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THE EXTENDIBILITY OF DIOPHANTINE PAIRS WITH
PROPERTY D(-1)

JINSEO PARK

ABSTRACT. A set {a1,as,- - ,an,} of m distinct positive integers is
called a D(—1)-m-tuple if the product of any distinct two elements
in the set decreased by one is a perfect square. In this paper, we find
a solution of Pellian equations which is constructed by D(—1)-triples
and using this result, we prove the extendibility of D(—1)-pair with
some conditions.

1. Introduction

Let n be an integer. A set {aj,as, - ,am,} of m positive integers is
called a Diophantine m-tuple with the property D(n), if the product of
any two of them increased by n is a perfect square. The set called simply
D(n)-m-tuple. For the case n = 1, Fermat [3] first found the Diophantine
quadruple {1,3,8,120}. This set is called Fermat’s set. Euler found
that the number 777480/8288641 makes the Fermat’s set to rational
Diophantine quintuple. Actually, Diophantus found the Diophantine
quadruple {1/16,33/16,17/4,105/16} which consists of distinct rational
numbers. In 1969, A. Baker and H. Davenport proved that the D(1)-
triple {1,3,8} cannot be extended to a Diophantine quintuple. This
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result was generalized by Y. Fujita [9], who showed that the set {k —
1,k + 1} for an integer k cannot be extended to a D(1)-quintuple.

Let us consider about the importance of extendibility of D(1)-triple.
We can find the answer in the relation with the elliptic curve. We have
to solve the equations

ar+1=0,bx+1=0, cx+1=01

to extend the D(1)-triple {a,b,c} to D(1)-quadruple. Hence, we have
the equation
E:y? = (ax +1)(bx + 1)(cx + 1),

which is the elliptic curve by the product of three equations. If we prove
the non-extendibility of D(1)-triple then it suggests that there exist only
finitely many integer points on F induced by some D(1)-triples. For
example, A. Dujella [5] proved that the elliptic curve

Ey:y*=((k— Dz +1)((k+ 1)z +1)(dkz + 1)
has four integer points
(0,£1), (16k® — 4k, £(128k° — 112k* — 20> — 1))

under assumption that rank(FEy(Q)) = 1. There are various papers
which contain the similar results [6,10]. Hence, it is important not only
how to prove the extendibility of D(1)-triple but also which cases are
proved. A folklore conjecture was that there does not exist a D(1)-
quintuple. Recently, the conjecture has been proved by B. He, A. Toghé
and V. Ziegler [12].

In the case n = —1, the conjecture is that there does not exist D(—1)-
quadruple. The case n = —1 is related to an old problem of Diophantus
and Euler. Diophantus studied the problem of finding numbers such that
the product of any two numbers increased by the sum of these gives a
square, that is

ry+r+y=(x+1)(y+1)—1=0.

We see that the problem of finding integer m-tuples with the above
property is equivalent to finding D(—1)-m-tuples.

It is known that some particular D(—1)-triples cannot be extended
to D(—1)-quadruple. In 1985, E. Brown [2] proved that the set {1,2,5}
cannot be extended to D(—1)-quadruple. Also, Mohanty and Ramasamy
proved the extendiblity of D(—1)-triple {1,5,10}. Furthermore, the ex-
tendiblity of the sets {1,2,145}, {1,2,4901}, {1,5,65}, {1,5,20737},
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{1,10,17}, {1, 26,37} to D(—1)-quadruple proved by Kedlaya [13]. The
important result of the extendiblity of D(—1)-m-tuple was proved by
A. Dujella and C. Fuchs [7]. They proved that there does not exist a
D(—1)-quadruple {a,b,c,d} with 2 < a < b < ¢ < d. This means if
{a,b,¢,d} is a D(—1)-quadurple then a = 1, b > 5 and obviously b
should have the form o? + 1 for an integer a.

Let F} be the k-th Fibonacci number which defined by Fy =0, F} = 1
and Fj, o = Fyy1 + Fi. The aim of this paper is to give a solution of
Pellian equations which is constructed by D(—1)-triples

{17 F22k+2 + 174F24k+2 + 1}
and
{1, FS o+ 1, (4FS) 1 — 4F5 5 + 3Fo0 — 1)? + 1}
According to these results, we prove the extendiblity of D(—1)-pair
{17 F22k;+2 + 1}

with some conditions.

