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DOMAIN OF EULER-TOTIENT MATRIX OPERATOR
IN THE SPACE L,

SERKAN DEMIRIZ* AND SEZER ERDEM

ABSTRACT. The most apparent aspect of the present study is to
introduce a new sequence space ®*(L,) derived by double Euler-
Totient matrix operator. We examine its topological and algebraic
properties and give an inclusion relation. In addition to those, the
a—, f(bp)— and y—duals of the space ®*(L,) are determined and
finally, some 4-dimensional matrix mapping classes related to this
space are characterized.

1. Introduction, Definitions and Notations

Before presenting our main results, let us give all the necessary defi-
nitions and notions which are going to be used in the rest of this study.
As it is well known, the set of all double sequences is symbolizes by 2
which is a vector space with coordinatewise addition and scalar multi-
plication. Any linear subspace of 2 is called as double sequence space.
The set of all bounded complex valued double sequences is represented
by M., that is,

t,ue

M, = {aj = (T) € Q1 ||2]|0o = sup |zwm| < oo},
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where N = {1,2,...}. It should be noted that M, is a Banach space
with the norm ||z||.. We say that the double sequence x = (xy,) is
convergent in the Pringsheim’s sense (or briefly p-convergent) provided
that for every € > 0 there exists n. € N such that |z, — L| < & whenever
t,u > n.. L € C is called the Pringsheim limit of x and stated by
p — limy y—y00 T4, = L; where C denotes the complex field. C, represents
the space of all convergent double sequences in the Pringsheim’s sense.
Of particular interest is unlike single sequences, p-convergent double
sequences need not be bounded. For example, consider the sequence
xr = (zy4,) identified by

t , teNu=1,
Ty i = U , ueNt=1,
0 , t,u e N.

Then, it can be easily seen that p — lim zy, = 0 but sup, ,cy [74| = 00.
As a conclusion z € C,\’M,. The bounded sequences which are also
p-convergent are indicated by Cyp, that is, Gy, = C, N M,. A double
sequence © = (z,) € C, is called as regularly convergent if the limits
xy = lim, x4, (t € N) and z, := lim; x4, (u € N) exist, and the limits
lim, lim,, x4, and lim, lim; x4, exist and are equivalent to the p — lim of
x. The space of all such double sequences is denoted by C,. Obviously,
the regular convergence of a double sequence x implies the convergence
in Pringsheim’s sense as well as the boundedness of the terms of z, but
the converse implication fails. A sequence x = (xy,) is called double null
sequence if it converges to zero. Additionally, all double null sequences
in the spaces Cy, and C, are represent by Cyo and C,g, respectively.
Méricz [17] showed that the spaces Cpp, Cppo, Cr and C, are Banach
spaces endowed with the norm ||.||.

Let us take any z €  and consider the sequence K = (k,s) defined
by

Thus, the pair ((z,s), (ks)) and the sequence K = (k,;) are entitled
as double series and the sequence of partial sums of the double series,
respectively.

Let ¥ be a space of double sequences, converging with respect to some
linear convergence rule v — lim : ¥ — C. The sum of a double series
Ew Ty, relating to this rule is defined by v — Zt,u Ty = 0 —lm, 500 ks
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Here and thereafter, when needed we will use the summation ), ,
instead of Y 2, >, assume that v € {p,bp,r} and p’ denotes the
conjugate of p, that is, p’ = p/(p — 1) for 1 < p < oc.

The a—dual ¥*, B(v)—dual ¥P®) with respect to the v—convergence
and the v—dual U7 of a double sequence space ¥ are respectively de-
scribed as

U = {c = (c) € Q: Z |ctu| < 0o for all (zy,) € \If},
tau
NN {c =(cn) EQ:v— thuxtu exists for all  (zy,) € \Il},
t,u
U= {c = (c) € Q2 sup Z CouTin| < 00 forall (zy,) € \Il}
r,seEN t.u=0

It can be easily seen that if ¥ C A, then A* C ¥® and U* C U” for the
double sequence spaces ¥ and A.

Now, we shall deal with matrix mapping. Let us consider double
sequence spaces W and A and the 4-dimensional complex infinite matrix
B = (bysty). If for every x = (24,) € ¥V, Bx = {(B%);s}tuen, the B-

transform of x, is in A, where

(1) (Bx)rs =V - Z brstuxtu;

t,u

provided that the double series converges in the sense of v for each
r,s € N, then it is said that B is a matrix mapping from ¥ into A and
is written as B : ¥ — A.

