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ALMOST ¢- CONTRACTION ON M- METRIC SPACE

M. PiTCcHAIMANI AND K. SARAVANAN*

ABSTRACT. In this paper, we initiate the concept of almost - con-
tractions via Simulation functions to find fixed points on M- metric
spaces, and prove some related fixed points results for such map-
pings. Moreover an illustration is provided to show the applicability
of our obtained results.

1. Introduction and Preliminaries

In 1994, Matthews [2] introduced partial metric spaces as a gener-

alization of a standard metric space which has nonzero self distance.
That is the distance between two identical point need not be zero. Then
many authors formulated and proved fixed point results in partial metric
spaces.
In 2014, Mehdi Asadi et al [1] formulated the concept of M-metric space
as a generalization of partial metric space, as well as, a generalization of
metric spaces. Vasile Berinde used weak contractions to find fixed points
in various spaces. Isik [3] introduced (- contraction to prove existence
of fixed points. In this paper, we proved the existence of fixed points in
M-metric space using almost ( -contraction. For more studies of fixed
point results for different contraction refer [4-11] and reference therein.
In this section we will recall the basic notions of M-metric space and
(-contraction. The following notion will be used in the presentation,
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DEFINITION 1.1. [1] Let X be a nonempty set. If the function m :
X x X — R* satisfies the following conditions for all z,y, z € X,
L. m(z,z) =m(y,y) = m(z,y) <= ==y,
2. myy, < m(z,y),
3. m(z,y) = m(y, z),
4. (m(x, y) - m:vy) < (m(x, Z) - mzz) + (m(z, y) - mzy)a
Then the pair (X, m) is called M — metric space, where
1. Myy ‘= min{m(xa .Z'), m<y7 y)}>
2. My, = max{m(z,x),m(y,y)}.
REMARKS 1.2. [1] For every z,y € X,
1. 0 < My + myy = m(z,z) + m(y,y),
2.0< M:cy — Myy = |m(x,x) - m(y,y)|,
3. My — myy < (Myy, — my,) + (M, —myy).
T+y

EXAMPLE 1.3. Let X = [0,00). Then m(z,y) = on X is M—

metric space.

EXAMPLE 1.4. Let (X, m) be an M — metric space. Put
L. m*(z,y) = m(x,y) — 2myy + My,
2. m*(z,y) = m(z,y) — my, when x # y and m*(z,y) =0if x = y.

EXAMPLE 1.5. Let X = {1,2,3} Define m(1,1) = 1,m(2,2) =
9,m(3,3) = 5,
m(1,2) =m(2,1) =10,m(1,3) =m(3,1) = 7,m(3,2) =m(2,3) = 7.
Then (X, m) is M-metric space.

In [1], author describes each m metric on X generates a Ty topology
Tm o X,
The set {B,,(z,¢€) : x € X, e > 0}, where B,,(z,¢) ={y € X : m(z,y) <
Mgy + €}, for all z € X and € > 0, forms a base of 7,,.

DEFINITION 1.6. Let (X, m) be a M-metric space. Then,

1. A sequence {z,} in a M-metric space (X, m) converges to a point

x € X if and only if

Jirgo(m(xn,x) — My, ) = 0. (1)

2. A sequence {z,} in a M-metric space (X, m) is called an m-cauchy
sequence if

lim (m(x,, Tm) — My, a,), Hm (Mg, e, — Mg, 2,)
n—oo n—oo
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exist.(and are finite)
3. M- metric space (X, m) is said to be complete if every m-Cauchy
sequence {x,} in X converges, with respect to 7,,, to a point x € X

such that
(lim (m(xp, x) —my,.) =0 & lim (M, , — my,.) =0)
n— 00 n—00

LEMMA 1.7. [1] Assume that x, — x and y, — y as n — 00 in an
M- metric space (X, m). Then

T (1, Yn) = ) = (T, ) — Ty

Proof. We have

|(m(a:n, yn> _mﬂcnyn) - (m(:c, y) _mzy)l < (m(:cn, SL’) _mxn:p> + (m<y7 yn) -
My, ) m

LEMMA 1.8. [1] Assume that x,, — x as n — oo in M- metric space
(X,m). Then lim (m(xy,y) — my,,) = m(z,y) — My,
n—oo
LEMMA 1.9. [1] Assume that x, — x and xr, — y as n — o0 In
M -metric space (X, m). Then x = y.