2. Preliminaries

2.1. The properties of third elements. Let {1,b, ¢} be a Diophan-
tine triple with the property D(—1) and 1 < b < ¢. Then there exist
positive integers r, s,t which satisfy the following equations

b—1=7r% c—1=5% bec—1=t%.
Eliminating ¢ from these equations, we obtain the Diophantine equation
(1) t?—bs>=b—1=r?
and easily find the form of solutions of equation is

(t + s5Vb) = (to + 50VD)(20 — 1 + 2rVb)".

From the definition of s, we find the form of third elements ¢ = ¢, of
Diophantine triple with the property D(—1), that is,

Cy

— 4lb[(t0+so\/E)Q(Qb—1+2¢E)2”+(t0—30\/5)2(25—1—2\/5)2V+2r2+4].

The equation (1) has at least three classes of solutions belonging to
(to,s0) = (r,0),(b —r,=(r — 1)). We call a positive solution (¢,s) of
equation (1) regular if (¢,s) belongs to one of these three classes. The
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following theorem gives us the upper bound of third elements ¢ in the
Diophantine triple with the property D(—1).

THEOREM 2.1. [8, Theorem 1] If {1,b,c,d} with b < ¢ < d is a
D(—1)-quadruple, then ¢ < 9.6b*.

2.2. The fundamental solutions of the Pell equations. We have
to solve the system

(2) d—1=2% bd—1=9* cd—1=2°

to extend the Diophantine triple with the property D(—1) to the Dio-
phantine quadruple with the property D(—1). From the equations (2),
we obtain the following system of Pell equations

(3) 2 —crt=c—1
(4) bz? —cy? = c —b.

Using the following theorem, we get the fundamental solutions of Pell
equations.

LEMMA 2.2. [6, Lemma 1] If (z,x) and (z,y) with positive integers
x,y, z are solutions of (3) and (4), respectively then there exist integers
20, To and zy,1y;, with

1. (20, %0) and (z1,y1) are solutions of (3) and (4), respectively.
2. the folliwng inequalities are satisfied:
(5) lzo| <5, 0 <2z <e,
(6) lyi| <t, 0 <z <eg,
and there exist integers m,n > 0 such that
(7) ztave = (20+zVe)(s + V),
(8) Wh+yve = (Vb4 yve)(t + Voe)™
By (7), we may write z = v,,, where
(9)  wo = z0,v1 = (2¢ — 1)2¢ + 25cxq, Vypr2 = (4¢ — 2)Vpms1 — Vg,
and (8), we may writhe z = w,, where
(10)  wo = z1, w1 = (2bc — 1)z1 + 2tcyr, Wpmio = (4bc — 2)wy, 11 — Wy,

Our system of equations (3) and (4) is thus transformed to finitely many
equations of the form z = v,, = w,. Moreover, we have the following
properties.
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LEMMA 2.3. [6, Lemma 2] If v, = w,,n # 0 then
1. m=n (mod 2),

2.n<m<2n,

3. m%zg + smxy = bn’z; + tny; (mod 4c).

2.3. Congruence relation between solutions of Pell equations.
From (9) and (10), we have the following congruence equations by in-
duction.

LEMMA 2.4. [7, Lemma 2|

U = (=1)™(20 — 2em?*z — 2csmay)  (mod 8c?),
w, = (=1)"(z —2bcn?z — 2ctny;)  (mod 8¢?).

It is natually to ask when does v,, = w, have a solution and if there
exists a solution then what values are possible. The following lemma
gives us the answer.

LEMMA 2.5. [6, Lemma 5] Let the integers 2o, 21, To, Y1 be as in Lemma
2.2. If c < b’ then

Z20=21=58,290=0,yp = EVb—1==r

By Theorem 2.1, we know that the set {1, b, ¢} can be a D(—1)-triple
when ¢ < 9.6b*. Therefore, the fundamental solution of Pell equation is
as expressed in the Lemma 2.5.

