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MULTIPLE SOLUTIONS RESULT FOR THE MIXED
TYPE NONLINEAR ELLIPTIC PROBLEM

TACKSUN JUNG AND Q-HEUNG CHOI*

ABSTRACT. We obtain a theorem that shows the existence of mul-
tiple solutions for the mixed type nonlinear elliptic equation with
Dirichlet boundary condition. Here the nonlinear part contain the
jumping nonlinearity and the subcritical growth nonlinearity. We
first show the existence of a positive solution and next find the sec-
ond nontrivial solution by applying the variational method and the
mountain pass method in the critical point theory. By investigating
that the functional I satisfies the mountain pass geometry we show
the existence of at least two nontrivial solutions for the equation.

1. Introduction

Let € be a bounded subset of R™ with smooth boundary. Let h(z) €
L*(Q) for some s > n. In this paper we consider the multiple solutions
for the following nonlinear elliptic equation with jumping nonlinearity
and subcritical growth nonlinearity and Dirichlet boundary condition

(1.1) Au+ buy — pu”~ ' = h(x) in Q,
u=>0 on 0f),
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where 2 < p < 2%, 2* = %, n > 3, uy = max{u,0}, u_ = —min{u, 0},
u(x) € Wy *(Q) and h(z) € L*(Q) for some s > n. Let us set
(1.2) h(z) =tor + eg(x),

in such a way that t € R, e > 0is a small number, ¢;(x) is a eigenfunction
corresponding to the eigenvalue \; of the eigenvalue problem

(1.3) —Au=XAu in Q,
u=>0 on 012,

and g € L*(Q) with [, gp1dx = 0.

This mixed type nonlinear problem contains the jumping nonlinearity
and the subcritical growth nonlinearity. The authors ([1], [2], [4], [5], [9],
[10], [11]) considered the jumping nonlinear problem. They investigate
the multiplicity results when the constant b of the nonlinear term satis-
fles b < Ay or \p < b < A\pi1, k > 1. They obtain the multiplicity results
by use of the Leray-Schauder degree theory, geometry of the mapping
defined on the finite dimensional reduction subspace, mountain pass ge-
ometry in the critical point theory, the category theory in the critical
point theory. The authors ([3], [6], [7], [8], [11]) also considered the
subcritical growth nonlinear problem. They consider the multiplicity
results by use of the variational method, the critical point theory and
the category theory in the critical point theory.

Let Ay < Ay < ... < A\ < ... be the eigenvalues of the eigenvalue
problem (1.3) and ¢y, the eigenfunction belonging to the eigenvalue Ay,
k > 1. Let H be a Sobolev space W,*(Q) with the norm

Jul® = / Vu(z)d.

In this paper we are looking for the weak solutions of (1.1) with (1.2) in
H, that is, u € H such that

/(Au + buy )vdx —p/ u’ "ty — / h(z)vdz =0 for all v € H.
Q 0 Q
Our main result is as follows:

THEOREM 1.1. Assume that \y < b < Ao, t € R and g(z) € L*(2)
for some s > n with fQ gordx = 0. Then there exists a large number
t1 > 0 such that for any t with t > t1, (1.1) with (1.2) has at least two
nontrivial solutions.
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The outline of the proof of Theorem 1.1 is as follows: In section 2
we show the existence of a positive solution of (1.1) and the continuity
and the Fréchet differentiability of the corresponding functional I(u) of
(1.1) to approach the variational method. In section 3 we investigate the
sub-level sets of the functional F' (the functional F' is the correspond-
ing functional to find the second solution of (1.1)), the mountain pass
geometry of ' and find the second nontrivial solution by applying the
mountain pass method in the critical point theory, so we prove Theorem
1.1.

2. Existence of a positive solution and the variational ap-
proach

LEMMA 2.1. Let u € H = W,*(Q, R) and let || - || be a Sobolev norm.
Then
(i) ||u]| > Cllul|r2(q) for some constant C' > 0,
(ii) |Ju|| = 0 if and only if ||ul| 2 = 0,
(iii) —Au € H implies u € H,
(iv) Let ¢ be not an eigenvalue of —A and f € W,*(Q, R). Then all the
solutions of

(—A—cu=f

belong to H.

Proof. (i) and (ii) can be checked easily by the definition of || - ||.
(iif) Let —Au = f € Wy*(Q, R). Then f is of the form f = 3 Ay

Then
=25 —hmcbm
We note that for any c, {/\m D A < |c|} is finite. Thus we have

I(=A) )7 = ZA —h2 <> h,
which means that

I(=2)7 1 < M fllzzo-

(iv) comes from (iii). O

LEMMA 2.2. Assume that Ay < b and b is not an eigenvalue of —A
with Dirichlet boundary condition. Then

(2.1) Au+buy =0 in H
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has only the trivial solution u = 0.

