for all £ € N, where the binomial matrix B™* = (b)7) is defined by

1 n—
bT,S — (S—‘,—'f‘)"( )S k k 9 0 S k S n
nk 0 , k>n

for all k,n € Ny.
Lorentz proved that f — limx, = A\ < lim ) m’fl’“ = A uniformly in
Z—>OOk =0
n [12]. By using this fact, the space of all almost convergent sequences

and almost convergent series are defined by

1—00

f= {x— (zp) Ew:INEC > hmz n“{ = X uniformly in n}

and

i n+k
fs= {x— (xp) € w : EI)\ECBZIEEOZZ A uni formly in n}

z—i—l_
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respectively.
Now, we give some lemmas which are needed in the proof of next
theorems.

LEMMA 2.1 (see [4]). Let X,Y be any two sequence spaces, A be an
infinite matrix and B be a triangle matrix. Then, A € (X : Yp) if and
only if BAe€ (X :Y).

LEMMA 2.2 (see [25]). A € (¢y : {,) if and only if

supz |ank|? < o0
keN

where 1 < p < oc.

LEMMA 2.3 (see [6]). Let vy®, vy® and vg”® be defined as follows:

oo .
vy® = {a = (ag) € w: Z (‘2) (—s)kr=i(r + s)kaj exists for each k € N} ,

i=k

’UZ’S _ {a = (ak) € w: sup Z (‘;) (—S)j_k’r_j(T + s)kaj < OO}
k

n,keN j=
and
q
n n .
TS _ _ . J j—k,.—j k.
vg {a(ak)Ew.sugz Z(k>(—s) I (r+s)"a; <oo},1<q<oo.
neN k=0 |j=k

Then, {b7°}’ = v7* Nv}* and {b;’s}ﬁ = vy’ Nug”, where 1 < p < oo.
For simplicity of notation, we prefer to use the following equality.

61 =3 (1) o+

j=k
for all n, k € N.

THEOREM 2.4. Let A = (a,) be an infinite matrix, then the follow-
ings hold:

(i) A € (b7° : ls) if and only if

(4) ksuéaN 7] < oc.
n
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(ii) A € (b;® : l) if and only if
(5) supz [th7]9 < o0,

neN
(6) {@nk} ey € vg® (n € N)

where 1 < p < oo.
(iii) A € (b : ly) if and only if

(7) supZ el < o0,

neN

m

Z@)( sV Er=i(r + s)ray,; th , (n€N)

J=k

k

Proof. We give the proof of theorem for only the case 1 < p < oc.
The other parts of theorem can be proved by using a similar way.
Let us take any x = (r3) € b°. We assume that the conditions (5)

and (6) hold. Then {a,;},cy € {007} for all n € N. So, A-transform
of = exists.

By taking into account the relation (3), we can write the following
equality:

(9) Z - Z Z (;) (=)= (r + s)*anyn
k=0 k=0 j=k
If we take limit (9) side by side as m — oo, we have

(10) Z Ank T = Zt:{}:yk (n €N)
K

k

By taking /..-norm (10) side by side and applying Hélder’s inequality
respectively, we obtain that

|Az]|oc = sup

neN Zankxk
1 1
g

< wp(Tur) (Twr) <=

neN L

This shows us that A € (., that is A € (b)° : {).
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Conversely, we assume that A € (b)° : £). This leads us to {an }en €

{b;’s}ﬂ for all n € N. Then {#]'}, , o exists and the condition (6) hods.
Also, from the same reason, we deduce that the condition (10) holds and
the sequences a,, = (anx)gen define the continuous linear functionals f,
on b,* such that

fal®) = anky
k

for all n € N. Moreover, from Theorem 2.2 in [6], we know that b)>* and
¢, are norm isomorphic. If we combine this fact and the condition (10),
we conclude that

1Fnll = NIt kel

This result says us that the functionals f,, are pointwise bounded. There-
fore, by taking into account the Banach-Steinhaus theorem, one can says
that the functionals f,, are uniformly bounded, that is there exists a con-
stant M > 0 such that

(o) =<
k
for all n € N. As a consequence, the condition (5) hods. This step

completes the proof. n

THEOREM 2.5. Let A = (an;) be an infinite matrix. Then, A € (b7” :
¢,) if and only if

(11) sup » [P < o0

keN
where 1 < p < oo.