2.4. Some theorems for applying the reduction method. From
(7) and (8), and sum of their conjugates, respectively, we have

i = 30+ VR (s + VO + (0 — 20/ — VO],
w, = QLﬂKw@ +V2)(t+ VB0 + (Vb — 11 V/E) (t — Vo)™,

Hence, we transform the equation v,, = w, into the following inequal-
ity.
LEMMA 2.6. [6, Lemma 11] If v,, = w,,n # 0 then

b+
0 < 2nlog(t + \/%) —2mlog(s ++/c) + log(S\/_—b\/E) < (3.96bc) .,

2v/b
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THEOREM 2.7. [1, p.20] For a linear form
A= pilogay + -+ filogay # 0

in logarithms of | algebraic numbers «y, ao, ..., q; with rational coeffi-
cients By, Ba, ..., 0, we have

log |A| > —18(1 + DN (32d) 2R (1) - - - W () log(21d) log 3,
where 8 := max{|1],.... |41}, d = [Qan, - ) : Q] and
h' () = émax{h(a), |log ], 1}
with the standard logarithmic Weil height h(«) of a.
LEMMA 2.8. [7, Lemma 5] Suppose that M is a positive integer. Let
p/q be the convergent of the continued fraction expansion of k such that

q > 6M and let € = ||uq|| — M - ||kq||, where || - || denotes the distance
from the nearest integer.

1. If € > 0 then there is no solution of the inequality
(11) O<nk—m-+pu<AB™"
in integers n and m with

log(Ag/e)
log B
2. Let r = |pug + %j If p— q+r = 0 then there is no solution of
inequality (11) in integers n and m with

1 A
ax —og(3 q),l <n<M.
log B

<n<M.

3. The extendibility with fundamental solution (r,0)

3.1. The lower bound of n. To find the extendibility of D(—1)-pair
{1, F3, ., +1}, we should find which case ¢ makes D(—1)-pair to D(—1)-
triple {1, F3, ., + 1,¢}. The extendibility of D(—1)-triple {1,2,¢} is
proved by A. Dujella in [4], we may assume that k& > 1, that is F3,  ,+1 >
10. Using the Theorem 2.1, we obtain the case of third element belonging
to the D(—1)-triple {1, F3 ., + 1,c}.
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LEMMA 3.1. Let {1,Fj ., + 1,¢} is a D(—1)-triple with the funda-
mental solution (r,0). Then the third element ¢ > Fy,_, + 1 is only

APy n + 1.

Proof. As mentioned before, the form of third element ¢ = ¢, is

1

¢ 4b[(t0+50\/_) (20—1+2Vb)? + (to—s0VD) 2 (2b—1—-2VD) > +-2r2 +-4].
If the fundamental solution of Pell equation is (r,0) then ¢ can be ex-
pressed by

1
ul 2020 = 1+ 2VD)% + (2b — 1 — 20VD)*) + 2% + 4].
Since if v = 0 implies ¢ = 1, we may assume that v > 1.
l.v=1
In the case of v = 1, we get the form of third element ¢ = ¢ is
4F24k+2 + ]-7

and we easily find that 4Fy, ., + 1 < 9.6(Fg,., + 1)%.
2.v>2
In the case of v > 2, we get the lower bound of third elements c is

16y o(2F5 0 + 1),

but this lower bound is greater than 9.6(Fj, , + 1)*. Therefore,
these third elements cannot be extended to D(—1)-triple to D(—1)-
quadruple. Hence, the only possible c is

AFpn + 1.

c=c¢, =

]

The next lemma gives us the lower bound of n. This lower bound will
be used in the reduction methods.

LEMMA 3.2. Let ¢ = ¢; = 4F3,_, + 1. Then if the equation v, = w,
has a solution with n > 2 then

1
n> 2, —1- 2.

