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SHARPENED FORMS OF ANALYTIC FUNCTIONS
CONCERNED WITH HANKEL DETERMINANT

BULENT NAFI ORNEK

ABSTRACT. In this paper, we present a Schwarz lemma at the bound-
ary for analytic functions at the unit disc, which generalizes classical
Schwarz lemma for bounded analytic functions. For new inequali-
ties, the results of Jack’s lemma and Hankel determinant were used.
We will get a sharp upper bound for Hankel determinant Hs(1).
Also, in a class of analytic functions on the unit disc, assuming the
existence of angular limit on the boundary point, the estimations
below of the modulus of angular derivative have been obtained.

1. Introduction

The most classical version of the Schwarz Lemma examines the be-
havior of a bounded, analytic function mapping the origin to the origin
in the unit disc £ = {z: |z| < 1}. It is possible to see its effectiveness
in the proofs of many important theorems. The Schwarz Lemma, which
has broad applications and is the direct application of the maximum
modulus principle, is given in the most basic form as follows:

Let E be the unit disc in the complex plane C. Let f : E — E be
an analytic function with f(0) = 0. Under these conditions, |f(2)| <
|z| for all z € E and |f’(0)| < 1. In addition, if the equality |f(2)| = |z|
holds for any z # 0, or |[f'(0)] = 1, then f is a rotation; that is
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f(z) = 2", 0 real ( [5], p.329). Schwarz lemma has several applica-
tions in the field of electrical and electronics engineering. Use of positive
real function and boundary analysis of these functions for circuit synthe-
sis can be given as an exemplary application of the Schwarz lemma in
electrical engineering. Furthermore, it is also used for analysis of transfer
functions in control engineering and multi-notch filter design in signal
processing [12,13].

In order to derive our main results, we have to recall here the following
Jack’s Lemma [6].

LEMMA 1.1. Let f(z) be a non-constant anaytic function in E with
f(0)=0.If

| (20)| = max {[f(2)| : |2] < [z},

then there exists a real number k > 1 such that

Zof/(Zo)
f(20)

Let A denote the class of functions f(z2) = 2 + a22® + azz® + ... that
are analytic in E. Also, let M be the subclass of A consisting of all
functions f(z) satisfying

W ()

In addition, class M represents the class of convex and starlike functions.
The certain analytic functions, which are in the class of M on the unit
disc F, are considered in this paper. The subject of the present paper
is to discuss some properties of the function f(z) which belongs to the
class of M by applying the Jack’s Lemma.

In this study, we will give the sharp estimates for the Hankel deter-
minant of the first order for the class of the analytic function f € A
will satisfy the condition (1.1). In particular, the sharp upper bounds
on Hy(1) will be obtained for the class M. In addition, the relation-
ship between the coeffcients of the Hankel determinant and the angular
derivative of the function f, which provides the class M, will be exam-
ined. In this analysis, the coefficients as, as and a4 will be used. Let
f € A. The ¢'" Hankel determinant of f for n > 0 and ¢ > 1 is stated

=k.
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by Noonan and Thomas [17] as

Qyp, an+1 . an+q_1
An+1 Ap4+2 ... Qptq
H,(n) = : : : : , ap = 1.
Uptg—1 Qntq - Any2g—2

From the Hankel determinant for n = 1 and ¢ = 2, we have

a1 QA
Qa2 as

= ag—ag.

Hy(1) =

Here, the Hankel determinant Hy(1) = a3 — a3 is well-known as Fekete-
Szego functional [16]. In [18], authors have obtained the upper bounds
of the Hankel determinant |asay — a2|. We will get an upper bound for
Hy(1) = a3z — a3 in our study.

Let f € M and consider the following function

O(z) = (ﬁ)gf'(z) 1.

It is an analytic function in £ and ©(0) = 0. Now, let us show that
|O(z)| < 1in E. From the definition for ©(z), we have

200 ([, PG . 20
) (”ff(z))‘l

C1+0(2)
We suppose that there exists a zg € F such that
max‘ |O(2)] = [O(20)] = 1.

|2|<lzo
From Jack’s lemma, we obtain

ZQ@/(ZQ)

— i d
O(z) = € an o)

=k.