(¥, A) stands for the class of all 4-dimensional complex infinite ma-
trices from a double sequence space ¥ into a double sequence space A.
Then, B € (¥, A) if and only if B,, € U#®) where B,, = (bystu)tuen for
all ;s € N.

The v-summability domain \IJSBU) of a 4-dimensional complex infinite
matrix B in a double sequence space ¥ consists of whose B-transforms
are in W; that is,

\I/g) =z = (x4,) € Q: Br:= (v — Z brstuxtu> exists and is in ¥
tu

r,s€N

In the rest of the article, we will only interest in bp-summability domain.
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If B= (bystu) =0 fort>r oru> s or both, then any 4-dimensional
matrix is called as triangular, [1]. Moreover, a triangular matrix B =
(brstw) s called as triangle if b,s.s # 0 for every r,s € N. It should be
noted by [6] that, every triangle matrix has a unique inverse which is
also a triangle.

In the past, double sequence spaces have been studied by many au-
thors. Now, let us give some information about these studies. In her
doctoral dissertation, Zeltser [31] has fundamentally examined both the
topological structure and the theory of summability of double sequences.
Recently, Altay and Bagar [2] defined the double sequence spaces BS,
BS(t), CS,, CSyy,, CS, and BY of double series whose sequences of par-
tial sums are in the spaces M,,, M,(t), Cp, Cpp, C, and L, respectively,
and also examined some properties of those spaces. Later, in [4], Basar
and Sever have defined the Banach space £, by

L= {r) €2 Lloal <o} (15p<o0)

t,u

with the norm ||.||z,, which is defined in the following way:

1

P

Iz, = <Z !xml”> :
t,u

It is also significant to say that the double sequence space £, which was
defined by Zeltser [32] is the special case of the space £, for p = 1.
For more details about the double sequences and related topics, the
reader may refer to Altay and Basar [2]|, Basar [3], Basar and Sever [4],
Capan and Basar [7], Demiriz and Duyar [8], Mursaleen [18], Talebi [27],
Tug [28] and Yesilkayagil and Basar [30].

Throughout the article, ¢ and p denote the Euler function and the
Mébius function, respectively. For every r € N with r > 1, ¢(r) is the
number of positive integers less than r which are coprime with r and
o(1) = 1. If ay"ayx®2a3%...a,," is the prime factorization of a naturel
number r > 1, then

1 1 1 1

p(r)=r(1— a_1>(1 - a_2)<1 - a_3>"'(1 - a)-

r=> o)

tlr

Also, the equality
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holds for every r € N and ¢(rirs) = ¢(r1)@(rs), where 1,79 € N are
coprime. Given any r € N with » > 1, u is defined as

(-=H)™ , if r = ayas...a;,, where ajay...a,, are
wu(r) == non-equivalent prime numbers
0 , if a® | r for some prime number a,

and u(1) = 1. If a," ax™as®...a,, is the prime factorization of a naturel
number r > 1, in this fact,

> tu(t) = (1 - ar)(1 — az)(1 — a3)...(1 — ay).

tlr

Also, the equality

> ult)=0

tlr

holds except for r = 1 and u(riry) = p(ry)u(re), where r1,79 € N are
coprime.

The 2-dimensional Euler-Totient matrix ® = (¢,;) which is regular is
defined as following way:

M , it ¢,
gbrt = "
0o , if t1r

By using the 2-dimensional Euler-Totient matrix ®, the Euler-Totient
sequence spaces {,(®) and £, (®) which consist of all sequences whose
®-transforms are in the spaces ¢, of absolutely p-summable and /., of
bounded single sequences are introduced by Ilkhan and Kara. For more
details on the spaces £,(®) and (. (P), the reader may refer to [10].

The general frame of the rest of the study can be given as follows: In
the second section, at the beginning the double Euler-Totient matrix ®*
is defined and the double Euler-Totient sequence space ®*(L,) is intro-
duced by using this matrix. Also, some of the algebraic and topological
properties of this space are examined and a inclusion relation is given.
Nextly, in the third section, we determine the a—, 3(bp)— and y—duals
of the space ®*(L,). Finally, in the last section, some matrix classes on
this new space are characterized.
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2. The double Euler-Totient sequence space

In this section, we introduce the double sequence space ®*(L,) by us-
ing the 4-dimensional Euler-Totient matrix ®* and give some properties
and results on this new space.