Proof. For a given sequence x = (x) € by®, we suppose that the
condition (11) holds. Then, y = (yx) € 1 and {ani} ey € {71 for all
n € N. Therefore the A-transform of x exists. Then, it is clear that the
series Yty are absolutely convergent for all fixed n € N and every

k

y = (yx) € £1. If we apply the Minkowski inequality to (10), we obtain

(Z |<Ax>n|p> <Y (Z |tg;|p> "<
n k n

Hence Az € 0, that is A € (07" : £,).
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On the contrary, assume that A € (b7° : £,), where 1 < p < oc.
This leads us to {ank} ey € {t"*}” for all n € N. Then the condition
(10) holds. So, it is clear that T™* = (¢77) € (¢; : £,). If we this fact
and Lemma 2.2, we conclude that the condition (11) holds. This step
completes the proof. O]

THEOREM 2.6. Let A = (anx) be an infinite matrix. Then the follow-
ing statements hold.

(i) A € (by° : f) if and only if (4) holds, and the limit
(12) f=limt7 =X\, VkeN

exists for each k € N,
(ii) A € (by®: f) ifand only if (5), (6) and (12) hold, where 1 < p < oo.
(iii) A € (b : f) if and only if (7), (8) and (12) hold, and

rr%i—lgoz‘m—f—lztn-i_jk Ak

Proof. The proof of theorem is given for only the case 1 < p < o0.
The other parts of theorem can be proved by using a similar way.

For a given = = () € b, we suppose that the conditions (5), (6) and
(12) hold. Then A-transform of x exists. By considering the condition
(12), we write that

= 0 uniformly in n.

q

1 rs

as m — oo, uniformly in n for all £ € N. By using this fact and (5), we
obtain that the inequality

k
j;() |>\j|q - m—>oo m—+1 Ztnﬂj
S Sup Z‘m+1ztn+zy

n,meN

(uniformly in n)

=M < o0,

holds for all k£ € N. Therefore, (\;) € ¢,. Furthermore, from Theorem
2.2 in [6], it is known that b = £,. Thus, y = (yx) € £, whenever
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x = (ry) € by°. Then, by applying the Hélder’s inequality, we obtain

that
1 1
> ] < (Z\)\k’q> (Z'yk|p> < 00,
P p P

that is (Ayyx) € ¢1. Since, y = (yx) € £, for all € > 0 there exists a fixed

ko € N such that
[e¢) ) c
Z |yk|p < 1-
4M

k=ko+1 ?
So by considering the the condition (12), there exists some mg € N such
that

ko 1 m p
D P DD Ak] Y| < 3
k=0 §=0

for all m > mg, uniformly in n. By combining these two facts and
applying the Holder’s inequality, we obtain that

m

1
T D (A)ni = D> Mt
1=0 k
o ;
_ - T, A
Z n+j,k k| Yk
—m +1 = |
B ko [ 1 m s \ T
< —— N = M| Yk
k=0 _m +1 =0 J
- 1 - r,s
i DI P DB Ak] U
k=ko+1 7=0
¢ o 1 m q % 0o %
SIE R D D oD DA R W] ) B WD D
k=ko+1 j=0 k=ko+1
< SyaMi
— q — €
2 4M1q

for all m > myg, uniformly in n. This means that Az € f and thereby
Ae (b f).

On the contrary, suppose that A € (b* : f). Then, by the aid of the
inclusion f C fy, we deduce that A € (b)° : {). If we consider the
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last result and Theorem 2.4, it is obvious that the conditions (5) and (6)
hold.

Now, we consider the sequence g¥)(r, s) = { ,(f)(r,s)} . € biy® de-
ne
fined by
0 0<n<k
(k) — ) =
gn (1, 5) = { () (=s)"Fr(s+r)k |, n>k
for all fixed k& € N. Since A € (b;° : f), we have
j=k

neN

for all k£ € N. As a consequence, the condition (12) holds. This step
completes the proof. n

Let us substitute the ordinary limit instead of f — limit in Theorem
2.6. Then, we can give the next corollary.

COROLLARY 2.7. Given an infinite matrix A = (a,x), the following
statements hold.

(i) A € (by° : ¢) if and only if (4) holds, and
(13) lim £ = A\, , Yk €N

n—oo
(ii) A € (by;® : ¢) ifand only if (5), (6) and (13) hold, where 1 < p < oo.
(iii) A € (b : ¢) if and only if (7), (8) and (13) hold, and

dan, > 165 = Ml =0
k

Now, by using Lemma 2.1, Theorems 2.4, 2.5, 2.6 and Corollary 2.7,
we can give the next corollaries.

u

COROLLARY 2.8. Let us define a matrix E"" = (e,) via an infinite
matrix A = (an) as follows:

1 " /n o
e = —— o a;
" (u o) ]z; (J) ”
for all n,k € N, where u,v € R and uv > 0. Then, the necessary
and sufficient conditions in order that A belongs to any of the classes

(B7° ), (b = b)), (b5« b)), (77 by?) and (by® @ b?) are
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obtained by taking E*" = (e, ) instead of A = (a,) in the required
ones Theorems 2.4, 2.5 and Corollary 2.7.

