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SOME APPLICATIONS FOR GENERALIZED
FRACTIONAL OPERATORS IN ANALYTIC
FUNCTIONS SPACES

ADEM KILICMAN*' AND ZAINAB E. ABDULNABY

ABSTRACT. In this study a new generalization for operators of two
parameters type of fractional in the unit disk is proposed. The
fractional operators in this generalization are in the Srivastava-Owa
sense. Concerning with the related applications, the generalized
Gauss hypergeometric function is introduced. Further, some bound-
edness properties on Bloch space are also discussed.

1. Introduction

The subject of fractional integrals of any arbitrary complex order
has achieved popularity and attention many of researchers during the
past five decades, this mainly due to its applications in various diverse
and comprehensive fields of science and engineering. In fact, the most
common classical fractional integral operator and its generalizations are
due to Srivastava-Owa on the domain of open unit disk U in the complex
plane C.
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DEFINITION 1.1. For 0 < a < 1 and z € U, the Srivstava-Owa
fractional integral operator of f(z) of order « is defined by

1) e / F(6)(= — € de,

where f(z) is analytic in smlply—connected region of the complex z-plane
containing the origin and the multiplicity of (z — &)™# is removed by
requiring log(z — &) to be real when (z — &) > 0 (see [1,2]).

In 2011, for o and p real numbers, the generalization of the integral
operator (1) was defined by Ibrahim [3] and expressed by the following
form

-« z

@ repe) = TS [ - e
I'(a) 0

After that, for 0 < o < 1land 0 < g < 1, such that 0 < o — § < 1,

Kiligman et al. [4] applied Srivastava-Owa integral operator type frac-

tional (1) to define a new generalized fractional integral operator pre-

sented as follows

(3) £28f(z) = — L 5 / (2 — PP p o) de.

LB (o =

Moreover, based on the equation (3), Kiligman et al. [4] realized some of
the univalence applications that by utilization the Gauss hypergeometric
function and its properties on the unit disk were investigated. While,

Srivastava et at. [5] established generating functions covering the Gauss

hypergeometric function F 7" (

- > B(w’%n’ﬂ(b—i—m,c—b) z™
(4 Eermma,beiz) =Y ( 2 Blc—b) ) (@m-—ys |2l <1

a,b;c; z) and its some special cases

m=0

(min{R(x), R(7), R(w), R(7)} >0, R(c) > R(b) >0, R(p) = 0)
where the generalized beta function B](;w’%'{’ﬂ(., .) is defined by

1 j—
) B ) = [0 (s ) e
0 !

t5(1
where (R(u), R(v), R(w),R(y)) > 0, R(k) > 0,R(7) > 0 and R(p) > 0

As special cases, when x = 7, the functions in (4) and (5) would be
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immediately reduced to those functions introduced by [6] as follows:

Oo B(W,%T)(b +tm.c— b) Hm
(wyy,7) . e R P 9 <
© e =Y (BBl o),

m=0
(min{R(7), R(w), R()} >0, R(c) > RN(b) >0, R(p) =20, [2] <1)
where BS77)(.,.) is the generalized beta function defined by
1 —
7) %“Wmmzfﬂﬂa—WHw(Mm——ﬂ—)w
0 tr(1—1)"

where (R(p),R(v), R(w),R(y), R(7)) > 0 and R(p) > 0. It is clearly
that, when 7 = 1, the equation in (6) reduces to the functions defined
by [7] as follows

—, 2z €,
m!