We define the 4-dimensional Euler-Totient matrix ®* = (¢7,;,,) which
is a triangle as follows:

t
PP
(2) ¢:stu = s
0 , otherwise,

for every r,s,t,u € N. Thus, by keeping in mind the 4-dimensional
Euler-Totient matrix, the ®*-transform of a double sequence = = ()
is given by

@ hoo = {0} = — 3 o))z

tlryuls

for every r,s € N. Throughout the article, we will suppose that the
terms of the double sequences x = (x,5) and y = (y,s) are connected
with the relation (3).

The inverse {®*} 1 = (¢*,.},) of the triangle matrix ®* can be found
by a simple computation and is described as

—M?)M(;)tu , LT, uls,
qg**l — p(r)e(s)
rstu
0 , otherwise,

for every r,s,t,u € N. We introduce the sequence space ®*(L,) as the
set of all double sequences such that ®*-transforms of them are in the
space L,, that is,

p

P(L,) = w = () €2 | 3 (e <oo

t|r,uls

for 0 < p < oco. ®*(L,) can be rewritten as ®*(L,) = {L,}o+ with the
notation of (1). If ¥ is any normed double sequence space, then we call
the matrix domain W4« as the double Euler-Totient sequence space.
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DEFINITION 2.1. [9], [23] A 4-dimensional matrix B is said to be
RH-regular if it maps every bounded p-convergent sequence into a p-
convergent sequence with the same p-limit.

LEMMA 2.2. [9], [23] A 4-dimensional triangle matrix B = (bysy,) is
RH-regular if and only if

RH, : p— lim by, =0 foreach t,u€eN,

7,8—00

RHy : p— T7£1an2brstu =1,
t,u

)

RHy : p— lim_ > lbrstu| =0 for each u €N,
t

RHy, : p— Tiiinooz |bystu| =0 for each t €N,

RHs : There exists finite positive integers M; and M, such that

Z |b7“stu| < MQ-

t,u>Mq

THEOREM 2.3. The 4-dimensional Euler-Totient matrix ®* described
by (2) is RH-regular.

Proof. Since @ — 0, as r — oo and @ — 0, as s — oo from
the regularity of the 2-dimensional Euler-Totient matrix, then it can be
easily seen that ¢, — 0, as r,s — oo for each t,u € N, that is, RH;
satisfies. By taking into account the equality

(4) Z ¢:stu = Z gb:stu = ]-7

tlruls

we obtain that p—lim, s Zw * ... = 1. So, the condition RH> holds.

rstu

We deduce from the equation ), |¢r,,,| = # that RHj satisfies. With
the similar way, the condition RH4 holds. Using the relation (4) and
the positivity of the 4-dimensional matrix ®*, i.e., ¢, > 0 for every
r,s,t,u € N, it is clear that the condition RHjy satisfies. This step

concludes the proof. O

Now, we may continue with the following theorem which is the essential
in the text.
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THEOREM 2.4. The set ®*(L,) becomes a linear space with coordi-
natewise addition and scalar multiplication for double sequences and the
following statements hold:

i): If 0 < p <1, then ®*(L,) is a complete p—normed space with
P

p
. 1
() |2 c,y = 1972l = > . > et)p(u)rn| |

T8 t|r,uls

which is p—norm isomorphic to the space L,,.

(ii): If 1 < p < oo, then ®*(L,) is a Banach space with

1
P\ p
N 1
O lelloey = 18l = [ 3] 3 wltotn |

7,8 t|ruls
which is norm isomorphic to the space L,,.