COROLLARY 2.9. Let us define a matrix D = (d;) via an infinite
matrix A = (a,y) as follows:

1 n
doye = -
k n+1j;a]k

for all n,k € N. Then, the necessary and sufficient conditions in order
that A belongs to any of the classes (b}° : Xoo), (b7° : Xoo), (03 : Xoo),
(by" = Xp) and (by* : ¢) are obtained by taking D = (d.) instead of
A = (ank) in the required ones Theorems 2.4, 2.5 and Corollary 2.7,
where X, X, and ¢ are defined in [22] and [26], respectively.

COROLLARY 2.10. Let us define two matrices H = (hy) and C =
(cnk) via an infinite matrix A = (any) as follows:

Ik = ni, — Qpa1 p and Cpp = Qpiy — Ap—1

for all n,k € N. Then, the necessary and sufficient conditions in order
that A belongs to any of the classes (b7° : £oo(A)), (b;% : Loo(A)), (0 :
Uoo(A)), (b7 1 c(A)), (0p* = e(A)), (b : c(A)) and (b77 1 £,(A)) are
obtained by taking H = (hyx) or C' = (cux) instead of A = (a,y) in the
required ones Theorems 2.4, 2.5 and Corollary 2.7, where {(A) and
c(A) are defined in [11] and £,(A) is defined in [4].

COROLLARY 2.11. Let us define a matrix D = (d,x) via an infinite
matrix A = (a,) as follows:

n
Ay = E Ajk
Jj=0

for all n,k € N. Then, the necessary and sufficient conditions in order
that A belongs to any of the classes (by* : cs), (by° : cs), (b3 : cs),
(b7% : bs), (b® = bs), (b3« bs), (b7« fs), (by° : fs) and (b3S : fs) are
obtained by taking D = (d,) instead of A = (a,) in the required ones
Theorems 2.4, 2.5 and Corollary 2.7.

3. Compact Operators On The Binomial Sequence Spaces

In this chapter, we characterize the class of compact matrix operators
from by®, b5 and b%° into ¢g, ¢ and £, respectively by using the notion
of Hausdorff measure of noncompactness.
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We assume throughout the chapter that the matrices D™ = (d7),
H = (hy), U@ = (ugﬁg), V = (vy) and T = (t7) are defined as
follows:

I - { ()(=s)"Frm(s+r)k |, 0<k<n
nk 0 ., k>n

H = (D"*)!, the transpose of D™* = (d7),

oo
> ajdg’ks , 0<k<n
Jj=n

u) = ’
0 , k>n
V =HA, and
b= (}7«) (=sV ™ r7(r + 5)*an;
j=k

for all n, k € N and a = (ax) € w.
LEMMA 3.1 (see [14], Theorem 3.2).

(a) Let X be a BK-space which has AK-property or X = {,. Then,
a = (ag) € {Xp-:}’ if and only if a = (a;) € (X#)y and U@ €
(X : ).

Also, if a = (az) € {Xpr-}’, then we write
Z ATy = Z(Hka)(B,:’sx)
k=0 k=0

for all x € Xprs.

(b) a = (a3,) € {cpr-}" if and only if a = (a) € (1) and U@ € (c
c)

Also, if a = (az) € {cprs}”, then we write

Z ATy = Z(Hka)(BZ’Sx) — pA
k=0 k=0

n
for all © € cprs, where pp = lim B’z and A = lim ) UE:Z;)
k—o0 n—00 L

LEMMA 3.2 (see [14], Theorem 3.4).
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(a) Let X be a BK-space which has AK-property or X = {,, and Y
be an arbitrary subset of w. Then A € (Xprs :Y) if and only if
Ve(X:Y)and UM € (X :¢) for alln € N.

Also, if A € (Xprs :Y), then we write

Az =V (B"%x)

fOl" a].l T E XB’I‘,S-
(b) Let Y be a linear subspace of w. Then, A € (cgrs :Y') if and only
if
Vel(g:Y), UM c(c:e)
for all n € N and
Ve—(\) €Y

where A, = lim > v for alln € N.
Also, if A € (cgrs : Y), then we write
Az =V (B"%x) — u(\,)

for all x € cgrs, where p = lim B,’x.
k—o0

PROPOSITION 3.3 (see [8], Proposition 3.2).