0 (wyy) m.c — Lm
(8) F[EW’V)(a, b;c;z) == Z(a)m(Bp B((bbt —7b) b)>

m=0

(min{R(w), R(7)} > 0,R(c) > R(b) >0, R(p) = 0)
and BZ(;“”V)(., .) is the generalized beta function defined by [7,8]:

1
Bw») — p=1(1 _ -1 g .__~Db
© B = [0 (vt )

where (R(u), R(v), R(w),R(y)) > 0 and R(p) > 0. Moreover, when
w = 7, the equation in (9) reduces to the extended beta function B, (y, v)
due to Chaudhry el at. [9],
(10)
1 J—
By(,0) = / P11 — 1)L exp (PN dt, R(p) > 0,R(v) > 0.
0 t(1—1)
Obviously Béw"’) (n,v) = B(()%W) (u,v) = B(u,v) is the Euler’s beta func-
tion given by

(11) B(p,v) = /01#“(1 —t)tdt,  R(u) >0, R(v) >0

and FO(‘M) = FO(%V) = ,F) is the Gauss hypergeometric function given
by [10]:

m

I

(@)m (B)m

0 (©)m

WE

(12) JFi(a, by 5 2) =

' )

3
I
3
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where (9),, is the Pochhammer symbol defined by:

1 ;(m =0, 0€ C\{0})
F —|— m ) )
<mm:—%GTl—{g@+n~«@+m—m (m=neN;0€C)
where N denotes the set of the positive integers numbers and it is known

Many applications demonstrated the influence and importance of the
generalized Gauss hypergeometric function Fi“?™ and their special
cases in various areas of mathematical, physical, engineering, and statis-
tical sciences. In the current sequel, we define new generalized integral
and differential operators of two parameters type fractional and then
investigate some of their geometric and boundedness properties on ana-
lytic spaces. The family of generalized Gauss hypergeometric functions
77 5 also considered to provide some applications at this point.

2. Fractional integral operator

This section aims to define a new generalized fractional integral op-
erator of two parameters in the integral setting.

DEFINITION 2.1. For 0 < p, 0 < a < 1 and 0 < 8 < 1 such that
0 < a—p<1,let f(z) be analytic in a simple-connected region con-
taining the origin. The generalized fractional integral operator of two
parameters £ is defined by:

o (L+p)" () 4o (7 7HN(@)
(13) LIPPf(2) = NONCE ! /0 o _tp+1)1_a+ﬂdt, zel.

Note that, in case p = 0, the equation in (13) reduces to the fractional
integral operator defined in (3).

EXAMPLE 2.2. Let f(z) = 2™, m € R, then
(p+1)* T (™52 (a)
D(BT (L + o — )
for some R(p) >0, R(m) >0,0<a <1,0<p <1, and for all |z| < 1.

(14)  cpoe(r) =

Y
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Solution. Let
(14 p)" 2T (a
(B (a—pB)

then by using the substitution s = (ﬁ)pﬂ, we have

z
L?ﬂ,pzm — )Zl—a/ tp-i-ﬁ—i—m—l(zp—&-l o tp+1)oz—ﬁ—1dt7
0

Lbogm = U Pl ® (L) (1 — )21 (zgpT)Stm T 2ot gs,
e e 1S () el

Now by applying the definition of beta function B(.,.), we obtain
(L4 0)*T(0) o sy Bt m = 1
I3 (a—=p) p+1
—a B+m+
_ (1+p)"°T(a) F( p+1 p) Lpla=B)+m
I'(B) ['(a— B+ 2imte)

p+1

LoBpm +1,0-8)

In fractional calculus, the fractional differential operators are derived
by making use fractional integral operators for example see [11-13]. Here
we define a new fractional differential operator by using fractional inte-
gral operator given by (13) in U. A new generalization of the frac-
tional differential operator is based on the observation that, for 0 < p,
0<pB<land 0<a<1,suchthat 0 <a—f <1, we obtain

(149! PT(a) o [7 & 10(E)
r'B)I'(a—pB) 2! /0 (21 — €p+1)17a+,8d£7 2| < 1.

