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CIS CODES OVER F,
Hyun JIN KiMm

ABSTRACT. We study the complementary information set codes (for
short, CIS codes) over Fy. They are strongly connected to correlation-
immune functions over F4. Also the class of CIS codes includes the
self-dual codes. We find a construction method of CIS codes over Fy
and a criterion for checking equivalence of CIS codes over F,. We
complete the classification of all inequivalent CIS codes of length up
to 8 over FFy.

1. Introduction

A complementary information set code (for short, CIS code) is defined
to be a linear code with [2n,n,d] which has two disjoint information
sets for a positive integer n. A CIS code over Fy is proposed by Car-
let et al. [6]. CIS codes are strongly connected to correlation-immune
functions. Correlation-immune functions are noticeably important class
of cryptography functions due to their useful application in cryptog-
raphy [15,16]. A CIS code over F, is introduced by Kim and Lee [11].
They classify CIS codes over [, of small lengths, where pis 3,5, 7 in [11].
Also, they show that long CIS codes over [F,, meet the Gilbert-Vashmov
bound. The class of CIS codes includes self-dual codes. Furthermore, a
notion of higher order CIS codes over Fy is developed by Carlet et al. [5].

Received April 20, 2020. Revised May 22, 2020. Accepted June 10, 2020.

2010 Mathematics Subject Classification: 94B05, 11T71.

Key words and phrases: complementary information set code, self-dual code,
equivalence, correlation immune.

This work was supported by the National Research Foundation of Korea(NRF)
grant founded by the Korea government(NRF-2017R1D1A1B03028251).

© The Kangwon-Kyungki Mathematical Society, 2020.

This is an Open Access article distributed under the terms of the Creative com-
mons Attribution Non-Commercial License (http://creativecommons.org/licenses/by
-nc/3.0/) which permits unrestricted non-commercial use, distribution and reproduc-
tion in any medium, provided the original work is properly cited.



286 Hyun Jin Kim.

Also, a t-CIS code over F,, is developed by Kim and Lee, where the ¢-CIS
code is a CIS code of order ¢ > 2 [12]. They show that orthogonal arrays
over [F,, can be explicitly constructed from ¢-CIS codes over F,,.

In this paper we study on CIS codes over Fy,. We show the rela-
tion between the existence of a correlation immune function of strength
d of n-variables and the existence of a CIS code over [F; of parame-
ters [2n,n, > d] with the systematic partition. We find a method for
constructing complementary information set codes over F, from the
building-up method [8,13,14]. Using this method, we classify quater-
nary CIS codes of lengths up to 8. Also, we show a criterion for checking
equivalence of CIS codes over Fj.

This paper is organized as follows. We introduce some definitions
and basic contents in Section 2. In Section 3, we show the relation
between correlation-immune functions over F4 and quaternary CIS code.
In Section 4, we find a construction method of CIS codes over F, and
a criterion for checking equivalence of CIS codes over Fy. Finally, we
classify quaternary CIS codes of lengths 2,4, 6,8 in Section 5.

In this paper, all computations are done using the computer algebra
system MAGMA [1].

2. Preliminaries

Let F, be a finite field of cardinality 4 with F, = {0,1,w,w?}. Let
C be a linear code of length n over F,. We define two inner products
over F}. For u,v € F},u = (uy,us,...,u,), and v = (vy,v9,...,0,), the
Euclidean inner product is defined as

n
u-v = E U;0;,
i=1

and the Hermitian inner product is defined as

n
<u,v>= E uv?.
=1

Let
CP={xeF}|x-c=0,VceC}
be the Euclidean dual code of C, and let

CH = {x € F} |<x,c >=0,Vc € C}
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be the Hermitian dual code of C. A code C is Fuclidean self-dual if
C = C*¥ and Hermitian self-dual if C = C**. A code C of length
n is called systematic if there exists a subset I of {1,2,...,n} (called
an information set of C) such that every possible tuple of length | I |
occurs in exactly one codeword in C within the specified coordinates
x; for i € I [6,11]. Thus, a CIS code is a systematic code with two
complementary information sets. The generator matrix of a [2n,n| code
is called systematic form if it is blocked as [I | A], where I is the identity
matrix of order n and A is an n x n matrix [11]. The class of CIS
codes over F, includes the Euclidean self-dual codes and the Hermitian
self-dual codes over [, as its subclasses.