(a) If X € {co, {x}, then we write
(14) lallxy... = [ Hallx
for all a = (ay,) € {Xprs}’.
(b) We write
(15) lalléy.. = IHall +A|

cpr,s

for all a = (a) € {cpr=}’, A= lim ufﬁg

DEFINITION 3.4 (see [15], Definition 2.10). Let (X, d) be a metric
space and ) € Mx, where

Mx ={Q : Q C X and @Q bounded}

Then, the Hausdorff measure of noncompactness of () is defined by

x(Q) :inf{6>0:QC UB(xi,(Fi), rneX, <e(i=1,2,..,n) nGN}
i=1
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where B(z;,d;) = {y € X : d(x;,y) < 9;}. Here, the function x is called
the Hausdorff measure of noncompactness.

DEFINITION 3.5 (see [15], Definition 2.24). Let x; and y2 be Haus-
dorff measure of noncompactness defined on the Banach spaces X and
Y, respectively. The operator L : X — Y is called (x1, x2)-bounded if
L(Q) € My and there exists a positive constant k such that xo(L(Q)) <
kx1(Q) for all @ € Mx. If an operator L is (xi, x2)-bounded, the
(X1, X2)-measure of noncompactness of L is defined by

| Ll erxo) = inf {& > 02 x2(L(Q)) < kx1(Q) for every Q € Mx}.
For brevity of notation , If x; = x2 = x , then ||L{|.) = | L|lx-

LEMMA 3.6. Let X and Y be BK-spaces.

(i) For all A € (X :Y), there exists a Ly € B(X,Y) such that
La(x) = Az(xz € X), namely (X :Y) C B(X,Y) (see [15], Theo-
rem 1.23).

(ii) If X has the property AK, then every L € B(X,Y) is given by
a matrix A € (X :Y) such that Ax = L(z) (x € X), namely
B(X,Y) C (X :Y) (see [10], Theorem 1.9).

LEMMA 3.7 (see [15], Theorem 1.23). Let X be a BK-space and
Y € {lw,co,c}. Then, if A€ (X :Y), we have

ILall = [[Allx.00) = sup [An[[ < o0

LEMMA 3.8 (see [15], Theorem 2.25 and Corollary 2.26). Let X and
Y be Banach spaces and L € B(X,Y). Then, we write

(16) IL1[ = X(L(Bx)) = x(L(5x))
(17) |L|ly =0if and only if L € C(X,Y)
(18) [0 < (1L

LEMMA 3.9 (Goldenstein, Gohberg, Markus [15], Theorem 2.23). Let
X be a Banach space which has a Schauder basis {e1, ey, ...}, Q € Mx
and P, : X — X be the projector onto linear span of {ey, es, ...}. Then,
the following inequality holds.

Limsup (sgg - Pn><x>||) < \(Q) < limsup (sgg (- Pn><a:>||)

where o = limsup ||[I — B,|.
n—oo
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LEMMA 3.10 (see [24], Theorem 2.8). Let X € {{,,co}, where 1 <
p < oo and () € Mx. For an operator P, : X — X defined by
P,(z) = 2" (x € X) the following statement holds.

\Q) = lim (sl - )]

n—oo CEEQ
THEOREM 3.11. Let X € {b(®,b°}. Then the following statements
hold.
(i) If A€ (X : ¢), then
(19) ILall = Y 1775l

(ii)) If A€ (X : ), then
(20) 0< ILall < Tim 1775l cxm

where Ty} = sup <Z it |) for all m € N.

n>m

Proof. It is obvious that the limits in (19) and (20) exist.
(i) If we apply Lemmas 3.8 and 3.10, we obtain

@) Ll = W(L(Bx) = lim (sup 1 - meA:c)H)

m—00 xEBx

where the projector P, : ¢ — ¢ is defined by P, (z) = x™ for
r = (z}) € g and m € Ny.
Let Al™ = (a)2%,_, be defined as follows:

m o 0 , 0<n<m
" pr ., m>M

a

for all n,k,m € N. Then, since A € (X : ¢j) and hence Alml e X5,
by taking into account Lemmas 3.7 and 3.1 and (14) in Proposition 3.3,
we obtain

1A% = 1A ) = Z [Hy AL = ZZC@"; -
k=0 j=k
By considering the definition H = (h,;), we write

Unk = HkAn = Z Qnpj <i) (—S>j—kr_j (7" + s)k

J=k
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for all £k € Ny. Therefore, we write

1A% = D It
k=0

for n > m. As a consequence, we deduce that
(22)

sup ||(I=Pp)(Az)|| = [|Lgomi | = sup 1AL % = sup (Z 12y > 1Tl (x,00)
rEBx n>m =0

So (19) follows from (21) and (22).