Formally, equation (15) can be solved by changing the variables z into £
and £ into s respectively. In addition, multiplying both sides of equation
(15) by the factor (2Pt — £PH1)P~ and integrating, we have

/ - £rdg /5 sPTP-1(s5)ds
0 (Zp-i-l _ £p+1)a—,3 o (gp—i—l _ Sp+1)1—oz+5
_ (L4 p)*PI0(B) (- B) /'Z grramlf(€)de
- (o) o G e

thus the Dirichlet formula, implies that

z 3 z é-pdé-
/0 77 ISO(S)dS/S (zpF1 — gptl)a=B(gptl — gotl)l-a+p
_ (@4 p) (B (o — B) / grrelf(§)dg
o (

F(a) ZP+1 — €P+1)Oé_ﬁ ’

(15)  f(z) =
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By setting £°! = sPH (2Pt — st and (p+1)£PdE = (2P — 5P du,
we obtain
- +1 +1\5 +1 +1ya—f-1 [t weht
p(p+1 _ ept\B—areptl _ ptlya—B—1 ¢ _ - L
J A e e e e =
=(1+p)'Bla—pB,1-a+p)
=(1+p) 'T(a-pr1 —a+p),
where B(-,-) is the beta function. Consequently, we have

Bt (4 p*fT(B) [P el f(e)de
00 7= a5y e

Hence after differentiation equation (16), we obtain

1 a=AT d [7 gl d
(17> @(Z) — ( + :0) (5) Zlfﬁfp_ f f(g_) 5
Fa)I'(1 —a+ pB) dz J, (2 =& h
From (17), we aim to present a new generalized fractional differential
operator which is very closed to operator defined by [14] as follows:

DEFINITION 2.3. For 0 < p, 0 < o < 1 and 0 < 8 < 1 such that
0 <a-—pf<1,let f(2) be analytic in a simple-connected region con-
taining the origin. The generalized fractional differential operator of two
parameters 7.%%* is defined by:

(18)

a8, (4 PTB) (s, d [F ()
ToBrf(z) = T(@T(—a<t5) (zl B pdz) /0 (o 7tp+1)ocf,3dt’ zeU.

Note that, in the case p = 0, the equation (18) undeviating reduces to
fractional differential operator studied in [12,13].

EXAMPLE 2.4. Let f(z) = 2™, m € R and |z| < 1, then

a—B1(mtatp
1g)  gooeen = YV EGTTO) oariprm,

D(a)D(ZE22 — o+ B)

Now, we are ready to assert and demonstrate the following properties
for the functions f type of analytic in the open unit disk U.

THEOREM 2.5. (Inverse property) Let 0 < a < 1 and 0 < 8 < 1 such
that 0 < o — 3 < 1, then

(20) (TP L) f(2) = f(2),
for 0 < p and |z| < 1.
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Proof. By using Fubini’s theorem and Dirichlet technique, adding to
the direct integration, we have

(To0L220) (2)

(P i 1)2’1_6_9 d ’ p p+1ya—LB1p ! 3p+5_1f<5)d8dt
Fla=pI'(l—a+ 6)5/0 (7 =) /S (tP+] — spt1yap
— (p+ 1)z d [ 5 b (gpt) — gptl)oab
CT(a=-Br(l-a+ 5)@/0 s 1f<$)/S (tot1 — Sp—i—l)a—ﬂtpdtds
_ (15 d [* s

T Ta—pr(l—a+ 5)@/0 s"Pf(s) - T(1— a4 B)(a — f).

It is clear here that the inner integral is evaluated by the change of
(trH! — spt

variable u = m, and using beat function
1 6 — el
(21) B, ) = [y u* (1 —u)’tdu= FF((JE%).
Thus supplementing the proof of Theorem 2.5. O]

THEOREM 2.6. ForO <pand0<pu<1l,let0<a<land0< <1
such that 0 < o — <1l and 0 < f —u <1, then

(£250L50) f(2) = L2901 (), ]3] < 1.
Proof. The proof is clear as in the proof of Theorem 2.5. n

3. Analytical applications

Recently, many authors have been presented various extensions of the
fractional operators in the open unit disk U, so here we aim to define
a new extended fractional integral operator involving the generalized
hypergeometric function type F5°7"*™) and introduce some of its prop-
erties. For this propose, we apply generalized integral operator type
fractional £+ defined by (13) as follows:

THEOREM 3.1. For 0 < p, 0 < o < 1 and 0 < 8 < 1, such that
0<a—p<1,let 9,4 qn-(2) be a function defined by