Proof. Part (i) can be proved in the similar way, therefore we give the
proof only for Part (ii)

Since the initial assertion is routine verification and is easy to prove,
we ignore its proof in here. To confirm the fact that ®*(L£,) is norm
isomorphic to the space £,, we need to be sure the existence of a linear
and norm preserving bijection between the spaces ®*(£,) and L, for
1 < p < oco. For this purpose, let us take the transformation B defined
from ®*(L,) into £, by © — y = Bz, where y = (y,) is the ®*-transform
of the sequence © = (z,). The linearity of B is clear. Consider the
equality

[ T11+x12 Zu\s o(u)z1y ]
T11 — e e —
114221 T114+x1204x21 20 2 uls P(u) (@1utz2u)
o B
Bx = : : : : =0
ez 3oy () (T +mi2) 2 truls PEP(W) Tty
r 2r e rs

which yields us that x;,, = 0 for every t,u € N. So, x = 6. Therefore,
B is injective. Let us consider y € £, for 1 < p < oo and describe the
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double sequence = = (x,5) by

T S

o ),
(7) Trs = Z (,O(T)gD(S)t Ytu

t|ryuls
for every r,s € N. In that case, for 1 < p < oo, it is seen that
[2llex(c,y = N97zl,

= DI ED SELEGS

TS t|r,s|u

- (Z]E T vtew ¥ ey,

T8 t|r,s|u mlt,n|u

p\ 1/p

p\ 1/p

1/p
= (Z |y7’5|p> = lyllz, < oo.

Thus, we have that x € ®*(£,) for 1 < p < oo and consequently B
is surjective and norm preserving. Hence, B is a linear and norm pre-
serving bijection which means that the spaces ®*(£,) and £, are norm
isomorphic, as desired.

Now, let us prove that ®*(L£,) is a Banach space with the norm
|-lo*(c,) described by (6). To do this, it can be used Section (b) of
Corollary 6.3.41 in [5] which says that "Let (U, f1) and (A, F 2) be semi-
normed spaces and B : (¥, F 1) — (A, F2) be an isometric isomorphism.
Then, (¥, F4) is complete if and only if (A, F 2) is complete. In particu-
lar, (W, F ) is a Banach space if and only if (A, F 2) is a Banach space.”
Since the map B described in the proof of this theorem from ®*(£,) to
L, is an isometric isomorphism and the double sequence space £, is a
Banach space from Theorem 2.1 in [4], it can be obviously seen that the
space ®*(L,) is Banach space. In fact, this is exactly what we want to
prove. O

Let us remember the definition of barelled space in [5] which says that
"Let ¥ be a locally convex space. Then, a subset of ¥ is called barrel if
it is absolutely convex, absorbing and closed in W. Moreover, W is called
a barrelled space if each barrel is a neighborhood of zero.”
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LEMMA 2.5. [24] If the sequence space ¥ is a Banach space or a
Fréchet space, then it is a barelled space.

THEOREM 2.6. The double sequence space ®*(L,) is a barelled space
for 1 < p < .

Proof. The proof is obvious while keeping in mind Theorem 2.4 and
Lemma 2.5. ]

With the notation Zeltzer [31], we define the double sequence e =
(ers) by
1, (rs)=(tu),

tu __

ers -

0 , otherwise,

for every r,s,t,u € N. ”A non-empty subset A of a locally convex space
¥ is called fundamental if the closure of the linear span of A equals W,
[5].” From previous description, Yesilkayagil and Bagar [29] have showed
that E is the fundamental set of £,, where E := {e™ : t,u € N}. In the
light of this fact, let us describe the double sequences f™ = (f) by

Mtu .t ’ T, u | s,
fle .= o(r)e(s)
0 , otherwise,

for every r,s,t,u € N, Thus, {f" : t,u € N} is the fundamental set of
the space ®*(L,); because ®* f* = e
Now, we may continue the following theorem about inclusion relation:

THEOREM 2.7. Let 1 < p < p; < oco. Then the inclusion ®*(L,) C
O*(L,,) holds.

Proof. Suppose that © = (xy,) € ®*(L,) is an arbitrary double se-
quence. Then, ®*x € L,. Since the inclusion £, C £, for 1 < p <
p1 < oo from Basar and Sever [4], it is concluded that ®*z € £,,. Hence
xz € &*(L,,), as desired. O

3. The a—, [(bp)— and y—duals of the space ®*(L,)

In the present section, we will determine the a—, 5(bp)— and y—duals
of the space ®*(L,). For this purpose, firstly we need to give a lemma.
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LEMMA 3.1. [29] Suppose that B = (b.s,) be a 4-dimensional infinite
matrix. At that time, the following statements hold:

(i) Assume that 0 < p < 1. In that case, B € (L, : M,,) iff

(8) M; = sup |bys| < 0.