Therefore, we have that

220 f"(%0) 20f" (20) o 200 (20)
f(%0) <1+ f’(ZO)) ! 1+0(z)

On the other hand whereas, we have
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Since
et I 1 ~ 1+cosf+ising
14+e6f  14e® 14cosh—isind (1+c039)2+(sjn9)2
~ 1+cosf +isinf
2(1+ cosb)
and 0
§R< ‘ .>_1,
1+ e 2
we obtain

This contradicts the fact f € M. This means that there is no point

2p € F such that ‘I|II<E|1X| |9(2)| = |O(20)| = 1. Hence, we take |O(2)| < 1
z|<| 20
in E. From the Schwarz lemma, we obtain

o() = (i)2f< -1

2
14 2a02 +3a322+...) — 1
z+a222+a323+ ) ( 2 3 )

— a2) 27+ (2a4 — 4aqag + 2a2) 27+ ..

= (a3 — a3) + (2a4 — 4asaz +2a3) 2 + ...

and
|H2(].)| = |(13 — a%‘ S 1.
The results is sharp for f=f; € M, where

_ = 2n+1
fl(z)_l_z2_zz )

n=1

Indeed we have a; = 0 and a3 = 1. So, we get |Ho(1)| = 1.
We thus obtain the following lemma.

LEMMA 1.2. If f € M, then we have the inequality

(1.2) |Hy(1)] = |as — a3] < 1.
This result is sharp and the extremal function is
z
f(z) =

1— 22
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Consider the product

Z — Zk
B(z)=]] e
k=1
The function B(z) is called a finite Blaschke product, where 21, 23, ..., 2, €
E. Let the function O(z) satisfy the condition of the Schwarz lemma
and also have zeros 21, 29, ..., 2, . Thus, one can see that the inequality
(1.2) can be strengthened by standard methods as follows:

[Ha (1) = |as —a3| < [T 1=l
k=1

Since the area of applicability of Schwarz Lemma is quite wide, there
exist many studies about it. Some of these studies, which is called the
boundary version of Schwarz Lemma, are about being estimated from
below the modulus of the derivative of the function at some boundary
point of the unit disc. The boundary version of Schwarz Lemma is given
as follows:

If f extends continuously to some boundary point ¢ with |¢| = 1,
and if [f(c)] = 1 and f'(c) exists, then |f'(¢)] > 1, which is known
as the Schwarz lemma on the boundary. In addition to conditions of
the boundary Schwarz Lemma, if f fixes the point zero, that is f(z) =
apz? + ap112PT + ..., then the inequality

(1.3) FEl=p+

is obtained [11]. Inequality (1.3) and its generalizations have important
applications in geometric theory of functions and they are still hot topics
in the mathematics literature [1-4,7,9-14]. Mercer [8] prove a version of
the Schwarz lemma where the images of two points are known. Also, he
considers some Schwarz and Carathéodory inequalities at the boundary,
as consequences of a lemma due to Rogosinski [9]. In addition, he ob-
tained a new boundary Schwarz lemma , for analytic functions mapping
the unit disk to itself [10].

The following lemma, known as the Julia-Wolff lemma, is needed in
the sequel (see [15]).

LEMMA 1.3 (Julia-Wolff lemma). Let f be an analytic function in E,
f(0) =0 and f(F) C E. If, in addition, the function f has an angular
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limit f(c) at ¢ € OF, |f(c)| = 1, then the angular derivative f’(c) exists
and 1 < |f'(c)] < 0.

COROLLARY 1.4. The analytic function f has a finite angular deriv-
ative f'(c) if and only if f’ has the finite angular limit f'(c) at ¢ € OF.

2. Main Results

In this section, we discuss different versions of the boundary Schwarz
lemma for M class. Assuming the existence of angular limit on a bound-
ary point, we obtain some estimations from below for the moduli of
derivatives of analytic functions from a certain class. We also show that
these estimations are sharp.

