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SOLUTION AND STABILITY OF AN n-VARIABLE
ADDITIVE FUNCTIONAL EQUATION

VEDIYAPPAN GOVINDAN, JUNG RYE LEE*, SANDRA PINELAS,
ABDUL RAHIM NOORSABA, AND GANAPATHY BALASUBRAMANIAN

ABSTRACT. In this paper, we investigate the general solution and
the Hyers-Ulam stability of n-variable additive functional equation
of the form

S (Z(—l)iﬂl‘i) = (1)),

i=1 i=1
where n is a positive integer with n > 2, in Banach spaces by using
the direct method.

1. Introduction

The stability problem of functional equations originated from a ques-
tion of Ulam [16] concerning the stability of group homeomorphisms.
Hyers [7] gave a first affirmative partial answer to the question of Ulam
for Banach spaces. Hyers’ theorem was generalized by Aoki [2] for ad-
ditive mappings and by Rassias [13] for linear mappings by considering
an unbounded Cauchy difference(see [1,4,6,10,12,14,15]). A generaliza-
tion of the Rassias theorem was obtained by Gavruta by replacing the
unbounded Cauchy difference by a general control function in the spirit
of Rassias’ approach (see [3,5,7-9,11]).
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The Cauchy additive functional equation is of the form
Sz +1y) = S(x) + S(y). (1.1)

In this section, we introduce and investigate the general solution and
the Hyers-Ulam stability of the additive functional equation of the form

3 (Z(—l)”la@) = (=1)"'S(w), (1.2)

i=1 i=1

where n is a positive integer with n > 2, in Banach spaces by using the
direct method. Here after, throughout this paper, let us consider X and
Y to be a normed space and a Banach space, respectively. Assume that
n is a positive integer with n > 2. For convience,

DS(xy, 20, xn) =S <Z(—l)i+1xi) - Z(—mlg(@)

for all x1, 29, , x,.

2. Solution of the additive functional equation (1.2)

In this section, we investigate a general solution of the additive func-
tional equation (1.2).

LEMMA 2.1. If amapping S : X — Y satisfies the functional equation
(1.1) if and only if & : X — Y satisfies the functional equation (1.2)
under the assumption that if n is odd then J(0) = 0.

Proof. Setting (x,y) = (0,0) in (1.1), we get &(0) = 0. Replacing
(z,y) by (z,—z) in (1.1), we have ¥(—z) = —(z) for all x € X. So

(@ —y) = 3(@) + 3(—y) = 3(z) - 3(y) (2.3)

for all z,y € X. It follows from (1.1) and (2.3) that (1.2) holds for n > 2.

Assume that n is even. Letting 1 = 29 = -+ = 2, = 0 in (1.2), we
get §(0) = 0. Letting 1y = 23 =24 = -+ =z, = 0 in (1.2), we get

S(—x2) = —(x2) for all 25 € X. Letting 23 =24 = -+ =z, = 0 in
(1.2), we get
for all z1, 5 € X. Replacing (z1,z3) by (z,—y) in (2.4), we get

Sz +y) =S(z) + 3(y)
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for all z,y € X.

Assume that n is odd. Letting 1 =23 =124 ="+ =2, =01in (1.2),
we get $(—x9) = = (zg) for all x5 € X. So
Iz — x2) = (1) — S(12) = (1) + I(—122) (2.5)

for all z1,29 € X. Replacing (x1, z2) by (z, —y) in (2.5), we get
3 +y) = 3(x) +3(y)
for all z,y € X. O]

3. Stability results for even positive integers in (1.2)

In this section, we present the Hyers-Ulam stability of the functional
equation (1.2) for even positive integers n. Assume that n is even.

