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ON THE STABILITY OF THE GENERALIZED
QUADRATIC AND ADDITIVE FUNCTIONAL
EQUATION IN RANDOM NORMED
SPACES VIA FIXED POINT METHOD

SUN SOOK JIN AND YANG-HI1I LEE*

ABSTRACT. In this paper, we prove the stability in random normed
spaces via fixed point method for the functional equation

flx+2y) —2f(z+y)+2f(x —y) — f(x —2y) =0.

1. Introduction

In 1940, S. M. Ulam [20] raised a question concerning the stability
of homomorphisms: Given a group G, a metric group G2 with the
metric d(-,-), and a positive number e, does there exist a § > 0 such
that if a mapping f : G1 — G5 satisfies the inequality

d(f(zy), f(z)f(y)) <4

for all x,y € GG then there exists a homomorphism F' : G; — G5 with

d(f(x), F(x)) <e

for all x € G1?7 As mentioned above, when this problem has a solution,
we say that the homomorphisms from G; to G, are stable. In 1941,
D. H. Hyers [5] gave a partial solution of Ulam’s problem for the case
of approximate additive mappings under the assumption that G; and
(G2 are Banach spaces. Hyers’ result was generalized by T. Aoki [1]
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for additive mappings and Th. M. Rassias [16] for linear mappings by
considering the stability problem with unbounded Cauchy differences.
The paper of Th. M. Rassias has provided a lot of influence in the de-
velopment of stability problems. The terminology Hyers-Ulam-Rassias
stability originated from these historical background. During the last
decades, the stability problems of functional equations have been ex-
tensively investigated by a number of mathematicians, see [2]-[4], [8],
9)-[12].

Recall, almost all subsequent proofs in this very active area have
used Hyers’ method, called a direct method. Namely, the function
F', which is the solution of a functional equation, is explicitly con-
structed, starting from the given function f, by the formulae F(z) =
lim,, 00 %f(Q”a:) or F(x) = lim, o 2" f(5%). In 2003, V. Radu [15]
observed that the existence of the solution F' of a functional equation
and the estimation of the difference with the given function f can be
obtained from the fixed point alternative. In 2008, D. Mihet and V.
Radu [14] applied this method to prove the stability theorems of the
Cauchy functional equation:

(1.1) flz+y) = flx) = fly) =0

in random normed spaces. We call solutions of (1.1) additive maps.
Recently, Jun and Kim [6,7] established the general solution and inves-
tigated the stability of the generalized quadratic and additive functional
equation:

(1.2)  flz+2y) —2f(x+y)+2f(r—y)— f(x—2y) =0

by using the direct method.

In this paper, using the fixed point method, we prove the stability
for the functional equation (1.2) in random normed spaces. It is easy
to see that the mapping f(z) = ax?+bx+c is a solution of (1.2). Every
solution of the generalized quadratic and additive functional equation
(1.2) is said to be a general quadratic mapping.

2. Preliminaries

In this section, we state the usual terminology, notations and con-
ventions of the theory of random normed spaces, as in [18,19]. Firstly,
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the space of all probability distribution functions is denoted by
At
= {F : RU{—00,00} — [0, 1]|F is left-continuous and nondecreasing
on R, where F(0) =0 and F'(+o00) = 1}.

And let the subset Dt C AT be the set DV := {F € A"|l” F(400) =
1}, where I~ f(x) denotes the left limit of the function f at the point
x. The space AT is partially ordered by the usual pointwise ordering
of functions, that is, ' < G if and only if F(t) < G(¢) for all t € R.
The maximal element for AT in this order is the distribution function

go : RU{0} — [0,00) given by
{ 0, ift<o0,

t) =
W= s,

DEFINITION 2.1. ([18]) A mapping 7 : [0,1] x [0,1] — [0, 1] is called
a continuous triangular norm (briefly, a continuous t-norm) if 7 satis-
fies the following conditions:

(a) 7 is commutative and associative;

(b) 7 is continuous;

(c) 7(a,1) = a for all a € [0, 1];

(d) 7(a,b) < 7(c¢,d) whenever a < cand b < d for all a,b,c,d € [0, 1].