LEMMA 1.10. [1] Let {x,} be a sequence in M —metric space (X, m),
such that

drel0,1),
(1) m(Tpi1, Tn) < rm(x,, x,-1), Vn €N
Then
1. lim m(x,,x, 1) =0,
n—oo
2. lim m(x,,z,) =0,
n—oo
3. lim my,, ., =0,
n—oo

4. {x,} is an m-Cauchy sequence.

DEFINITION 1.11. [3] Let ¢ : [0,00) X [0,00) — R be a mapping, then
( is called a simulation function if it satisfies the following conditions:

1. ¢(0,0) =0,

2. ((t,s) <s—tforallt,s>0,

3. If {t,},{sn} are sequences in (0, c0) such that lim ¢, = lim s, >

n—oo n—oo
0. then

(2) lim sup ((t,, sn) < 0.

n—o0
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4. If {t,.},{sn} are sequences in (0, co) such that lim ¢, = lim s, >0
n—oo n—oo
and

tn < s, for all n € N, then Equation (2) is satisfied.
We denote the set of all simulation functions by Z
EXAMPLE 1.12. [3] Let ¢; : [0,00) X [0,00) — R,i = 1,2, 3 be defined
by
L. Gi(t,s) = ¥(s) — ¢(t) for all t,s € [0,00), where ¢,1 : [0,00) —
[0, 00) are two continuous functions such that (t) = ¢(t) = 0 if
and only if £ = 0 and

P(t) <t < ¢(t) for all t > 0.

t
2. (o =85— M15 for all t,s € [0,00), where f,g: [0,00)% — (0, 00)

g(t, s)

are two continuous functions with respect to each variable such
that f(t,s) > g(t,s) for all t,s > 0.

3. (3(t,s) =s—ao(s)—tforallt,s € [0,00), where ¢ : [0,00) — [0, 00)
is a continuous function such that ¢(¢) = 0 if and only if ¢t = 0.

DEFINITION 1.13. Let (X, d) be a metric space and ( € Z. We say
that T': X — X is an almost (-contraction with respect to ( € Z, if
there is a constant 8 > 0 such that

C(d(Tz,Ty),d(z,y) + ON(z,y)) > 0.
for all z,y € X, where
N(z,y) = min{d(x,Tz),d(y, Ty),d(x,Ty),d(y, Tz)}.
If T is an almost (-contraction with respect to ¢ € Z, then
d(Tx,Ty) < d(z,y) + ON(z,y)
for all x,y € X.

DEFINITION 1.14. Let (X, d) be a metric space and ¢ € Z. We say
that T': X — X is an A— L almost (— Contraction if there is a constant
L>0and A € (0,1) such that

((d(Tz, Ty), A(z,y) + LN(z,y)) = 0.
for all z,y € X, where

N(z,y) = min{d(x,Tz),d(y, Ty),d(x,Ty),d(y, Tz)}.
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DEFINITION 1.15. Let (X, d) be a metric space and T : X — X be a
self mapping, then
Fizp(X) ={x € X : Tax =z}, Fizy(X) denotes the collection of all
fixed points of T in X.

LEMMA 1.16. If an almost (-contraction has a fixed point in a metric
space, then it is unique.

Proof. Let (X, m) be a M-metric space and T : X — X be an almost
(-contraction. Suppose that there are two distinct fixed points u,v € X
of the mapping 7. Then, d(u,v) > 0. Therefore, we have

0 < {(m(Tu,Tv),m(u,v)+ 0N (u,v))
= ((m(Tu,Tv),m(u,v) + 0 min {m(u, Tu), m(v, Tv), m(u, Tv),m(v,Tu)})
= C(m(u,v),m(u, U))
< m(u,v) —m(u,v)
= 0.
which is a contradiction. Thus, the fixed point of T" in X is unique.
Our main result is as follows. O

2. Main Results

THEOREM 2.1. Let (X, m) be a complete M- metric space, T : X —
X be an almost (-contraction with respect to ( € Z, then T has a unique
fixed point, and for every initial point zo € X, the Picard sequence
{T"xy} converges to x in X, such that v € Fizyp(X).