Proof. Using the lemma 2.3, we have the congruence equation

2F22k+2( — (F3 skre T 1N %) = nF2k+2(2F23k+2 + Foryo)  (mod 4c).
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Moreover, since ged(Fy o, ¢) = 1, we have

2(m* — (Fay0 + 1)n*) = £n(2F5,_, + 1) (mod c).
This means
2(Fyp ot )N*£(2F5 o+ 1)n—2m> > 2(F5, o+ 1)n°—(2F5, o +1)n—8n* > 0,
since 2 < n < m < 2n. Therefore, we have
2(Fgi0 + 1)0° + (2F5 o + 1)n —2n° = 2F5,_,n* + (2F5, ., + 1)n > c.
This inequality shows that

1 2F2 ., +1
(m@H+mm+§f——ﬁ%L—>a
This implies n has the lower bound
c 1 1
> o — = > /2F2  ,—1——.
"N eR 1 2 2k-+2 2
Hence, we have the desired result. O

3.2. The Theorem of Baker and Wistholz.
LEmMA 3.3. Ifv,, = w,, n # 0 then

svVb =+ ry/c
sVb
Proof. Using the Lemma 2.5 with the solving the recurrences (7) and
(8), we get

vn = Slls+ VR (s = VO,

_ svVbEry/e 2n _ 2n
w, = 2—\/5[(15+\/E) + (t — Vbe)™).

0 < 2nlog(t+Vbe) — 2mlog(s ++/c) +log < 0.625(bc—1)"".

Let

P:s@+vam,c}:ﬂ@%§@@+v%wa

The equation v, = w, implies

c—b,

b9

P+(c—1)P1'=Q+

From this equation, we have

P-Q=

C

;bQ*—wc—1ﬂ*%<@—1xP—Qﬂf%rP



The extendibility of Diophantine pairs with property D(—1) 547
Since P > c—1 and ) > 2¢ > 2, we have () > P. Furthermore,
P>Q—(c—1)P'>Q—-1

which implies that

Q—P _ 1
0 <Q1§§
These means
Q . P Q-P,_Q-P_Q-P,
O<logF——log@——log(1 0 ) < 0 + ( 0 )°.

From this inequlity, we have the following result in our situation.

Q 1 1 2 2v/b L
0 < log=<=4+—=<==—-——(t++Vbe)™"
BP0 TG sl )
2v/b 8F} o +8
— o (Vb — 1) < 2T (pe— 1)
svb — 7“\/5( ) A(4F5 0 — 1)( )
F2i0t1 1.25

(be —1)™" < ——(bc — 1)™" = 0.625(bc — 1)™".
2(F22k+2 - 1) 4

]

Now, we apply the theorem of Baker and Wiistholz. We consider the
equation v,, = w,. By applying the theorem, we have [ = 3,d =4, B =
2m, where

ar = (t+Vbe)? = 2be — 1+ 20V,
ay = (s4++/c)? =2c—1+2s/c,
svVb =+ ry/c

svb

Then we obtain the following equations by aq, as, as.

3 =

ai —2(2bc — 1)ay; +1=0
a5 —2(2c—1)ay+1=0
b(c—1)a3 —2b(c — 1)az +c—b=0.
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Therefore,

, 1 1
h'(ay) = ) logay < ) log(4bc),

1 1
B (o) = §log g < 510g(4c),

1. svb+rye 1
W (as) = = log Y2 TIVE - 2 pg0
(a3) = 5 log === < 5 log2
and

1 1 1
log |A| > —18 - 413%(32 - 4)55 log(4bc)§ log(4c)§ log 2log 24 log 2m.

Since
log 0.625(bc — 1) < log(be — 1) < (—n + 1) log(bc),
we have
n—1
12 64 - 10" log 4c.
(12) 1og4n<66 0" log 4c

1. In the case vy, = wo,, we get the inequality

2y/2F2 .o — 1 —2 < 2.66 - 10" log(2.12Fyy42)) log(5.66 Foy2)

from the inequality (12).
2. In the case vo;, 11 = wopn11, similarly as above, we get the inequality

2y/2F2, .o — 1 —1 < 2.66 - 10" log(2.12Fyj12) 10g(5.66 Foji2).

From these inequalities, we obtain the following results
Fopyo < 1.76 - 10", ¢ < 3.84-10™.