The Hamming weight of a vector z is the number of its nonzero en-
tries. The Hamming weight of z is denoted by wt(z). The homogeneous
polynomial We(X,Y') defined by

WC (X7 Y) — Z Xn—wt(c) th(c) )

ceC

is called the weight enumerator of a code C. Let C and C’ be two codes
over Fy. If there is some monomial matrix M (resp. permutation matrix)
over Fy such that ' = CM, where CM = {cM | ¢ € C}, then two codes C
and C’ over Fy are monomially equivalent (resp. permutation equivalent),
denoted by C = C’. The monomial automorphism group of C is the set
of monomial matrices M with C = CM, denoted by Aut(C). In this
paper, the equivalence means the monomial equivalence. We note that
this is the usual concept of equivalence over F;, named IsEquivalent in
MAGMA [1].

The following three lemmas are given in [6], and they also hold for
CIS codes over [y as well.

LEMMA 2.1. If a [2n,n] code C over F, has generator matrix [I | A]
with A invertible, then C is a CIS code with the systematic partition.
Conversely, every CIS code is equivalent to a code with generator matrix
in that form.

In particular, this lemma applies to systematic self-dual codes whose
generator matrix [I | A] satisfies AAT = I.

LEMMA 2.2. If a [2n,n] code C over F, has generator matrix [I | A]
with rank(A) < n/2, then C is not a CIS code.
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LEMMA 2.3. If C is a [2n,n| code over Fy whose dual has minimum
weight 1 then C is not a CIS code.

3. Correlation-immune functions

We consider correlation-immune functions of strength d over F}. In
[2-4,7], we can find the characterization of the ¢-th order correlation-
immune function f : Fy — JFf]. In this paper, we only think of the case
of l =n and g = 4.

DEFINITION 3.1. ( [3,7]) A bijective function F' : F} — F} is correlation-
immune of strength d if for V a,b € F} such that wt(a) + wt(b) <
d and a # 0, we have Wg(a,b) = 0, where wt denotes the Ham-
ming weight and Wr the Walsh-Hadamard transform of F: Wgr(a,b) =

Z - (_ 1)tr(a-x+b~F(x)) )
X<y

We note that erm(—l)t’"(x‘a) # 0 if and only if a = 0. We can
find the connection between correlation-immune functions of strength d
and CIS codes over F, with parameters [2n,n,> d] from the following
theorem.

THEOREM 3.2. The existence of a linear correlation-immune function
of strength d of n-variables over F, is equivalent to the existence of a CIS
code over B, of parameters [2n,n, > d| with the systematic partition.

The proof is analogous to that of Theorem 3.2 in [11] and hence is
omitted.

4. Construction of CIS Codes over F,

The following theorem is obtained from ( [11, Theorem 4.1]). It gives a
construction method of CIS code over IF4,. The motivation of this method
is building up construction on self-dual codes over Fy and F, [8,13,14].
We denote a generator matrix of a code C by gen(C).

THEOREM 4.1. Suppose that C is a [2n,n| CIS code over F, with
generator matrix (I, | A,), where A,, is an invertible matrix with n row
vectors ry, Ty, ..., Iy. Then for any two vectors x = (1, s, ..., T,) and



CIS codes over Fy 289

v = (y1,Y2, - - -, Yn) in F}, the following G’ generates a [2(n + 1),n + 1]
CIS code C' :

1‘x1 mn‘() 0‘ 1
G/: 0 Y1
: I, A, :
0 Yn

Conversely, any [2(n + 1),n + 1] CIS code over Fy4 is obtained from
some [2n,n] CIS code by this construction, up to equivalence.