Proof. Take oy € X and consider the Picard sequence {z, = T"zy =
Txp1}tn>0. If ©py = xpyq1 for some ng, then z,, is a fixed point of T.
Hence, for the rest of the proof, we assume that m(x,,z,41) > 0 for all
n > 0.

This proof is divided into three parts. In the first step, we prove that,

lim m(zp,, xp11) =0
n—oo

Consider,
(3) m(Tp,, Tn, ) =0 for some ny € N.

Then we have m(z,,,,, Tn,,,) = 0.
If not m(zy, ., %n,,,) >0

(4) O < C(m<xnk+1 ) xnk+2>7 m(:cnk, xnk+1) + HN(xnlw xnk+1))
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where N(zn,, Tn,,,)
= min{m(@n, ; Tnypy)s MU Ty s Tryn)s M (Tnges Tryyn), MUy s Ty ) From
(3) we have N(xp,,%p,,,) = 0.
By the definition of ¢ function we’ve

O < C(m<xnk+1 ) xnk+2)’ m(xnk? xnk+1) + 9N<xnk? xnk+1))
= m(‘rnk7 xnkJrl) - m(xnkJrl ) ‘rnk+2)
= _m(‘r”kJrl? xnk+2
< 0.

which implies that

T m(zp, s Ty ,) =0

Now, we will prove m(x,,, z,,+1) is a non decreasing sequence and bounded
below by zero.
we know that

m(zp, Tpi1) >0

(L, Tpi1) m(Tx,_1,Tx,)

S m<xn—17 xn) + GN(xn—h In)
m('rrw xn+1) - m(xn—h xn) S QN(xn—h xn)
(5) m(ajnaxn—f—l) S m(xn—lwrn)
Because
N@jn*la xn) = min{m(xnfla xn)a m(:cn, iL‘n), m(a:n? lerFl)? m($n+1> $n+1)}

when n — oo then N(x,_1,z,) =0.

From (5), m(zp,x,-1) is non-decreasing sequence bounded below by
Zero.

Now, we will show that {z,} is bounded.

Suppose {z,} is unbounded.

Then there exists n; > n such that

m(‘rnw xnk+1> > h(SCLy)

which means that m(x,, ,,z,,) < h.
Consider two sequences {s,} and {t,} where s, = m(z,, Tp41). t, =
m(xn—hxn)

lim sup C(m(xnfla xn)a m($n7 $n+1)
n—00

lm (m(x,, Tni1) — m(Tp_1,2,))
n— o0
— lim m(z,_1,x,)

n—oo

IN NN
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This shows that m(x,_1,x,) < 0, which is not possible.
So we must have h = 0.

lim m(z,_1,2,) = 0.
n—oo

Now we will prove that {x,} is m-Cauchy sequence in (X, m).

We have
lim m(z,,z,.1) =0,

n—oo

(6) e, m(zp, Tpe) < M, <0 = lim M,

n—o0

From the definition of M-metric and (6)

nTn4+1 nTn41 = 0

mwn$n+1 - min(m(xn, .l’n), m(xn—&-h xn—l—l)) =0
Let us take
anvm = m(xnu xm) - mmnacm

lim @, # 0, there exists [ > 0 and {l;,} C N, such that a, ,,,(x, , z,,) >

n,m—00
[ which means that a, ., (z,,, 2, ,) <!

l S an,m(xlky xnk)

< an,m(‘rlm xlkﬂ) + a’n)m(xlk—l ’ xnk)
< apm T, x,_,) +1

This implies that

Hm ap, (21, Tn, ) =1
k—oo

which means that

lim m(xlk, $lk71) =1 + mlklkfl.
k—o0

On the other hand,
lim m(xy,, 2, _,) =1

k—o00
I < an,m(SCz,c, xnk)
S An.m (xlka xlk+1) + Qp.m ('rlk+17 x”k+1) + an’m(xnkJrl ’ xnk)
I < anm (Ilk—O—l’ L g
< An.m (l'lk-t,-lv mlk) + Anm (Ilky l'nk) + an,m(l’nk’ mnk"'l)