Typical examples of continuous ¢-norms are 7p(a, b) = ab, Tas(a,b) =
min(a,b) and 7(a,b) = max(a+ b —1,0).

DEFINITION 2.2. ([19]) A random normed space (briefly, RN-space
) is a triple (X, A, ), where X is a vector space, T is a continuous
t-norm, and A is a mapping from X into DT such that the following
conditions hold:
(RN1) A, (t) = eo(t) for all £ > 0 if and only if x = 0,
(RN2) Ano(t) = Ay(t/]a|) for all z in X, o # 0 and all ¢t > 0,
(RN3) Agyy(t+5) > 7(Ag(t),Ay(s)) for all z,y € X and all t,s > 0.

If (X, ||-|]) is a normed space, we can define a mapping A : X — DT

by
A (t) — #
’ t+ |z

for all z € X and t > 0. Then (X, A, 7)) is a random normed space,
which is called the induced random normed space.
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DEFINITION 2.3. Let (X, A, 7) be an RN-space.

(i) A sequence {x,} in X is said to be convergent to a point x € X

if, for every t > 0 and € > 0, there exists a positive integer N such

that A, —.(t) > 1 — ¢ whenever n > N.

(ii) A sequence {z,} in X is called a Cauchy sequence if, for ev-

ery t > 0 and € > 0, there exists a positive integer N such that

Ay, 5, (t) > 1—¢c whenever n > m > N.

(iii) An RN-space (X, A, 7) is said to be complete if and only if every
Cauchy sequence in X is convergent to a point in X.

THEOREM 2.4. ([18]) If (X,A,7) is an RN-space and {x,} is a
sequence such that x,, — x, then lim, o Ay, (t) = A, (%).

3. On the stability of a generalized quadratic and additive
functional equation in random normed spaces via fixed point
method

We recall the fundamental result in the fixed point theory.

THEOREM 3.1. ([13] or [17]) Suppose that a complete generalized
metric space (X, d), which means that the metric d may assume infi-
nite values, and a strictly contractive mapping J : X — X with the
Lipschitz constant 0 < L < 1 are given. Then, for each given element
r € X, either

d(J"z, J" " r) = +00, ¥n € NU {0},

or there exists a nonnegative integer k such that:
(1) d(J"z,J" x) < +o0 for all n > k;
(2) the sequence {J"x} is convergent to a fixed point y* of J;
(3) y* is the unique fixed point of J in Y = {y € X,d(J*z,y) <
+00};
(4) d(y,y") < (1/(1 = L))d(y, Jy) for all y € Y.

Let X and Y be vector spaces. We use the following abbreviation
for a given mapping f: X — Y by

Df(z,y) =f(z+2y) —2f(x +y) +2f(z —y) — f(x — 2y)

for all z,y € X.
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LEMMA 3.2. Suppose that f : X — Y is a mapping such that
Df(z,y) =0 for all z,y € X\{0}, then f is a general quadratic map-

ping.
Proof. By the definition, it is clear that D f(z,0) =0 for all x € X.
Moreover, we have that
Df(0,z) = Df(2z,2x) — Df(4z,x) — 2D f(3x, x)
—2Df(2z,z) — 2D f(x, x)
=0
for all z € X \ {0}, which implies that Df(z,y) = 0 for all z,y € X.OO

Now we will establish the stability for the functional equation (1.2)
in random normed spaces via fixed point method.

THEOREM 3.3. Let X be a linear space, (Z,A’, 7pr) be an RN-space,
(Y, A, 7ar) be a complete RN-space and ¢ : (X \ {0})? — Z. Suppose
that ¢ satisfies one of the following conditions:

(1) Alp(ay () < Ao ) (1) for some 0 < o < 2,

(i) AL (2z.24) (1) < AL s, () for some 4 < o

for all x,y € X andt > 0. If f : X — Y is a mapping such that

(3.1) Apfiay) () = Ay (1)

for all x,y € X \ {0} and t > 0, then there exists a unique general
quadratic mapping F' : X — Y such that

M (x, @) if o satisfies (i),

(3.2) Af(ay-F(@)(t) =
M (x, M) if ¢ satisfies (ii)