Proof. We note that u = 0 is a solution of (2.1). We rewrite (2.1) as
(—A - >\1>U = (b — )\1)U+ + )\1'LL, in H.
We note that ((—A — Aj)u, ¢1) = 0. Thus we have

(2.2) /Q (b= M)y + M ]rde = 0.

Since A\; < b, (b— Aj)uy + Aju_ is greater than or equal to 0 and strictly
greater than zero if u is strictly greater than zero. The only possibility to
hold (2.2) is that w = 0. That is, u = 0 is the only solution of (2.1). O

LEMMA 2.3. (Existence of a positive solution) Let \y < b < Ao and
g(x) € L*(Q), s > n with [,g¢1dr = 0. Then there exists a large
number t; > 0 such that for any t > t1, the equation

Au+buy —pu’ ' =tp, +eg(x) in H
has a positive solution uy(z).
Proof. We first consider the following equation
(2.3) Au+bu=1tp, in H.

For ¢t > 0, the linear equation (2.3) has a unique positive solution wu,(z) >
0, which is of the form

_ tgn(z)
us(z) = b
We also consider the equation
(2.4) Au+bu=eg(z) in H.

The linear equation (2.4) has a unique solution wu,(x). For the given
g(x) € L*(Q), s > n with [, g¢1dz = 0, we can choose ¢y > 0 such that
for any t > to,

thr

Us + Ueg = T + Uy > 0.
g bh— )\1 g
Next we consider the equation
(2.5) Au—pu” ' =0 in H.

Since the operator —A is a positive operator and —pu®” s negative,
the solution @ of (2.5) is & < 0. Thus there exists a large number ¢; > 0
such that uy = u, + ue, + @ > 0 is a positive solution of (1.1) with (1.2)
for any ¢ with ¢ > ¢;. We proved the lemma. m
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Now we will try to find the second nontrivial weak solutions of (1.1).
By the following Proposition 2.1, the weak solutions of (1.1) coincide
with the critical points of the corresponding functional

IcCYH,R),
(2.6) I(u) = /Q[%|Vu|2 — g|u+|2 —u” + h(x)u]dz.

PROPOSITION 2.1. Assume that \; < b, b is not an eigenvalue and
h(z) € L°, s > n. Then the functional I(u) is continuous, Fréchet
differentiable in H with Fréchet derivative

VI(u)v = /Q[(—Au) v —buy v+ putt v+ h(z) - v)de.

Moreover DI € C. That is, I € C*.

Proof. First we shall prove that I(u) is continuous at u. For u, v € H,

[I(u+v) —I(u)] = \%/Q(—Au—Av)-(u—H))dx
_/Q[g!(w v)+* + (u+ )2 = h(z)(u+v))dz
_%/Q(_Au) -udx+/§2[g\u+\2+ug — h(x)uldz|

- \%/(—Au-v—Av-u—Av'v)dx
Q
b
—/Q(§|(u+v)+|2+<u+v)é—h(a;)v
b o p
—§|u+] —u”)dz|.

Let u="> hyén, v = kno,. Then we have

| / (~Aa) - vdz| = | 3" Ahakal < Ilull - [J0]).
| / (—2) - ude] = | 37 Akaleal < ] - ol
’/(—AU) : Udfl?‘ = ’Z)\nknkn’ < HU“27
Q



428 Tacksun Jung and Q-Heung Choi

from which we have
(2.7) \% /Q(—Au 0= Av-u— Av-v)de| < lull - [Jof| + [|v]]*.
On the other hand
[1(u+0)* = Jur | < 2usfof + |uf?,
[1(u+ ) = fu_f?] < Cilu o] + Ra(fu—|, [o-])
and hence we have
(2-8)|/Q(I(U+v)+|2 = fus)de] < 2furlrzllvlzae) + [0l72@

< 2ffull - lvll + [loll?,

29) | / (I(u+v)_P = Ju_P)da
< Oz 1ol 2y + Re(llullz2@), 0] o))
< Oyl o]l + Ba(|ull, l])) = OJv|)).
Combining (2.7) with (2.8) and (2.9), we have
[ (u+v) = I(u)| = O(||v])

from which we can conclude that I(u) is continuous at u. Next we shall
prove that I(u) is Fréchet differentiable in H. For u,v € H,

11 (u~+v) = I(u) = VI(u)]

_ %/ﬂ(—Au—Av)-(u—i—v)dm

- /Q[Suu + o)1+ (w4 0)? = h(x)(u + v)]de
1 b 2 P — h(x)uldx
_§/Q(_A“)'“dx+/g[§‘u+l +u” — hz)uld
—/Q(—Au—bqu +pu”~" 4 h()) - vdz|
—1 [ [3(=80) v = G+ o)l = (wt o

b _
+§|u+|2 +u” + buyv — pu’v)dx).