From the above, we get

Tim o m(zy, s Tny,) =1
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Let u, = m(x,, 7, _,) and v, = m(z,, Tn,,,)

0 < lim sup((tn,vy,)
n—oo

— Up — Uy <0
This contradicts that

lim m(x,,,x;,) = 0.

n—oo
—  lim m(z,, Tn) — Ma,e,, = 0.
n,M—00
- lim m(x,, ) = mg, ..,
n,M—00

o {x,} is m — Cauchy in X. Since X is a complete M —metric space,
the Picard sequence z,, - = € X in 7, topology that means

lim m(zp,, x) —my, . =0
n—oo

and also

lim m(x,, x,) — My, 2, =0
n—oo

Since T is continuous

lim m(Tx,, Tx) — mqpy, 7. =0
n—oo

lim (m(zy,, ) + ON (2n, ) — My, 72) = 0
n—oo

lim m(2n, ) — Mg, 70 = 0
n—oo

lim m Tz — 0
nooo n1®

So we have

lim (m(z,,x)) =0

By lemma 1.10

lim m(z,, Tz) — my, 7, = im m(z, Tz) — myr,
n—o0 n—oo
m(z,Tx) =0 as n — oo.
Hence
m(Tz,z) =m(z,2) =0 = Ter ==

x € Fizp(X).
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THEOREM 2.2. Let (X, m) be a complete M —metric space, T : X —
X be an A — L almost (-contraction with respect to ( € Z, then T has
a fixed point, and for every initial point xo € X, the picard sequence
{T"x} converges to x in X, such that v € Fixp(X).

Proof. Take xy € X and consider the Picard sequence {z, = T"z, =
T$n71}n20~
If x,,, = @py+1 for some ng, then z,, is a fixed point of T. Hence, for the
rest of the proof, we assume that m(xz,,x,.1) > 0 for all n > 0.
We will prove

lim m(z,, xp41) = 0.
n—oo

Consider,

(7) m(Ty,, Tn,,,) =0 for some n, € N

Then we have m(xp,,,, Tn,.,) = 0.

Suppose that m(zy,,,,Tn,,,) >0

(8) 0 < C(m(@n,,,s Tngys) AMU(Tpy s Ty, ) + LN (T, Ty )
where N (2, Tn,,,)

= min{m(ajnk, 'rnk+1)7 m(‘rnkJrl ) Ink+2)7 m(‘rnw xnk+2>7 m(xnkJrl ) 'rnk+1)} From
(7) we have N(z,, Tn,,,) = 0 By the definition of ¢ function we’ve

0 < C(m($nk+1, xnk+2)7 Am(xnk7 xnk+1) + LN(:E”M xnk+1))
m($nk> xnk+1) - )‘m('%nkﬂ ) xnk+2)
= _)‘m<xnk+1 » Tngyo

which gives the contradiction m(z,, ,,%n,,,) < 0. This implies that

Jim m(zn, s 2n,,,) = 0.

Now, we will prove m(z,,z,.1) is a non decreasing sequence which is
bounded below by zero.
we know that
m(Tp, Tpi1) >0

ML, Tpi1) m(Tx,—1,Tx,)
Am(xy_1,x,) + LN (21, 2,)
LN(z,_1,2,)
Am(x,_1, Tp)

m(xn, 'rn—s—l) - /\m(xn—h xn)
m(xm xn—l—l)

ININAIN I

Because

N<xn—17 In) = min{m(xn—la -rn)a m(xna xn)a m(xn7 xn+l)7 m(xn—‘rl) xn—&-l)}
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when n — oo then N(x,_1,2,) =0.

From (3), m(z,,x,—1) is non-decreasing sequence bounded below by
Z€ro.

Now, we will show that {z,} is bounded.

Suppose {z,} is unbounded.