r,s,t,u€N

(ii) Assume that 1 < p < oo. In that case, B € (L, : M,,) iff

9) M, = sup Z \bmtu|p/ < 0.

r,s€N tu

(iii) Assume that0 < p <1land1 < p; < co. In that case, B € (L, : L,,)
iff

(10) sup Z |brsta|”* < 00.

t,ueN s

(iv) Assume that 0 < p < 1. In that case, B € (L, : Cy,) iff the condition
(8) holds and there exists a (o, ) € () such that

(11) bp — lm byg = Oy

7,8—00

(v) Assume that 1 < p < co. In that case, B € (L, : Cyp) iff (9) and (11)
hold.

THEOREM 3.2. Consider the set wy defined by

w; =< ¢=(c5) €8 sup Z Z

tueN reNt|r seNuls

Then, (P*(L,))" =w; for 0 <p < 1.

Proof. Consider the 4-dimensional matrix G = (g,s,) defined by

(5l
“tuc,s , t|r o, uls,
o(r)e(s)

Grstu =

0 , otherwise,
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for every r,s,t,u € N. In that case, by using the relation (7) we obtain
that

Crslrs = Crs Z &uii))tuytu

tlryuls
(12) = (GY)rs
for every r;s € N. In this fact, we conclude from relation (12) that
cx = (¢sxrs) € Ly, whenever x € &*(L,) iff Gy € L, whenever y € L.
This means that ¢ = (¢.5) € (P*(L,)" iff G € (£,:L,). Then, we
derive by using part (7ii) of Lemma 3.1 with p; = 1 that

sup Z Z M(Z)N(;)

tueN reN,t|r seN,uls SO( )90(8)

This yields the desired consequence that (®*(L£,))" = wy for 0 < p <
1. [

tuc,s| < 00.

<

THEOREM 3.3. Consider the sets ws, w3 and wy defined by

m n
t

wy = {c=(cs) €Q: sup Z Z p(m) e

78t uEN m=t,t|m n= uu|n

w3z = C_(crs)eﬂ bp_T‘l.SlE)nOO Z Z

m=t,t|m n= uu|n

Wy = c=(crs) €0 supz Z Z Zn/;%)tucmn < 00

mseN tou  |m=t,tlm n=u,uln

——tuCy,| <00 p,

(n)

m n
t

“6
S

son)

In that case, following statements are satisfied:
(i) Assume that 0 < p < 1. In that case, (@*(Ep))ﬁ(bp) = wy N ws,
(ii) Assume that 1 < p < co. In that case, (@*(ﬁp))'g(bp) = w3 N wy.

Proof. Let ¢ = (¢5) €  and x € ®*(L,) be given. Then, we can
conclude from Theorem 2.4 that there exists a double sequence y =

“ — Y tuc,,,  exists

bl



Domain of Euler-Totient Matrix Operator in the Space L, 373

(yrs) € L,. Define the 4-dimensional matrix A = (A,s,,) by

Arsty ‘= m=t,t|m n=u,uln
0 , otherwise,

for every r, s,t,u € N. Therefore, we obtain by the relation (7) that,

Zrs = E Ctuliuy

tlryuls
t u
_ E 'u ﬁ
- Ctuy t mnymn
t|r,uls mlt nlu

= Z Z Z 90 ’rtTL 90 TL) tucmn Ytu

tlr,uls | m=t,tjm n=u,uln

= (Ay)rs

for every r,s € N. Then by considering the equality above, we deduce
that cx = (¢rs2rs) € CSpp Whenever x = (x,5) € O*(L,) iff 2 = (2,4) €
Cpp whenever y = (y,5) € L£,. This leads us to the fact that ¢ = (¢,5) €
(*(L,) ™) iff Ae (L, : Cyp). Hence;

(i) f 0 < p < 1, then from Part (iv) of Lemma 3.1, we achieve that
(@*(L,))" = wy N,

(ii) If 1 < p < o0, then from Part (v) of Lemma 3.1, we have (@*(ﬁp))ﬁ(bp) =
w3 M Wy.

In fact, they are exactly what we want to prove. O

THEOREM 3.4.
(i) If0 < p < 1, then (P*(L,))" = wo,
(ii) If 1 < p < o0, then (P*(L,))” = wy.