THEOREM 2.1. Let f € M. Assume that, for some ¢ € OF, f has an
angular limit f(c) at ¢, f'(¢) = 0. Then we have the inequality

(2.1) ()] = 2]f().
Moreover, the equality in (2.1) occurs for the function
z
Proof. Let
2
z
O)=—-—| fl(z)—1.
= (75) 1©

©(z) is an analytic function in E, ©(0) = 0 and |O(z)| < 1 for z € E.
Also, we take |©(c)| =1 for ¢ € OF. Therefore, from (1.3) for p = 2, we

obtain 0
2 <10 (c)| = ¢

()] = 2] f ().
This result is sharp for f(z) = 2z € M and ¢ =i € OE. Indeed, we
have

and

7)) = 5 =216
O

The inequality (2.1) can be strengthened as below by taking into
account as and ag which is second and third coefficient in the expansion
of the function f(2) = 2z + agz® + azz® + ...
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THEOREM 2.2. Under the same assumptions as in Theorem 2.1, we
have

(22) 72 1508 (14 157 )

The inequality (2.2) is sharp for the only case |Hy(1)| = 1.

Proof. Let ©(z) be the same as in the proof of Theorem 2.1. There-
fore, from (1.3) for p = 2, we obtain

1—le (¢
2+ |2|§|@/(C)‘:|f<)2,
1+ o |f(c)]

where |cy| = |®/;§0)| = |az — a3|.

Therefore, we take

1oy — 3] _ |f"(c)]
T fas = a3] = (o]

2 1)
I fas = a3] = (o)

2+

1+

and

0 2 15 (1 )

1+|CL3—CL%|

Since |Hy(1)| = |ag — a3|, we obtain

712 1£0F (14 1y )

This result is sharp for f(2) = %z € M and ¢ =i € OF. Indeed, we
have

1 2
1(; -\ 12
= — = 1 —_—_—
700 =5 =10 (1 )
since |Hy(1)| = 1. O
In the following theorem, inequality (2.2) has been strenghened by
adding the consecutive term a4 of f(z) function.

THEOREM 2.3. Let f € M. Assume that, for some ¢ € OF, f has an

angular limit f(c) at ¢, f'(c) = 0. Then we have the inequality
(2.3)

ue A2 (1_‘H2(1)D2
[ (e)] = 2| f(c)] <1+ 1— |Ho(D)]* + 2as — as (a§+2H2(1))|> .
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Proof. Let O(z) be the same as in the proof of Theorem 2.1 and
By(z) = z2. By the maximum principle, for each z € E, we have the
inequality |©(z)| < |By(z)|. Therefore

(2)

24) Pe) =503

is analytic function in E and |p(z)| < 1 for |z| < 1. In particular, we
have

(2.5) p(0)] = |a3 — @3] = |Ha(1)]

and

©)

P'(0)| = |2a4 — 4azas + 243 .
Furthermore, the geometric meaning of the derivative and the inequality
|O(%)| < |Bo(z)| imply the inequality

O'(0) oy €Bi©)
ot = 11 = 1By = B

That is, since the expression Cg;i‘;) is a real number greater or equal to

1 (see [3]) and f'(c) = 0 yields |O(c)| = 1 and |By(c)| = 1, we take
c®'(c)  |cO'(c)

6 | o |~ 9
. Bic) _ |cBio
Bo(o) | By = |By()l-

Also, |©(z)| < |Bo(2)], we get
1-[0()] _ 1-|Bu2)
e e

Passing to the angular limit in the last inequality yields |©'(c)| > |B{(c)]|.
The composite function

a(z) = 2P0

1= p(0)p(2)
is analytic in E, Q(0) = 0, [Q(z)| < 1 for |z| < 1 and |Q(c)| = 1 for
ce (9E For p =1, from (1. 3) we obtain