(ii) Now, for z = (x;) € {5 and m € Ny, we define the projector
P, : s —> ls such that P, (z) = z™. We know that L(Bx) C
P, (L(Bx))+ (I — P,,)(L(Bx)). So if we combine this fact, elementary
properties of the function y(see [15], Theorem 2.12), the conditions (16)
and (18) we obtain that

X(L(Bx)) < x(Bn(L (B ) +x(( = Pn)(L(Bx)))
= x((I = Py)(L(Bx)))
< sup [|({ = Pp)(Az)]]

rEBx

= [ Lawm|
Therefore, the condition (20) holds. This step completes the proof. [

If we combine Theorem 3.11 and the condition (17), we give next
Corollary.

COROLLARY 3.12. Let X € {by°, b5},

0 » Yoo

(i) If A € (X : ¢p), then Ly is compact if and only if

(23) mI% [sup <Z|t >] =0

k=0

(ii)) If A € (X : l), then L, is compact if the condition (23) holds.

THEOREM 3.13. The following statements hold.
(i) If A € (b)° : ¢p), then

(24) [Lall = Tim [TE0 ] x00)
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(ii) If A € (b)° : {), then
(25) 0 < 1Lall < lim 775 oo
where || Ty [l (x,00) = sup (Z [t7] + ])xn]> and \, = lim > uif,:).
n>m \ k=0 m=00 p—q

Proof. By using (15) instead of (14) in the proof of Theorem 3.11,
the present theorem can be proved by using a similar way. O]

If we combine Theorem 3.13 and the condition (17), we give next
corollary:.

COROLLARY 3.14.

(i) If A € (b° : ¢y), then Ly is compact if and only if

26 lim |su 7 4+ |\ =0
S )

(ii) If A € (b° : ), then L4 is compact if the condition (26) holds.

Here, we want to give two more results. For this, we need next propo-
sition and the theorem.

PROPOSITION 3.15 (see [9], Corollary 5.13). Let X € {ly,co}. If
A € (Xprs @ ¢), then the following inequality holds.

1 . .
5 lim (sup ||vn—5||1) < |[Lally £ lim <sup ||Vn—€||1)
m—00 \ p>m m=00 \n>m

where the sequence £ = (&) is defined by & = lim vy, for all k € N.
n—oo

THEOREM 3.16 (see [9], Theorem 5.14). Let A € (cprs : ¢). Then the

following inequality holds.
= Ay — ka )] < HLAHX
k=0

1 o
— lim |su Unk — Ek| +
9 [nzg <§| k= &kl
gwy_r}réo [sup (Z\vnk—fk]—l— u—)\n—ka )]
k=0 k=0

n>

n—oo

where = lim (Z Upk — )\n>.
k=0
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THEOREM 3.17.

(i) Let X € {by°,b*}. If A € (X : ¢), then the following inequality
holds.

1 . ] z . - r,s A
5 Jim I T5 = Elloxes = lim [:1215 (; [tk — §k|>] < [|Lallx

= lim (T30 = &l xoo)

(ii) If A € (bl® : ¢), then the following inequality holds.
1 . - r,s F ~ —;
5%1_1};0 [sup (Z [tk — &kl + |2 — An — ka )] < [|Lallx
n>m k=0 k=0
< lim. [SUp (Z [t — &l + [t — A — Zék )]
k=0 k=0

n>m
where the sequence £ = (ék) is defined by & = lim t"r for all k € N and
n—0o0

= lim <Zt;,‘z —)\n).
k=0

n—oo

Proof. 1If we consider Proposition 3.15 and Theorem 3.16, the proof
of theorem is obvious. So we omit. O

If we combine Theorem 3.17 and the condition (17), we give next
corollary.

COROLLARY 3.18.

(i) Let X € {by°,b2°}. If A€ (X : ¢), then L, is compact if and only
if

lim |s s € =0
lim [ngg (kzo\ o &cl)]

(ii) If A € (bl® : ¢), then L, is compact if and only if

lim [sup (Z|t2§—€k|+ ﬂ—/\n—Zék>] =0
k=0 k=0

m—0o0 n>m
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4. Conclusion

By taking into account the definition of the Binomial matrix B™* =
(b7), we can say that B™* = (b7) reduces in the case r +s = 1 to
the E" = (el,) which is called the method of Euler means of order r.
Therefore, our results generalize the results obtained from the method
of Euler means of order r. In addition, the Binomial matrix B™* = (b7)
is not a special case of weighed mean matrices. Hence this work is filled
up a gap in the existent literature.
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