7
for all x € X \ {0} and t > 0, where
M(x,t)
= TM{A:O(2m,2w)(t)7 az) (D Moae o) (0 Aag 1) (D) Al oy (1),
(=2 —20) () AL gy (D) Ay (8), AL o (1),
oeamn) (D M55 (0 Aoy A5, 5) (8 Ay m 5y (D)}
Moreover if o < 1 and A/, is continuous in x,y € X \ {0} under
the condition (i), then f is a general quadratic mapping.
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Proof. Since Dg(x,y) = Df(x,y) for the mapping g defined by
g(x) = f(x) — f(0), we can assume that f(0) = 0 without loss of
the generality. We will prove the theorem in two cases, ¢ satisfies the
condition (i) or (ii).

Case 1. Assume that ¢ satisfies the condition (i). Let S be the set
of all functions g : X — Y with ¢g(0) = 0 and introduce a generalized
metric on S by

d(g,h) :=inf {u € RY|Ay()—n(z)(ut) > M(z,t) forall z € X\ {0}}.
Consider the mapping J : S — S defined by

f(2x) = f(=2x) | fQ2) + f(=22)

Jf(x) = 1 3

then we have

(47" (f2"2) + f(=2"2)) + 27" (f(2"2) — f(—2"2)))

N

Jf(z) =

for all x € X. Let f,g € S and let u € [0, 0] be an arbitrary constant
with d(g, f) < u. From the definition of d, (RN2), and (RN3), for the
given 0 < o < 2 we have

AJg@)-sf(a) (%Q

au
= Nso)-r2e)  g(-20)—f(~20) | —1
s g 2

3aut aut
> Tar {A3<g(2x>—f(2:c>> ( ) s N g(—20) - f(—2a) (—)}
3 8 g 8

> Tar { Dg2a)— f(2m) (@), Ag( 20— p(~20) (Qit) }
> M2z, at)
> M(z,t)

for all z € X \ {0}, which implies that

d(Jf.J9) < Sd(f.g).
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That is, J is a strictly contractive self-mapping of S with the Lipschitz
constant 5. Since the equality

flz) = Jf(z)

= %(— Df(2x,2z) + Df(4x,x) + 2D f(3z,x) + 2D f (2, x)

+2Df(x,z) + Df(—2x,—2x) — Df(—4zx,—x) — 2D f(—3x, —x)
—2Df(-2x,—z) —2Df(—x,—x) — 2Df<x :z:)

22
o 3)-2or(-5-) -pr(-+-3)
holds for all x € X \ {0}, by (3.1), we see that
Af@)-a5() (%)
AM (%) ,AM (2) ,ADf<—28x,—2z) (é) )
ADf(—zén—z) (é) ,ADf<—iz,—z> <£) ,ADf<—Zz,—w> (2) ;
ADf(—4ac,—x) (i) ,ADf(?% (i) ,A%,%) (é) ;

forallz € X\{0}. It means that d(f, Jf) < 1} < oo by the definition of
d. Therefore according to Theorem 3.1, the sequence {J" f} converges
to the unique fixed point F' : X — Y of J in the set T = {g €
S|d(f,g) < oo}, which is represented by

. 2"y =2z 2%x) — f(—2"x
ey - i (LD 10 20
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for all x € X. Since

1 11

the inequality (3.2) holds. Next we will show that F is a general
quadratic mapping. Let z,y € X \ {0}. Then by (RN3) we have

d(f, F) <

t t
Apr(zy(t) > TM{A(F—J”f)(m—i—Qy) (g) s Mo gn f— P (a4y) (g) ;

t t
A2(F—J"f)(m—y) (g) =A(J”f—F)(w—2y) (g) ’

(3.3) Apnf(ay) (%) }

for all n € N. The first four terms on the right hand side of the above
inequality tend to 1 as n — oo by the definition of F. Now consider
that