THEOREM 3.1. Let 6 : X" — [0,00) be a function such that

=0 (nFzy,nFze, - nFa,
Q)(xb ce ’xn) = Z ( ! n2k ) < 0 (36)
k=0

for all x1, 29, -+ ,x, € X. Let S : X — Y be a mapping satisfying the
inequality

3 (2;(—1)”1@) =3 1S ()

< O(xy,29,...,2,) (3.7)

i=1 i=1
for all x1,xs,...,x, € X. There exists a unique additive mapping A :
X — Y which satisfies
1
H%(ZL’) - A(.’E)H < —q)(l’, T Ly, Xyttt T —l’) (38)
n
for all x € X. The mapping A(x) is defined by
Al = =
forallz € X.
Proof. Letting (x1, z2, ..., Tp_1,%,) = (x,—z,x,—2, -+ ,x,—x)in (3.7),
we have

|S(nx) — nS(x)|| < O(z, —z,2,—2,... 0, —2) (3.9)
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for all x € X. It follows from (3.9) that

=

P I(x)

1
< —l(x,—z,x,—x, -+ ,x,—T) (3.10)
n

for all # € X. Replacing x by n'~*z in (3.10) and dividing by n'~!, we

obtain

’ (3.11)

- -1 l

13:, -n X, ,n ’13:, —ntt

1
< —O(nta, —nlan x)

nl
for all x € X. It follows from (3.11) and the triangle inequality that

k—1

Cx(mk 1 1
H \5\<ka) - %(x) S E ; W@ (nl‘r’ _nlx7 nlx, _nlx’ e anlxv _nlx)
(3.12)
for all z € X.

Replacing = by n™z and dividing n™ in (3.12), we obtain that

0 (nl+mx, —pttmg pltmy —pltme oo pltmy —nl+m:p)

nk—i—m nm

e
—_

1

<
nler

S|

l

I
o

for all x+ € X. Hence the sequence {Q(Z:x)} is a Cauchy sequence.

Since Y is complete, there exists a mapping A : X — Y defined by
Ax) = lim, o0 C‘\Y(Z:m) for all x € X. Letting k — oo in (3.12), we get
that (3.8) holds for z € X.

To prove that A satisfies (1.2), replacing (x1,xs, ..., x,) by

(x,z, 0,...,0) and dividing (n —2)" in (3.7), we obtain

(.

~
n—2—times n—2—times

1 1
— HD% (nkxl, nFey, - ,nk:cn) H < —40 (nkxl, nFy, - ,nkxn)
nk nk

for all xq,x9, -+ ,x, € X. Letting k£ — oo in the above inequality and
using the definition of A(z), we obtain that DA(z,xs,- -+ ,x,) = 0. By
Lemma 2.1, A is additive.
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To show that A is unique, let B(x) be another additive mapping
satisfying (1.2) and (3.8). Then

1

14() = B()|| = — [[A(n"z) = B(n"z)|
= % HA(nkx) — ¥(nFz) + S(nFr) — B(nkx)H
< % HA(nka:) - %(nkx)” + % H%(nkx) — B(nkm)H
< nk+1®(nkx, —nFz nFr, —nFr, - nFr, —nFr)
—0 as n— o0
for all z € X. Hence A is unique. O

THEOREM 3.2. Let 0 : X™ — [0,00) be a function such that

U(zy, o) ::an9<x1 2o ﬁ) < 00

k=1

for all z1,x9,- -+ ,x, € X. Let S : X — Y be a mapping satisfying (3.7).
There exists a unique additive mapping A : X — Y which satisfies

1
||%(l‘) - A(ZE)” < —\II(ZL‘, T, Xy, =Xyttt T —ZL’)
n
for all x € X. The mapping A(zx) is defined by

A(r) = lim nfS (%)

k—oo n

for all x € X.

Proof. It follows from (3.9) that
Hg(@ N (E)H <0 (g_g... ,z,_£>
n n’ n n’n

for all z € X.
The rest of the proof is similar to the proof of Theorem 3.1. ]

The following corollary is an immediate consequence of Theorems 3.1
and 3.2.
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COROLLARY 3.3. Let A and ~ be positive real numbers with v # 1.
Let & : X — Y be a mapping satisfying the inequality

IDS (21, @5, )| S A ||l (3.13)
i=1
for all x1,x9,--- ,x, € X. Then there exists a unique additive mapping

A: X — Y such that
nAllz||”
[n —n7|

1S(2) = Al)[| <

for all x € X.