Multiple solutions result for the mixed type nonlinear elliptic problem 429

Combining (2.7) with (2.8) and (2.9), we have that
11 (u+v) = I(u) = VI(u)v| = O([|v]]).

Thus I(u) is Fréchet differentiable in H. Similarly, it is easily checked
that I € C". O

3. Existence of the second solution and proof of theorem 1.1

From now on we shall show the existence of the second nontrivial
solution of (1.1) with (1.2) by using the mountain pass geometry in the
critical point theory. We notice that the nontrivial weak solution u of
(1.1) with (1.2) is of the form u = w; + u, where uy = u, + u, + @ is a
positive solution of (1.1) with (1.2) and @ is a nontrivial solution of the
equation

(3.1) Au+b(ug +u)y —buy — plug +u)’ ' =0 in H.

We note that the weak solutions of (3.1) coincide with the critical points
of the corresponding functional

F:H— ReC,

(3.2)  F(u)= /Q[%|Vu|2 — g|(u1 4 u) 4 |2+ bugu — (ug + u)?]da.

Thus it suffices to find the nontrivial critical points for F'. Now we shall
show that F' satisfies the mountain pass geometry in the critical point
theory. Assume that \; < b < Ay. Let us set

X =span{¢;(2)}, Y = X" .
Then X is one dimensional subspace and
H=XaY.
We have the following inequalities:

LEMMA 3.1. Assume that \y < b < \y. Then
there exist p > 0 and a small ball B, with radius p such that B,NY # (),

inf F(u) >0 and inf F(u)> —oc.
u€dB,NY u€B,NY
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Proof. We note that

b

b
if uweY, then /[—Au cu— —u?dr > —22||ul|? > 0.
o 2 2
Let w € Y. Then we have
1 o b, b 2 P
Fu)= [ [z|Vul]® = zu* 4+ =|(us + u)_|* — (ug +u)?]dzx
02 2" T3

1-— 4
> —AQHuH2 — /(u1 + )’ dx.
2 Q

Let us define

IO ()’

Then we have

R ,
F(u) 2 =5 ul® = (Co(€) % u + |

Since Ay —b > 0 and p > 2, there exist p > 0 and a ball B, with radius
p such that inf,cop,ny F(u) > 0 and inf,ep,qy F'(u) > —(CH() "2 |Ju+

U,1||p > —00Q.

LEMMA 3.2. Assume that \; < b < A\y. Then there existe € 0B1NY

and Q = (BrpN X) ® {re| 0 < r < R} such that

sup F(u) <0 and sup F(u) < oco.
ueoq ueR

Proof. Let ue X @ {re|r >0}, u=v+re,ve X,ec 0B NY. We

note that

B b
[—Au-u— §u2]d:c < TMHUHQ < 0.

if ue€ X, then /
Q
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For s > 0 we have

Flsw = ([ G900+ e = G+ 7o)+ 5o+ re+ %) Plao

—sP / (v+re+ ﬂ)Ii]al:z:
Q

s2(1 — /\i) 2 32(1 2
gy

IA

/ /|v+re+ —)_|*da
(v—l—re—l— )]d

for some A, > Ao. Since p > 2, F(su) = F/(s(v+re)) — —00 as s — 00.
Thus there exist R > 0, a ball Bg and Q = (BrpNX)®{re| 0 <r < R}
such that if v € 0Q), then sup F(u) < 0. Moreover if u € @ then

s2(1—<
sup F(u) < %7"2 + % Jo l(v+7re+ %) _|2dx < oco. Thus we prove
the lemma. ]

LEMMA 3.3. Assume that \y < b < X\o. Then F satisfies the (P.S.).
condition for every real number ¢ € R.

Proof. Let ¢ € R and (u,), be a sequence such that
u, € H, ¥n, F(u,) — ¢, VF(u,) — 0.

We claim that (u,), is bounded By contradiction we suppose that
||un|] = 400 and set i, = Then we have

IIUnII

(VF(uy),u,) = 2F (un) Jolbun +b(up +ur)- — plu, + u))P M - unda

[ | |2 |
+2 fg[gtﬂ — §|(un +uy)|? + (up +uy)? ]dz
[[2n]|
— 0.

Hence
Jolbun + b(uy 4+ ur) - — p(u, + w )P - unda
[[wn]
2 [ol5un — §l(un 4 ua) P+ (un +ur)? ]da

]

— 0.
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Thus

1

[

[/Q[b(un +uq)- — plu, + ul)zfl] Updx

+ /Q[b|(un +up)_|* = 2(up + up)? | da] — 0.