Vpwmmr(2) =2 FIS“’%“’T)(CL, b;c; z)

(min{R(x), R(7), R(w), R(v)} >0, R(c) > R(D) >0,p >0, |z| < 1)
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then
E?,B,pgp’wmm(z) =(p+ 1)a—5 (a—=B)p+1
By D (b m, ¢ — b)B(™EHEEL o — ) ()

22 x A m m
#2) mZ:O B, e~ 0 BB, a- ) m
Proof. Let
> B(w’%m)(b +m, ¢ —b) ZmH
04757019 — a,f,p /4 ) <~
B Dpioi(2) = L5 (;0 ( B(b, ¢ — b) ) @

B (bt m, ¢ — ) (@) [ s mat
- B(b, ¢ —b) m! (C ol ﬂ)'

m=0

Now, by taking advantage of Example 2.2 with m replacing m + 1, we
have

LEPPY, 17 (2)
(p+1 a- ﬁr i BY " (b4 m, ¢ — b)
— B(b, c—b)
m+p8-1
o F( p+1 +1) (a)mz(a_ﬁ)p+m+1
F(m;rfll-i-ot B+1) m!
( )’Y?HT) _ m+,8+p o
= (p+1)*7"2 ﬁ)p+1z (b4 m,c DB B) (@m
B(bac_b)B(ﬂva_B) m!
]

REMARK 3.2. If Kk = 7 in (22), then we have the following result.

COROLLARY 3.3. For 0 < p, 0 < a <1 and 0 < g < 1 such that
O<a—p<1,

£390(2) =(p 4 1)l
) w”/T)(b+m c_ b)B(quBer’ a—f) (a)

p+1 m _m

29) LT B e-hBGa-5
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REMARK 3.4. Letting 7 = 1 in equation (23), we have the following
consequence.

COROLLARY 3.5. For 0 < p, 0 < o« <1 and 0 < 8 < 1 such that
0<a—-p<1,

LI, 04 (2) =(p + 1)* P27t
< B (b+m, ¢ — b)B(™EL o — B) (q)

p+1 m _m

(24) X Z B(b, c—0)B(B. a—B) ml

REMARK 3.6. ObVlously, upon setting w = v in equation (24), we get
the following outcome.

COROLLARY 3.7. For 0 < p, 0 < a < 1, and 0 < 8 < 1 such that
0<a—-p<1,

LIPPY,(2) =(p + 1)‘“5 AaPet
L(b+m, ¢ — b)B(™EE2 o — B) (q)

p+1 m _m

(25) XZ B(b.c—b)BB,a—5)  ml -

REMARK 3.8. In the case of p = 0 in the equation (25), we have the
following conclusion corollary for Theorem 3.1.

COROLLARY 3.9. For 0 < p, 0 < a <1 and 0 < 8 < 1 such that
0<a—-p<1,

L27700(2) =(p + 1) 200
© (@) (b)m B(™EEEL o — ) ym

(26) X Z Zam

e (OmBB,a—p)  ml

It is clear that the results become comparatively more substantial from
the applications in viewpoint this happens whenever a generalized Gauss
hypergeometric function reduced to the Gauss hypergeometric function
and its special cases.

4. Univalency applications

Let A be the classes of all analytic functions f given by the following
form

(27) f(z)=z+ Z am 2™
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and defined on the unit disk U:={z:2 € C and |z| < 1}. For two

analytic functions f(z) given by (27) and ¢g(2) = z + Z b2 in A, the
m=2

binary operation () denoted by the convolution (or Hadamard product)

of two analytic functions and defined by

(f*9g)(z —z—i—Zammz (g% f)(z) (z€0).