Apynf(a,y) <%) = TM{ALW (é) RN ) (é) ’
> TM{ADf(Qna:,Qny) <%) sADp(—onz,—ony) <%) ;
Apfana,2any) (%) s ADf(—2na,—ony) (%) }
> TM{A:D(:r,y) (%) ’A:O(—mv_y) (%) ’
Ay (%) ALy (%) }

which tends to 1 as n — oo by (RN3) and 2 > 1 for all z,y € X \ {0}.
Therefore it follows from (3.3) that
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for each z,y € X \ {0} and ¢ > 0. By (RN1) and Lemma 3.2, this
means that DF(z,y) = 0 for all z,y € X. Assume that 0 < o < 1
) is continuous in z,y € X \{0}. If m, a,b, c,d are any fixed
integers with a,c # 0, then we have

p t
Jm Agenarbye@rera () 2 1AL (04 e (o o)) (a_)

= Mo ) (e ))
=A] p(az, cy)( t)

for all z,y € X \ {0} and ¢ > 0. Since m is arbitrary, we have

lim AQD((Q"(I—Fb)w (2”C—|—d)y)( ) Z lim Acp(am cy) (mt) =1

n—oo m— o0

for all z,y € X \ {0} and ¢ > 0. From these, we get the inequality

Ao (F— f)(a) (451)
> lim 7o {App)((2ntn)a) (1), Aa(r— py(ansi41)a) (2210),

n— oo
A(s-F)(320+1)2) (1), ADf—DF) (20 +1)2,~200) (£) }
> lim T {M ((-2" +1)z,2(2 — a)t), M (2" + 1)z, 2(2 — a)t),
M ((3 2"+ 1)%, 2(2 - (I)t) 7A:p((2"+1):v,72"x) (t>}
=1
for all z € X \ {0}. From the above equality and the fact f(0) =0 =

F(0), we obtain f = F. This completes the proof of this case.

Case 2. We take a > 4 and assume that ¢ satisfies the condition
(ii). Let the set (S, d) be as in the proof of the case 1. Now we consider
the mapping J : S — S defined by

19w =9 (5) ~9(-5)+2(s(5) +9(-3))

for all g € S and x € X. Notice that

P =27 (o(2) -9 (-2)) + 5 (s(2) +9(-2))
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forallz € X andn € N. Let f,g € S and let u € [0, 00| be an arbitrary
constant with d(g, f) < u. From the definition of d, (RN2), and (RN3),
we have

4u 4u
Ajg(a)—af(2) <—t> =A3(g(2)-1(2))+g(~2)—F(—2) <—t>

« (6]

3u u
>Tor {As(g<z>—f<§>> (gt> Ag-5)-1-%) (at>}

U u
=M {Ag(%)—f(%) (at> Ag(—5)-1(-%) <at)}

>M (53)
- 2«

>M (z,t)

for all x € X, which implies that

A(Tf, Jg) < ~d(f.q).

That is, J is a strictly contractive self-mapping of S with the Lipschitz
constant 0 < % < 1. Since the equality

f(22) — J f(2x)
= —}1 < — Df(2x,2z)+ Df(4x,z) + 2D f(3z,z) + 2D f(2z, x)
+2Df(x,z) + Df(—2x,—2x) — Df(—4z, —x) — 2D f(—3z, —x)
—ODf(—2z,—x) — 2Df(—x, —x) — 4Df<g, g)

r

2b5{e Z) - 4pf(~2,-2) 201 {m-2)
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holds for all z € X \ {0}, we get

Af(auy—gf(2x) ()

t t t
> TM{AW (Z) s Apsss (Z) s ApsGes (5) :
t t t
AM (5) ,AL(;@) (5) 7AW (Z) )
t t
Apscse—n ( >,ADf(—3z,—w> (5) Apscaea (5),
t t
AM Py 7ADf(g,%) (t) 7ADf(ac,%) -1,
2 — 2

t
App-g,-2) (), Apss-g) (5) }
> M(z,t)

|~

\)

for all x € X \ {0}. From this, we have

Tt xz t
Af(a:)—Jf(m) <E> >M <§7a> > M(z,t)

for all z € X\{0}. It means that d(f, Jf) < L < co by the definition of
d. Therefore according to Theorem 3.1, the sequence {J" f} converges
to the unique fixed point F' : X — Y of J in the set T' = {g €
S|d(f,g) < oo}, which is represented by

rov= i (2 (3 1 (50)) + 5 0 52) =1 (50)

for all x € X. Since

d(f,F) <

the inequality (3.2) holds. Next we will show that F' is a general
quadratic . Recall that the inequality (3.3) holds for all z,y € X \ {0}
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and n € N. The first four terms on the right hand side of the inequality
(3.3) tend to 1 as n — oo by the definition of F'. Now consider that