Proof. This can be obtained by analogy with the proof of Theorem
3.3 with Parts (i) and (i¢) of Lemma 3.1 instead of Parts (iv) and (v),
respectively. Therefore, we leave the details. O
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4. Some matrix transformations related to the space ®*(L,)

In this section, we give the characterization of the classes (®*(L£,) : A),
where A € {M,,Cpp, L,} and 0 < p < 0.

THEOREM 4.1. Assume that B = (b,s,) be an arbitrary 4-dimensional
infinite matrix. In that case:

(i) If0 < p < 1, then B € (9*(L,) : M) iff
(13) B,, € (®*(L,))"™,

and

o0

(14) sup Z Z ?

8t uEN m=t,t|m n=u,uln

E
u

tub,smn| < 00.

(ii) If 1 <p < oo, then B € (*(L,) : M,,) iff (13) holds and

/

p

(15) sup Z Z Z go((zn HG) tubmmn < 0.

rs€N tu [m=t,tlm n=u,uln

Proof. In case of 0 < p < 1, the theorem can be proved by using
similar method of the proof of the second part, to avoid the repetition
of similar statements, we give the proof only for 1 < p < oc.

(ii) Let 1 < p < oo and take the sequence x € ®*(L,). So, we can say
that there exists a double sequence y = (y,s) € £, from Theorem 2.4.
By taking into account the equality (3), the (i, j)th rectangular partial
sum of the series Zm b,stu T, Obtained as

i)j
(Bx)i’;ﬂ = Zbrstuxtu
t,u

4,7 ﬂ

( 16) = Z Z Z j u Ubrsmn Ytu

t,u=1 | m=t,tlm n= uu\n
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for every r,s,i,7 € N. By defining the 4-dimensional matrix H,, =

(h:;tU)

Z Z ?Mﬁtubmmn , tlm o, uln,

his, = m=t,tlmn= uu|n

0 , otherwise,

for every i, j,t,u € N, it is obvious that (16) can be rewritten as (Bx)[Aj] =

(Hmy)[ j which clearly indicates that the bp-convergence of (Bx)[” land
the statement H,, € (L, :Cy,) are equivalent for all z € ®*(£,) and
r,s € N. Therefore, the condition (13) must be provided for each fixed
r,s € N.

Let us take bp-limit in the terms of the matrix H,, = (h"s

wtu) while
1,7 — 00, that is,

o0 ’Vl

(17) bp = lim i, = Z Z ; G) ubmmn.
m=t,tlmn= uu\n

By using the relation (17), we can define the 4-dimensional matrix H =

(hrstu) as

rstu = Z Z ? tUbrsmny

m=t,t|m n= uu\n

for all v, s,t,u € N. Therefore, we obtain by the equations (16) and (17)
that

bp — lim (Bx)[ W= bp — lim(Hy)y

,J—+00

So, if we take into account the fact that "B = (bys) € (P*(Lp) : M)
if and only if H € (£, : M,,)” with Part (i7) of Lemma 3.1, then it is
obvious that

w3

mseN tu |m=t,tlm n=u,u|n

(muﬁ

! tub,smn| < 00.
e(t)e

Thus, we can conclude that B = (bys) € (P*(L,) : M,,) iff conditions
(13) and (15) are satisfy. O



376 S.Demiriz and S.Erdem

To avoid the repetition of the similar statements, we give the following
two theorems without proof since they may be proved in the similar way
used in proving Theorem 4.1.

THEOREM 4.2. Let B = (bysy) be any 4-dimensional matrix. In that
case, following statements are hold:
(i) Let 0 < p < 1. Then, B € (®*(L,) : Cy,) iff the conditions (13) and
(14) satisfy and there exists (ay,) € € such that

(18) - TELHOO Z Z t brsmn = Oy,

m=t,t|/m n= uu\n
(ii) Let 1 < p < oo. Then, B € (9*(L,) : Cyp,) iff the conditions (13), (15)
and (18) satisfy.

< 00 and B = (bys,) be any

THEOREM 4.3. Let 0 < p < 1, q
(Lp) = L) iff the condition (13)

1
4-dimensional matrix. Then, B € (&
satisfies and

<
*

q

supz Z Z ?M% tubygmn| < 0.

mseN tu [m=ttlm n=u,uln
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