Then there exists n; > n such that

M(Ty s Tryyy) > h(s0Y)

which means that m(z,,_,,z,,) < h.
Consider two sequences {s,} and {t,} where s, = m(z,, Tp41). t, =
m(mn,l,xn)

S lim SupC(m(xnflaxn)am(xn7$n+l)
n'—>00
< lim (m(zp, Tpa1) — m(x,_1,x,))
n—oo
< = lim m(x,_1,z,)
n—oo

This shows that m(z,_1,x,) < 0, which is not possible.
So we must have h = 0.

lim m(z,_1,2,) =0
n—oo

. Using the same argument in the theorem 2.1, we can easily show that
{z,} is m-Cauchy. Since X is a complete M — metric space, the Picard
sequence x,, — x € X in 7, topology that means,

lim m(z,, x) —my, . =0
n—oo

and also

lim m(z,, x,) — My, 2, =0
n—oo

Since T is continuous

lim m(Tx,, Tx) — mqpy, 72 =0
n—oo

lim (\"m(z,, x) + LN (2, x) — mrg,12) =0

n—o0

Asn — 0o, A" — o0.

lim my, 72 = 0.
n—oo

So we have

Tim (m(zn, x)) = 0.
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By lemma 1.10,

lim m(z,, Tz) — my, 7, = im m(z, Tz) — myr,
n—00 n—00

m(z,Tz) =0 as n — oo.
Hence
m(Tx,z) =m(z,z) =0 = Trx==x
x € Fizp(X).
This completes the proof. n

COROLLARY 2.3. Suppose that (X, m) is a complete M —metric space
and T : X — X is a mapping satisfying

m(Tz, Ty) < ém(z,y) + LN (y,Ty), for all x,y € X,

for 6 € (0,1) and some L > 0. Then

1. Fizp(X)={z e X :Te=xa} #0
2. For arbitrary xo € X, the Picard iteration x,,, = Tx, forn >0
converges to some x € Fixp(X).

COROLLARY 2.4. Suppose that (X, m) is a complete M —metric space
and T : X — X is a mapping satisfying
m(Tz, Ty) < ém(z,y) + LN(z,Tx), for all x,y € X,
for 6 € (0,1) and some L > 0. Then

1. Fizp(X)={z e X :Te=x}#0
2. For arbitrary xo € X, the Picard iteration x,,, = Tx, forn >0
converges to some x € Fixp(X).

COROLLARY 2.5. Suppose that (X, m) is a complete M —metric space
and T : X — X is a mapping satisfying

m(Tz, Ty) < ém(z,y) + LN (z,Ty), for all z,y € X,

for 6 € (0,1) and some L > 0. Then

1. Fizp(X)={ze X :Te=x} #0
2. For arbitrary xo € X, the Picard iteration x,,, = Tx, forn >0
converges to some x € Fixy(X).
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3. Consequences
In this section, we endeavor to learn existence and uniqueness of fixed
points in M —metric space through example which supports our result.

EXAMPLE 3.1. Consider X = [0, 1] and m : X — [0, 00) with m(z,y) =
zT+y 2

. Then the mapping 7' : X — X is defined as T'(x) = % Here
N(z,Ty) = min{m(z,y),m(Tz,y),m(z,Ty), m(Tz,Ty)}

_ {:c—iry 224+ 3y 3x 4+ x2—|—y2}
= min , , :
2 6 6 6
By theorem
((m(Tz, Ty),m(z,y) + ON(z,y)) > 0.
That is
m(z,y) +ON(z,y) — m(Tz,Ty) > 0.
In this example we will discuss three cases.
Case(1) If z =0 and y = 0 then the result is obvious.

11 1
Case(2) If z =1 and y = 1. Then m(7'(1),7(1)) = m<§, §> =3 and
1 1
m(1,1) + ON(1,1) = 3 + 95. Obviously m(1,1) + 6N(1,1) —
m(T(1),T(1)) > 0.
Case(3) If x € [0,a) and y € (b, 1] where 0 <a <b < 1.
In this case

N(a,b) = min{m(a,b),m(Ta,b),m(a,Tb),m(Ta,Th)}

. (a+b a®+3b 3a+b* a®+1?
:mm{z’ 6’6’6}
a® + b?
—
¢(m(Ta,Tb),m(a,b) + ON(a,b)) > 0.
m(a,b) +6N(a,b) ~ m(Ta,T8) = “7 b . v : i
> 0.
In all the cases T satisfies the hypothesis of theorem 2.1, and so T
has a fixed point. That is Fizy(X) # 0.
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