LEMMA 4.1. [15] For two analytic functions f and g in A, we obtain

g * 1Y) = g2 w2 () & (g (=) = 2w (o),

z

In this section, first, we proceed to define extension operator of frac-
tional order in terms of power series by using operator given in (13). For
0<a<land0<pB<1,let £4°7: A — A be defined

I(BT(EEEL + o — B)

pabo (). — ptl S(B=a)ppafpr(

f(z) (0 + Do ST(ZE2)T o) 2P f(2)
00 F 1+8+ Lo — BFm-ﬁ-ﬁ-ﬁ-ﬂ

29 ~+ 3 e
BN + o — f)

p+1 p+1

for p > 0 and z € U. Additionally in term of the Fox-Wright function
we obtain the following fractional integral normalized operator:

) F 1+ﬁ+p +oa— ) (m+ﬁ+p)
a,p, _ p+1 m
£ pf(z) = z+ Z 1+6+p (m—l—ﬁ—l—p +a— ) m<

p+1 p+1
B F(%ﬁ +a—f) i T(m+ D)T(%E +1) Uit i1
= F(1+ﬂ+p) F(m+5+1+a_ﬂ) m/!
o1 m=0 p+l1
1+B+p £
_ P&t ta—5) 2 { (1’1)’(1+p+1’1+p) 2| x f(2)
T Y
P (ra=ft 5 )
[(H2E2 4 o — )
(29) = ( p;( 1+5+p) ) ZZ\III(Z) * f(Z)

p+1
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where oV is the Fox-Wright generalized function defined by [16]:

e}

B (a;, A;) Y, T(a; + mA;) "
plale) =¥ {(b B;) } an T(b; +mB)) ()

and a;, b; are two parameters in complex plane C. A; > 0, B; > 0 for all
j=1,...,q,i=1,...,pand |z| < 1, satisfying

q p
0<1+) Bj—> A
j=1 i=1

As well as, we present a new normalized fractional differential operator
in the open unit disk as follows: for 0 < a < 1 and 0 < 8 < 1, let
Tohr: A — A be defined

a+p+1 —a+ B)F(m+a+p)

(30)  T0f(2) —z—l—z m+a+p o

A,
o+ BT (%)

where p > 0 and z € U. Moreover, in term of the Fox-Wright function
we obtain the following result

D(*8E — o+ f)

o 1
(31> g2 ,ﬁ,pf(z) = p;(a—I—p-i-l) 22\111 * f(2>
o1
where 2\111 = Q\Ill ‘D+1 1+"1’ 2 -
(1 a+6+p+1’1+p)

Ultimately study of the univalence properties, we determine the upper
bounded of the normalized operators given by (28) and (30) respectively
to be bounded in the Bloch space B of those analytic functions f € A
on the unit disk U in the complex plane C, with the norm defined by

||f||zs—sup{1—|2| I ()]}

THEOREM 4.2. Let 0 < p, 0<a <1, 0< <1, and f € A. Then
1£277 f(2)||8 < M || f]l8,

M 1o p)

where Wgwl(z) < M < oo and 9V (2) given in (29).
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Proof. Assume that f(z) € A. It is easy to see that if ¢ € B, then

|81‘1p{1—|z| Na(z)|} < M < oo
z|<1

and let £%* € B and by applying (29) we have

1227 f (2[5 = sup {(1 = =) (£ £(2))'|}

I2<1
< sup {(1 — |2 (F(IZS(T@) 5)22\111('2) * f(z)>/ }

p+1

and by employing Lemma 4.1, we obtain

F( 14+B+p + o ﬂ)

18282 F ()|l = sup {(1 — 2% p;lw 2 Uy (2) * f'(2) }
|z|<1 ( p+1 )

< Ml[fl]s-
[l

THEOREM 4.3. Let 0 < p, 0<a<1l, 0<pg<1,and f € A. Then

[T f(2)lls < M| flls

pt1
l1tatp
L")

F( 1+a+p +a75)

where oW1 (2)| < M < 0o and 9V () is defined in (31).

5. Conclusion

In spaces of analytic functions, we defined new type of generalization
of fractional integral and differential operators of two parameters by
considering the generalized Srivastava-Owa operators. Definitions new
normalized fractional operators are also derived. Some analytic appli-
cations with generalized Gauss hypergeometric function are introduced.
In addition, the upper bounded of generalized fractional normalized op-
erators on Bloch space are determined.
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