Apynf(z,y) (%) ZTM{Azzn—lDf(;ﬁ”z%) (%) ,AQQn,lDf(%,%#) (é) :
o () e (222).
e (2] 5 (2

which tends to 1 as n — oo by (RN3) for all z,y € X \ {0}. Therefore
it follows from (3.3) that

ADF(:r,y)(t) =1

for each z,y € X \ {0} and ¢ > 0. By (RN1) and Lemma 3.2, this
means that DF(z,y) = 0 for all x,y € X. It completes the proof of
this theorem. O

Now we have a generalized Hyers-Ulam stability of the general qua-
dratic functional equation (1.2) in the framework of normed spaces.
Let A,(t) = m Then (X, A, 7a) is an induced random normed
space, which leads us to get the following result.

COROLLARY 3.4. Let X be a linear space, Y be a complete normed-
space, and ¢ : (X \ {0})? — [0, 00). Suppose that ¢ satisfies one of the
following conditions:

(i) ap(z,y) > ¢(2x,2y) for some 0 < a < 2,
(ii) ¢(2x,2y) > ap(x,y) for some 4 < «
for all z,y € X \ {0}. If f : X — Y is a mapping such that

[Df(z,y)|l < p(z,y)

for all x,y € X \ {0}, then there exists a unique general quadratic
mapping F : X — Y such that

11<I>(m) 'f t' ﬁ :

5—a) U satisfies (i),
1f(2) — F@)] < { oo

—i if ¢ satisfies (ii)
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for all z € X \ {0}, where ®(x) is defined by

®(r) = max {@(Qm, 2x), o4z, z), p(3z,x), p(2x, ), p(z, x), p(—2x, —2x),

o(—4dz, —x), o(—3z, —x), 2¢0(—2z, —x), p(—x, —1),

o(5:5) 2(:5) (- 55) (- 3) |

Moreover, if 0 < a < 1 and ¢ is continuous on (X \ {0})? under the
condition (i), then f is itself a general quadratic mapping.

Now we have Hyers-Ulam-Rassias stability results of the general
quadratic functional equation (1.2).

COROLLARY 3.5. Let X be a normed space, p € R\[1,2] and Y a
complete normed-space. If f: X — Y is a mapping such that

1D f ()l < =] + llyll”

for all z,y € X \ {0}, then there exists a unique general quadratic
mapping F : X — Y such that
11(4P+1)||=]|?

If(2) — F(a)] < { i

SOy > 9
for all x € X \ {0} and f is itself a general quadratic mapping if p < 0.

Proof. If we denote by ¢(z,y) = ||z||” + ||y||P, then the induced
random normed space (X, A, 7y) holds the conditions of Corollary
3.4 with a = 2P. O

if0<p<1,

COROLLARY 3.6. Let X be a normed space, p+q € R\[1,2] and Y
a complete normed-space. If f : X — Y is a mapping such that

1Dz, )| < P ly[|?

for all z,y € X \ {0}, then there exists a unique general quadratic
mapping F : X — Y such that

. + .
(% if0<p+g<landp<gq
11-4P ||| P +9
PR
7o[|2w||P e
Tlzel

7.4P HIHp+q
\ (2p—4)2p

/(@) - F@)| < Hospha<taondasp
x)— F(2)| <
ifp+q>2andp<gq

ifp+q>2andq<p
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for all x € X \ {0} and f is itself a general quadratic mapping if
p+q<O.

Proof. 1f we denote by ¢(z,y) = ||z||P||y||?, then the induced random
normed space (X, A, 7y) holds the conditions of Corollary 3.4 with
o = 2PTa, 0
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