! _ _1-[p(0 < LEpO)] [©(c) _ () By(e)
o < 121 = 153, ” 7 POl S S | me ~ TEe
1 0 O(c cO’(c cB)(c 1
=T || |60~ i | = oo (191 = 1Ba()l}
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Since
1 — [p(0))?
() = POV ey
(1 - pO(=))
and
(o)) = WO _ 201 — dosaq + 203
L= O 1o — a3
we obtain
) _l+la-a (\f”(C)! _2)
g [2esmdozesr20f] 1 — g —a3] \|£(c)”
1—|(13—a§|2
and

)] = 2P (1 n (1~ Jas — a3 ) |

1-— |a3 — CL%|2 +2 |CL4 - 2@2@3 + a§|
Since |Hy(1)| = |az — a3|, we obtain the inequality (2.3). O

If f(z)—z a have zeros different from z = 0, taking into account these
zeros, the inequality (2.3) can be strengthened in another way. This is
given by the following Theorem.

THEOREM 2.4. Let f € M. Assume that, for some ¢ € OF, f has
an angular limit f(c) at ¢, f'(¢) = 0. Let 21,29, ..., 2z, be zeros of the
function f(z) — z in E that are different from zero. Then we have the
inequality

el 1 (2+ 5 2k 20

— |c—zi]

2(i1j1|zlllf|Hz<1>|)2

+
-z

#i

n 2 n
(_mzi\) )+ [T [l
=1 i=1

2(as—az(a3+2Hz(1)) ) +Ha(1) é

Proof. Let ©(z) be as in the proof of Theorem 1 and zy, 29, ..., z, be
zeros of the function f(z) — z in F that are different from zero. Let

B(z):z2H FT A

1—-7%z
i=1 v
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B(z) is an analytic function in E and |B(z)| < 1 for |z] < 1. By the
maximum principle for each z € E, we have |©(z)| < |B(z)|. Consider
the function

o = 55 |() o] 5

211 =
=1
(a3 — a2) 2% + (2a4 — dazaz + 2a3) 23 + ...

22 H 1Z zz;lz
(a3 — a) + (2a4 — 4asas + 2a3) z + ...

n
Z—Z
11;[1 1-%

t(z) is analytic in E and |t(z)| < 1 for z € E. In particular, we have
jas — a3 |Ha(1)

[Tzl 1T

i=1 =1

1(0)] =

and

)

2ay — 4azaz + 2a3 + (az — a3) Z

n

I1 |zl

i=1
Moreover, with the simple calculations, we get

D) e = (5o —

()] =

and

2+Z —lal

le— z]*

The auxiliary function

ro) = 6 =1O)
1 — t(0)t(2)
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is analytic in the unit disc E, T(0) = 0, |T(z)] < 1 for z € E and
|T(c)| =1 for ¢ € OE. From (1.3) for p = 1, we obtain
2 1— |t(0)?
—— < |Y(¢)| = —r——
T = T e

< 1+ [t(0)| |©(c) B O(c)B'(c)
— 1= [H0)[ | B(c) B2(c)
1+ [0)] | ©(c) | [eO'(c)  eB'(c)
1= t0)| [eB(c)| | O(c) B(c)
L+ [tO)] ;o ,
= {10'(c)| = [B'(c)[}
1 — [t(0)]
Since
2a4—4a2a3+2a§+(a3—a§) Xj: I_Zi‘Q
t'(0)] s
()] = ;= 2
1 —[¢(0)] ,
1— |aifa2|
IT ]
=1
n 2ay — 4asaz + 2a;3 + (a3 — a3) > l_l:j
i=1
- lez| n 2 )
(TTlal) ~laa - a3
i=1
we get
2 <
n 2a4—4a2a3+2ag+(a3 a ) % 1— |Zz|
14 [T |24 ~ 7 =
i=1 <zgl‘zll> —|a3—a%|
=
i=1 /") o —|zi|
1_|‘13 ‘12| {'f(c ‘2 Z |C Zz| }
i§1|2i|

((fye1) o)

(1) o= e

2a4—4as a3+2ag+ (ag 7a§ )
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S %

[l tas—ad] ) i 1
ek jomzil?

s

|2i|—| as—a3]

and
Pz 1 (24 5 22k
2(il;[1\zi|—‘a3—a§’)2
w2 .
(fLlail) ~fos—a3[*+ =4
Since |Hy(1)| = |ag — a3|, we take the inequality (2.6). O

n .12
2a474a2a3+2a§+(a37a§) > E 1

1=1

4

If f(2) — z has no zeros different from z = 0 in Theorem 3, the in-
equality (2.3) can be further strengthened. This is given by the following
theorem.