Since Fj, = (¥ — a*)/v/5, where a = (1 +1/5)/2 > 1.618, we have the
following inequality from Fibonacci numbers

(13) (1.618)% < ()* = a* + /5 - Fy.
We can find the following upper bounds
n <5.05-10"% k<43,

using the inequalities (12) and (13), respectively.
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3.3. The reduction method. Now dividing logarithmic inequalities
from Lemma 3.3 by log as leads us to the inequality

O<nk—m+pu<AB™,

where

1 1 0.625
o og ap _ logas 1

~ logas’ M_Qlogcw’ ~ 2log ay’ B = (be—1).

We apply Lemma 2.8 to the logarithmic inequality with M = 1.01- 10
and we have to examine 2 - 43 = 86 cases(the doubling comes from the
signs £+ in «g). The program was developed in PARI/GP running
with 150 digits. For the computations, if the first convergent such that
q > 6M does not satisfy the condition € > 0 then we use the next
convergent until we find the one that satisfies the conditions. Then we
have the following results.

TABLE 1. Results from PARI/GP running

Sign of a3 Use the next convergent Upper bounds of n

+ sign 0 case )

— sign 0 case D

After few steps of reduction in all cases, we get n < 2. Therefore, we
have the following first main theorem.

THEOREM 3.4. Let k be an integer. Then the system of Pellian equa-
tions

?JQ - (F22k+2 + 1)x2 = F22k+27
2’ — (4F24k+2 + 1)372 = 4F24k+2

has only the trivial solutions (z,y,z) = (0, £Fayy0, £2F5, ), where F},
is the k-th Fibonacci number defined by Fy = 0,F; = 1 and Fjo =
Fry1 + Fi.

Consequently, Theorem 3.4 gives

COROLLARY 3.5. Let k be an integer. Then the set {1,F3 ., +
1,4Fy, ., + 1} cannot be extended to a D(—1)-quadruple.
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4. The extendibility with fundamental solution (b—r,+(r—1))

4.1. The lower bound of n. In this section, we consider the ex-
tendibility of D(—1)-triple {1, F3,_, + 1,¢}, where ¢ is induced by the
fundamental solutions (b — r,+(r — 1)). The following lemma gives us
the answer for the possible cases of c.

LEMMA 4.1. Let {1, F},,+1,c} be the D(—1)-triple with the funda-
mental solutions (b —r,%(r —1)). Then the third element ¢ > Fy,_ ,+1
is only

(4F23k+2 - 4F22k+2 + 3Fopk12 — 1)2 + 1.

Proof. We already find the form of third elements c is
1
c, = 4—b[(t0+30\/5)2(25—1+2\/5)2”+(t0—50\/6)2(25—1—2\/6)2”+2r2+4].
If v > 2 then the lower bound of ¢ is greater than 9.6(F3;,_,+1)*. Hence,
we may check the cases v < 1.

1. If v = 0 then we have D(—1)-triple {1, F3, ., + 1, (Fopso — 1)+ 1}.
This case is proved by B. He and A. Toghé in [11].
2. If v = 1 with the fundamental solution (b—r, —(r—1)) then D(—1)-
triple has a third element (Fy, o+ 1)?+ 1. This case is also proved
in [11].
Lastly, if » = 1 with the fundamental solution (b — r, (r — 1)), then the
third element ¢ of D(—1)-triple {1, F5,_, + 1,c} is
(4F5jsp — 4F5 4o + 3Fopyo — 1)* + 1.
Therefore, we have the desired result. O

From the third element ¢, we have the following result
r=Fopro, s=4Fy 5 —AF5 o+ 3F 0 —1,
and
t=4Fy 5 — 4F5 o +5F 0 — 3F + 1.
Let us consider the lower bound of n. The lemma gives us the answer.

LEMMA 4.2. Let c = ¢, = (411723,6+2 — 4F22k+2 + 3Fh,40 — 1)+ 1. Then
if the equation v,, = w, has a solution with n > 2 then

4
n>\/E

~ Fogo
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Proof. Using the lemma 2.3, we have the congruence equation
(14) S((Fypin + 1)n* —m?) = Fntr  (mod 4c).
We assume that n < {/c/Fo 2. Then we have