We claim that

b(upn + u1)_ - updz + b|(w, + uq)_|?

lim dr = 0.
oo Jo [[n|
In fact,
‘ 2
lim b(u, + up)— - updx + b|(w, + up)_| I
oo Jo [[en]|
. 2
[ Pt ) (o ) bl )
neo Jo [[ttn|
p— . 2
i bty + up)— - (up + uy)_dx + b|(u, + uy)_| de =0,
On the other hand,
lim / b(u, + up)_ - updr + bl (u, + ul)_|2dx
oo Jo [t

= B [ B(un + 1) - tindz + b(tn + ) - (i + ||Z—1||)‘dx

n—oo QO

= lim [ b(uy, + u1)— - tipde + b((u, +ur)-) - (1) —da

n—oo QO

= lim [ b(u, + u1)- - (Up)1dx > 0.

n—oo Q
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Thus we prove the claim. Therefore we have
1
0 «+— H[/ [b(up 4 1) — p(up + ur)* '] - upda
Uy, Q

B+ ) 20+ )

1 _
= [/ (=p(tn + 1)’ ") - updz — 2/(un + uy)” dz
[[unll"Jo o
1 _
> ol (ol ) (+ ) =2 [ (1)
[unll"Jo 0
1 _
= o @l w0 ) =2 [ (s
o (4 w1 )P de [(wn + 1)~ (1750
= (p—2) =(p—
[[n | [[n |
Since p > 2,
Uy 4+ ur) |7,
It “ 1)H Iz ) converges to 0.
U,
On the other hand
(33) I + w0 < Call (i + 00 e g

for suitable constant C';. Then we have

buy, + by +uy) - — p(t, + ug)?”

]

(un -+ Ul)liil

1
< ’
< 204 O

If p > 2(p — 1), then by the Holder's inequality, it is easily checked

p-l ntur)—||?
that ||M|| 2+ oy Can be estimated in terms of Munter)ler g
llunll L2 (Q) llunll

p < 2%(p — 1), then by the standard interpolation inequalities,

(un + Ul)zi_l
|| ||un|| ||L2*,(Q)

[t + 1)y oo
>~ 02( HU || ) P H(un—i_u’l)*“B

for some constant C5, where o > 0 is such that % + 1;0‘ = % and

B=(1-a)(p—1)—1-02 Since p—1< 2 —1— (2 — p)(1— 2),

o
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£ < 0. Thus we have

| (i + 1) ||} (r-1)a
[ OB (4 wa) | and
U,

Hp(un +uy )Pt

< C
Tl 1= G

bu, + b(u, + uy)- — p(u, + Ul)‘Tl

[

un _'_ul _ P (p—1Da
! ||u)|| Moo 2 4 ) 1P

< 2b + Oy(

[[(untu1)—|

for a constant C5. Since Tan] . converges to 0 and 8 < 0,

Pty 4 )"

(34) ]

converges to 0 and

buy, + b(uy, + uy) - — plu, + ul)zi_l

[

(3.5)

converges.

By (3.4),

p—1
J s = [+ o s — o0

[ [

Thus u,, — 0. We get
V F(uy,)

Y A,
[[n|

bt + bty + u1)— = plug 4 ug)?

— 0.
[[wn]

By (3.5), —Au, converges. Since (i), is bounded and the inverse oper-
ator of —A is a compact mapping, up to subsequence, (i), has a limit.
Since u,, — 0, we get u, — 0, which is a contradiction to the fact that
||| = 1. Thus (uy), is bounded. We can now suppose that u, — u for
some u € H. We claim that u,, — u strongly. We have that

(VF(uy), uy,)
= (Jlua]® - /[b(un ) tty — bty — Pl + 1)y )dx) — 0.
Q
Since [q [b(tn + 1) 4ty — buy — p(uy, + wy)? ) de — Jolo(u—+uy) u—

buy — p(u+up)P ' u)dz, ||u,||? converge. Thus (u,), converges to some u
strongly with VF(u) = lim VF (u,,) = 0. Thus we prove the lemma. [
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[PROOF OF THEOREM 1.1]
Let X = span{¢;(z)} and Y = X*. Then X is a one dimensional
subspace and H = X @ Y. From Proposition 2.1 we can deduce that
the functional F belong to C'(H, R'). By Lemma 3.1 and Lemma 3.2,
there exist p > 0, a small ball B, with radius p, e € 0B, NY and
Q= (BrNX)® {re|] 0 <r < R} such that B,NY # 0,

R

and
F — inf  F(u).
ilelg (u) < oo and — oo < uElngﬂY (u)
By Lemma 3.3, the functional F(u) satisfies the (P.S.). condition for
any c € R. Let us set

I ={yeC(Q,H)| v=ridon dQ}.

Then by the mountain pass theorem, I’ possesses a critical value ¢ > 0
which can be characterized as

= inf max F .
¢ = inf max F'(y(u))

Thus (3.1) has a nontrivial solution @, so (1.1) has at least two nontrivial
solutions, one of which is a positive solution u; and the other solution is
of the form v = u; + «.
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