Proof. 1t is obvious that the matrix G’ has two information sets.
Hence the matrix G’ generates a [2(n + 1),n + 1] CIS code over GF'(4).

Conversely, let C be a [2(n + 1),n + 1] CIS code over GF(4). By
Lemma 2.1, this code has a generator matrix (/41 | Any1), where 4,4
is an (n+1) X (n+1) invertible matrix, up to equivalence. By elementary
row operations, we have that

1|} z, | 0 0]y

_ 0 v
gen(C) = I " e

0 oy

where A/ is an n x n invertible matrix. In this case, 3’ is a nonzero
element in [F; since A,,; is an invertible matrix. By scaling the last
column, we have

1| ) ), | 0 0] 1
_ 0 i
C) =

0 Un

Since A/, is an n X n invertible matrix, (I, | A],) generates a [2n,n| CIS
code. Therefore, any [2(n + 1),n + 1] CIS code can be obtained from
some [2n,n] CIS code by this construction up to equivalence. ]

We denote a transpose of a vector x by x7.
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Algorithm 1. construction of CIS code over Fy

Input:

C : a CIS code of length 2n with generator matrix [I,, | A,]
Output:

C' : a CIS code of length 2n + 2 with generator matrix

begin
For x,y € F},
I’::[z] A =14, | yT),
/
T:=[z"|I,A Z,] where z,2’ € F}+!
Wlch—(l 0,0,...,0),z =(0,...,0,0,1),
=[] 4];

C':= code generated by G’

We consider equivalence relation of CIS codes generated by Algorithm
1. Let C be a CIS [2n,n] code over Fy with a generator matrix G. The
elements of the automorphism group Aut(C) can be considered as mono-
mial matrices. For any monimial matrix M € Aut(C), the matrix GM
generates the code C. Hence we can choose an invertible matrix Ly, in
GL(n,F,) such that GM = LG, where GL(n,Fy) is the general linear
group of demension n over Fy. In this way, we obtain a homomorphism
¢ : Aut(C) — GL(n,F,) with ¢(M) = Ly, We define the action of the
image of ¢ on F} as L(x) = LxT for every x € F} and L in the image of

¢ [9,11].

THEOREM 4.2. Let [I,, | A,] be a generator matrix of a CIS code C,
and let

1 X O --- 0 1 7

o 0
S A, |yT
L 0 i

and

1 x/ 0 0 1 7

o 0
S I, A, yT
L O |
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Assume that there exists M € Aut(C) such that its corresponding el-
ement Ly € Im(¢) with GiM = LyG; under a homomorphism ¢ :
Aut(C) — GL(n,F,) is a stabilizer of y and x' = XM, where X =
(x,0,...,0) and X' = (x,0,...,0). Then G, and G generate equivalent
CIS codes.

The proof is analogous to that of Theorem 4.4 in [11]. Hence it is
omitted.

5. Implementation

THEOREM b.1. There is only one quaternary CIS code of length 2,
up to equivalence..

Proof. A generator matrix of quaternary CIS code of length 2 is [z, y],
where z,y € Fy are nonzero. The code generated by [z,y] is equivalent
to the code with a generator matrix [1,1]. Therefore, there exists one
CIS code of length 2 over Fy, up to equivalence. n

We obtain the following theorem by Theorem 4.1.

THEOREM 5.2. There are exactly three inequivalent quaternary CIS
codes of length 4. One of these codes is Hermitian self-dual.

We list up the generator matrices of all inequivalent quaternary CIS
codes of length 4 as follows:

1001 1001 1w 01
C4’1:[0 11 0]’ 0472:[0 11 1]’ 6473:[0 11 1]‘

The code generated by C4; is Hermitian self-dual and Euclidean self-
dual. The code generated by C43 is equivalent to a Euclidean self-dual
code.