THEOREM 2.5. Let f € M and a3z > a3 (ag > 0,a3 > 0). Also, f(z)—
z has no zeros in E except z = 0. Further assume that, for some ¢ € OF,
f has an angular limit f(c) at ¢, f'(¢) = 0. Then we have the inequality

(2.7)
,, : Hy () (11 (1)
|/ (e)| = 2] f(c)] <1 "~ 2H, (1)In (Hs (1)) — 2|as — as (a2 + 2H, (1))|)

and
(2.8) lag — az (a3 + 2H (1)) | < [H2 (1) In (H2 (1))] .

Proof. Let az > a% and ©(z), p(z) be as in the proof of Theorem 2.3.
Having in mind inequality (2.4), and also inequality (2.5), we denote by
Inp(2) the analytic branch of the logarithm normed by the condition

Inp(0) =In (a3 —a3) = In Hy (1) < 0.

The function

Inp(z) — Inp(0)

T(z) = Inp(z) + Inp(0)
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is analytic in the unit disc E, |T'(z)|] < 1 for z € E, T(0) = 0 and
|T(c)| =1 for ¢ € OF. From (1.3) for p = 1, we obtain

2 o) = 12mpO)]  |p(e)
1+ [T7(0)] s Tl In p(e) + Inp(0)|* | p(c)
—21np(0) ©'(c)  O(c)By(c)
In? p(0) + arg? p(c) | Bo(c) Bj(c)
L 2mpl0) [ 6 (|0 eBlo)
In® p(0) + arg2 p(c) |cBo(c) || O(c) By(c)
B —2Inp(0) M — 1B (e
ST e CICIRLTC) S
Since
) B 1 pO)] -1 |2a4 — 4asaz + 2a3|
POl = i 0|~ TR )
ol 2 a(a+ 2H)
 2InH, (1) H, (1)
Ll ju-a (@ 2H)
In H, (1) H, (1) ’
we take
1 —Inp(0) /()]
1 |a4;2(§()1%:le(21()1))| = T p(0) + arg? p(0) (|f(0)|2 2> '

Replacing arg? p(c) by zero, we take

1 e O I W S PO
1— |a4fa2(a§+2H2(1))| = h’lp(O) (’f(C)|2 2) 1HH2 (1) (‘f(C)‘2 2) ,

H> (1) In Ha (1)

H, (1)1n® H, (1) < @)
Hy (1)In Hy (1) — |ag — a3 (a3 + 2Ha(1)] = |f(c)]

2 —

and

H, (1)In* Hy (1)

1 2 1
/()] = 2[f(c)] (1 C2H, (1)InHy (1) — |ag — as (a2 + 2H2(1))|> '
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Similarly, the function T'(z) satisfies the assumptions of the Schwarz
lemma, we obtain

/ B |21n p(0)] o)yl -1
1 > |T (0)‘ - |1np(0)+111p(0)|2 p(O) ‘ B 2lnp(0>
—1  2|ay — ag (a? + 2Hy(1)))
21n H, (1) Hy (1)

and
|CL4 — Q9 (CL% + 2H2(1>)‘ S ’Hg (1) In H2 (1)| .

THEOREM 2.6. Under hypotheses of Theorem 2.5, we have
1
(2:9) P 21 (1- ).

Proof. From proof of Theorem 2.5, using the inequality (1.3) for the

function T'(z), we obtain
S (T
i (1) [ ()

2mp)] (20
7z 21 (1- g ().

p(c)

= [Inp(c) + Inp(0)?

and

]
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