$((Fayn + 1)n* —m?) < Ve on® < Fy p\/e(Ve/ Farga)? = ¢,
and since ¢ > F2k+2<7@_3,

ntr < nFyppay/ (Fa 0 — 1)c < nFQQHQ\/E < F2k+2\4/g < c.
This means
(15) S((F3yo +1)n° —m?) = ntr,
since m < 2n. From (14), we also have
S’ ((Fain + 1)n* —m?)* = (ntr)*  (mod 4c).
Since s =t = —1 (mod ¢), the congruence equation becomes
(Faio + 1)n* —m?)? = n*r*  (mod c).
The left side of congruence equation becomes

<<F22k+2 + 1)”2 - m2)2 < F24k+2n4 < F24k+2 (F—
2k+2

and the right side of congruence equation becomes
n*r? < F22k+2 (£)2 <ec.
Fopyo
Hence, we have
(16) ((Fgio + 1)n* —m?)? = n*r?.
From (15) and (16), we have t* = s* which is a contradiction. Therefore,

we have desired result. O

4.2. The Theorem of Baker and Wistholz.
LEMMA 4.3. Ifv,, = w,,n # 0 then

svVb =+ ry/c

0 < 2nlog(t+Vbe) —2mlog(s ++/c) +log 7
S

< 0.028(bc—1)"".
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Proof. The proof follows along the same line as that of Lemma 3.3.
In this case, we have

Q_1,1 _2_ 2vb L
R A Rt I AR L
2vb

F +1
2v/bc — n ~ 2k+2 bc—1)""
S\/_—T'\/_( ) 4F23k+2 4Fk+2+2F2k+2_1( )
101
——(be—1)"" < 0.028(bc —1)™"

3619

]

By the theorem of Baker and Wiistholz with «q, as, and a3, where
we used in Chapter 3.2, we have the equation (12), since

0.028(bc — 1)™™ < (—n + 1) log(bc).
From the inequatily (12), we have the following two inequalities.
1. In the case vy, = wsy,, we get the inequality
2VAr —4 — 1 < 6.64 - 10" log(2(4r> — 4r* 4 3r)) log(2561),

where r = Foiio.
2. In the case vo;, 11 = wop11, similarly as above, we get the inequality

2v/4r — 4 < 6.64 - 10" log(2(4r° — 4% + 3r)) log(3247),

where r = Fo 9.

From these two inequalities, we obtain the following results
Foryo < 1.55-10%, ¢ < 2.22-10%
Using the upper bound of ¢ and inequality (13), we have
n<1.57-10Y, k<87,

4.3. The reduction method. Now dividing logarithmic inequalities
from Lemma 4.3 by log ay leads us to the inequality
0<nk—m-+pu<AB™",

where
_ logay _ logas A 0.028

= = = B = (bc—1).
log ay’ K 2log ay’ 2log an’ (be—1)

We apply Lemma 2.8 to the logarithmic inequality with M = 3.14 - 10"
and we have to examine 2 - 87 = 174 cases(the doubling comes from



The extendibility of Diophantine pairs with property D(—1) 553

the signs & in «a3). The program was developed in PARI/GP running
with 150 digits. For the computations, if the first convergent such that
qg > 6M does not satisfy the condition € > 0 then we use the next
convergent until we find the one that satisfies the conditions. Then we
have the following results.

TABLE 2. Results from PARI/GP running

Sign of a3 Use the next convergent Upper bounds of n

+ sign 0 case 3

— sign 0 case 4

After few steps of reduction in all cases, we get n < 2. Therefore, we
have the following second main theorem.

THEOREM 4.4. Let k be an integer and
= (4Fy o —AF5 o+ 3Fo0 — 1)* + 1.
Then the system of Pellian equations
Y? — (F3yp +1)2* = F3 )
22— cx? = (4F5 o — AF5 o + 3Fop40 — 1)?
has only the trivial solutions
(2,y,2) = (0, £ Foppa, TAFy 15 — 4F5 45 + 3Fpi0 — 1),

where Fj, is the k-th Fibonacci number defined by Fy = 0, F; = 1 and
Fryo = Fi1 + F.

Consequently, Theorem 4.4 gives
COROLLARY 4.5. The set
{1, FS o + 1, (4FS) 1 — 4F5, 5 + 3Fop0 — 1)* + 1}

cannot be extended to a D(—1)-quadruple.
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