REMARK 5.3. Hermitian self-dual codes are preserved under mono-
mial equivalence. However, Euclidean self-dual codes are not preserved
under monomial equivalence.

We write the weight enumerators of all inequivalent quaternary CIS
code of length 4 as follows:
We,, = X'+ 3X2Y? +6XY? 4 6Y,
We,, = X*+12XY3 + 3V,
We,, = X*+6X?2Y? + Y™
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THEOREM b5.4. There exist 16 CIS codes of length 6 over Fy, up to
equivalence. T'wo of these codes are Hermitian self-dual codes.

We present generator matrices of CIS codes of length 6 over F4 as
follows.

(1 0 0 01 1 100 w2 1 w
Ce1=10 1 0 1 0 1|, Ca=10 10 1 0 1],
001 1 11 001 1 1 1
1 0 0 w?2 w w 100100
Ces=|0 1 0 1 0 1|, Ca=1(0 10 1 0 1|,
001 1 11 001111
(1 0 0 w 0 w? 1 00 w2 1 w?
66,5:010101766,6_0101071),
001 1 1 1 001 1 1 1
1 0 01 0 w? 1 00 w2 0 0
C7=10 1 01 0 w|, Cg=1(01 0 1 0 ,
00111 1 001 1 1 1
1 0 0 1 w w? 1 00101
Ceo=10 1 01 0 0|, Ciuo=1|0 101 0 0f,
0011 1 1 00111
(1 0 0 w?2 w 1 100 w 1 w?]
Céi1=10 1 0 w w? 1|, Cr12=|0 1 0 0 1 0],
001 1 1 1 00110 1
(1 0 0 w 0 w? 1 0 0 w? w? 1]
Ce13=1]0 1. 0 0 1 0|, Cea=10 10 1 0f,
001 1 0 1 001 1 0 0
(1 0 0 w?2 0 1 100001
Céi5=10 1 0 0 1 0|, Cg=10 1 0 0 1 0
001 1 00 001100

The codes generated by Cs 11 and Cg 16 are Hermitian self-dual. Also,
the codes of generated by Cg ¢ and Cg 13 are equivalent to Euclidean self-
dual codes, and the code of generated by Cs 16 is Euclidean self-dual. We
list up the weight enumerators of all inequivalent CIS codes of length 6
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over [, as follows:

1]
2]

[3]

[4]

8]

Wee, = X0 +12X3Y2% + 99XV + 36 XY? + 6Y6,

Wee, = X0+ 6X3Y? + 27XV + 18XY? + 126,

Wees = X0+ 9X3Y? + 18XV + 27XY® + 9Y6,

Wee, = X0+ 3X4Y2 + 9X3Y? + 12X2Y* + 27XYP + 12Y°,
Wee, = X6+ 15X3Y23 +12X2Y* + 21XY® + 15Y°,

Wees = X0+ 6X3Y3 +27X2Y4 + 18X Y5 + 12V,

We,, = X0 4+ 12X°Y? 4+ 21X2Y* + 12XV + 18Y,

Wees = X0+ 3X4Y2 + 6X3Y3 + 21X2Y* 4+ 18X Y + 15Y6,
Weso = X0+ 3X1Y2 427XV 4+ 24X Y5 4 9YE,

Wesro = X0+ 3X1Y2 + 12X3Y? + 15X2Y4 4+ 12XY° + 21V,
Wes,, = X0 +45X2Y* +18Y°,

Wes 1o = X0+ 3X4Y2 4+ 3X3Y3 4 18X2Y* + 33X Y5 + 6Y6,
Weg s = X0+ 3X4Y2 4+ 12X°%Y? 4+ 3X2Y* + 36 XY? + 9V,
Weers = X0 +6X4Y2 4+ 21X2Y4 4+ 24X Y5 + 12Y5,

Weeis = X0 +6X4Y2 + 6X3Y3 + 15X2Y* + 18X Y® + 18Y°,
Weg s = X0+ 9X1Y2 +27X2Y* 4 27Y°C.
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