4. Stability results for odd positive integers in (1.2)

In this section, we obtain the Hyers-Hyers stability of the functional
equation (1.2) for odd positive integers. Assume that n is odd.

THEOREM 4.1. Let 6 : X™ — [0,00) be a function such that
=0 ((n— Dk, (n—DFay, -+, (n— 1)a,,)

D(zy,---,xn) ::Z 1) < 00

k=0

forallzy,x9, -+ ,x, € X. Let & : X" — Y be an odd mapping satisfying
(3.7). There exists a unique additive mapping A : X — Y which satisfies

1

for all x € X. The mapping A(x) is defined by

Alw) = klggo (n—1)"
forall xz € X.
Proof. Since S is odd, ¥(0) = 0.
Letting (x1,z9,..., 2 1,2,) = (z,—z,2,—2x, -+ ,x,—2x,0) in (3.7),
we have

for all z € X. Tt follows from (4.15) that

Slin—1a) g,

1
< 1€(x, —z,x,—x,--- ,x,—x,0) (4.16)

n —
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for all z € X. Replacing z by (n — 1)""1z in (4.16) and dividing by
(n — 1)1, we obtain

‘ S((n—1D)  S((n—1)"12)

(n—1  (n—1)-1
< 1
~ (n=1)
for all z € X. It follows from (4.17) and the triangle inequality that

(4.17)

O((n—1)""tz,—(n— 1)z, (n—1)"t2, —(n—1)"'2,0)

% — () (4.18)
- n i 1 2_: (n _1 1)10 ((n - 1)l$7 —(n — 1)l$, ey (n— 1)l:E, —(n— 1)Zx, O)
for all x E_X.

Replacing = by (n — 1)z and dividing (n — 1)™ in (4.18), we obtain
that

S((n — 1)Fmy) ~ S((n—1)ma)
(n — 1)ktm (n—1)m
(RS U B
- n—l%(n—l)”m
x ((n—1)""2, —(n— 1)!* ™z, (n = 1)z, —(n — 1)""2,0)

S((n=1)"2)
(n—D)m

Since Y is complete, there exists a mapping A : X — Y defined by
A(x) = limy, oo =070 for all 2 € X. Letting k — oo in (4.18), we

(n—1)™

get that (4.14) holds for z € X.
The rest of the proof is similar to the proof of Theorem 3.1. m

for all x € X. Hence the sequence { } is a Cauchy sequence.

THEOREM 4.2. Let 6 : X™ — [0,00) be a function such that

Vo) = Y0 080 () <o

k=1

for all x1,x9,- -+ ,x, € X. Let & : X — Y be an odd mapping satistying
(3.7). There exists a unique additive mapping A : X — Y which satisfies

1
”%(ZE) _A(‘T)H S m\y(l’, L, L, =Xy, T —I,O)
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for all x € X. The mapping A(x) is defined by

1 _ 1)k x
) = fim =18 ()
forallz € X.

Proof. 1t follows from (4.15) that

T T T T T
S(z) — (n—1)S <0 — — 0
S(z) = (n >\S(n—1)H_ (n—l’ n—1 ‘n-1 n—l’)

for all z € X.
The rest of the proof is similar to the proofs of Theorems 3.1 and
4.1. m

The following corollary is an immediate consequence of Theorems 4.1
and 4.2.

COROLLARY 4.3. Let A\ and y be positive real numbers with v # 1.
Let S : X — Y be an odd mapping satistying (3.13) Then there exists
a unique additive mapping A : X — Y such that

(n = DAJlz|]”

(n—1) = (n—1)]

[S(2) = A=) < |

for all x € X.
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