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EMBEDDING THEOREMS ON THE FRACTIONAL
ORLICZ-SOBOLEV SPACES

TACKSUN JUNG' AND Q-HEUNG CHOT*¥

ABSTRACT. In this paper we deal with the embedding inclusions on the fractional
Orlicz-Sobolev spaces which are crucial roles for studying the theories of the par-
tial differential equations. We get some properties and theories of the embedding
inclusions on the fractional Orlicz-Sobolev spaces.

1. Introduction and preliminary

Let Q be a bounded domain of RY with smooth boundary 99, s € (0,1) and
p: Q2 xQ — (1,00) be a continuous function. The fractional Sobolev spaces with
variable exponent p(x,y) are defined as:

p(z,y)
WePEw)(Q) = {u € LPE9 (Q)] / / )\p(w |95 — (|137|+pr3/) dxdy < oo, for some A > 0}

endowed with the norm

u(y)|Py)
o) = inf{A > 0] // s |x e dady < 1}

In this paper, we are trying to relax the growth condition on W#*P@¥ and deal with
more generalized spaces on the growth condition than the fractional Sobolev spaces.
When we are trying to relax the growth conditions, we can not formulate with the
fractional Lebesgue spaces and the fractional Sobolev spaces W*P?. We adopt the frac-
tional Orlicz spaces with variable exponent and the fractional Orlicz-Sobolev spaces
with variable exponent as the adequate function spaces. We refer the readers to [4, 9]
and the references therein for the theory of Orlicz and Orlicz-Sobolev spaces. We also
refer the readers to [2, 10] for some results about the fractional Orlicz-Sobolev spaces
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and the fractional N-Laplacian operator. In [3], the authors provide the connection
between the fractional order theories and the Orlicz-Sobolev ones, and define the
fractional order Orlicz-Sobolev space associated to a Young function and a fractional
parameter.

In this paper, we investigate some properties and theories for the fractional Or-
licz space, the fractional Orlicz-Sobolev space and the embedding inclusions on the
fractional Orlicz-Sobolev spaces.

In last years, the fractional Sobolev space and the corresponding fractional Laplace
operators with variable exponent of elliptic type have been interested and researched
by some mathematicians for pure mathematical research and concrete real-world ap-
plications (cf, [9], [7], [9], [12]). These problems arise in applications of natural science,
for example, nonlinear elasticity theory, electro rheological fluids, non-Newtonian fluid
theory in a porous medium and image processing (cf. [3], [10], [13]).

To state main results we need some notations.

Let h be an odd and increasing homeomorphism from R onto R and let H be the
function defined by

H(x) = / h(t)dt for all x € R.
0

Then H is a Young function and also a N-function (We call that H is a Young function
if H(0) =0, lim, o H(x) = 400 and H is convex, and we call that H is a N-function
if H satisfies that H(z) = 0 if and only if 2 = 0, lim, o @ Hix) = +00).
Let H* be the function defined by

H*(z) = /0 Rt (t)dt for all x € R.

The function H* is called the complementary function of H and satisfies
H*(x) =sup{yxz — H(y)| y > 0} for all = > 0.

Then H* satisfies that

i 2@ _g o T

r—0 xX T—00 x

i.e., H* is a N-function. Moreover, by Young’s inequality,
xy < H(x) + H*(y), for all x, y > 0. (1.3)
The Orlicz space Ly (£2) defined by N-function H is the space defined by

Ly (Q) ={u| u:Q — R is a measurable function with

llullz, = sup{/ uvdx| /H*(|v|)dx <1} < o0}
Q Q

Then Ly (2) is a Banach space with a norm |ju||., . We note that the norm |ju||.,, is
equivalent to the Luxemburg norm

Julla = int (> o] [ (") <1,

In the Orlicz space Ly(2), Holder inequality is valid (see [11]): for all u € Ly (),
v € Ly~(€2), we have

/Q woldz < 2l V]l
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In [2], the Orlicz-Sobolev space WL () is defined by

ou

WLi(©) = {u € Lu(Q)] 5

cLu(Q), i=1,...,N}

endowed with the norm

[l = Nulle + [Vl
Then WLy (Q) is a reflexive Banach space. The Orlicz-Sobolev space W, Ly () is
defined by the closure of C§°(€2) in W' Ly (Q). The space W' Lg(Q) is also a reflexive
Banach space. By Lemma 5.7 in [5], the norm ||Vu| g is an equivalent to the norm

llulli.zr in WLy (). For any given 0 < s < 1 and H a N-function, the fractional
Orlicz-Sobolev space W*Lg(€) is the space defined by

WeLu(Q) = {u € Li( //H (L@ |x_“y)|) dody oy

yl* o e —yl¥

endowed with the norm
[wlls.er = Nulle + [uls,a,
where [u]s g is the Gagliardo semi-norm defined by
) u(r) —u(y dxdy
[W]s.r = inf{\ > 0 /Q/QH(l <A|; - y|(s ”),x — <1}.
By [2], for any 0 < s < 1 and H a Young function such that H and H* satisfy that
H(2t) < CLH(t) and H*(2t) < CoH*(t), YVt >0, Cy, Cy >0,

WeLg(RY) is a reflexive and separable Banach space. Furthermore C$°(RY) is dense
in W*Lg(RY) in the norm || - |5z If h(t) = [¢t|"®¥ =%, where r(-) is a continuous
function on Q x Q, (— AV () Un is the fractional r(-)—Laplacian operator with variable
exponent defined by

Ju(z) — u(y)"“Y " (u(@) — uly)) u(z) —uly)
A =P.V. / dy, x e .
=80 PR () = uly)
Let WLy (€2) denote the closure of C§°(€2) in the norm |jul|s z such that
WeLg(Q) ={u € WLyg(Q)|u=0  ae, in RN\Q}.
Let us set
th(t) 0 th(t)
ho = inf —= h” = sup ——=.
" B0 H() 0 H(1)
We assume that
1<h <M<h0<oo vVt >0 (1.5)
0 H(t) fl . .

By Proposition 2.3 of [8], it implies that each H satisfies the As—condition, i.e., there
exists a constant C' > 0 such that

H(2t) < CH(t), t>0.
We also assume that H is a function such that

H:te|0,00) — H(Vt) is convex. (1.6)
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2. Main results

Let 0 < s < 1, h, H, H* be functions, Ly({2) be the Orlicz space, W*Ly(Q2) be
the fractional Orlicz-Sobolev space and WLy (2) be the space defined in Section 1.

Let W @¥)(Q) be the fractional Sobolev space with variable exponent 7(z,y)
defined in Section 1. Let us define the functional A : W*Ly(Q2) — R by

(@) — uly)|, dady
H .
// rm—yr P

Then the functional A is of class C’l(WsLH(Q) R) and
: _ |U W), ulx) —uly) v(z) —vly) dedy
<A = // e

() —u(y)| |z—yl* [z—y¥
= (—A)ju,v >, (2.1)

which is proved in Proposition 3.3 in [11].

LEMMA 2.1. [11] (Generalized Poincaré inequality on the Orlicz-Sobolev space)
Let Q be a bounded open subset of RN, 0 < s < 1 and H be a Young function. Then
there exists a positive constant C' > 0 such that

Nullg < [u]s.m, Vu € WLy (). (2.2)

That is, the embedding

WeLu(Q) = Lu(2)
is continuous and compact. Furthermore [u]s  is a norm of Wi Ly () equivalent to
H ) HS,H'

LEMMA 2.2. [1] Let u € W*Ly(2). Then
a2, < Alw) < fulllho, —if Jullos > 1, (2.3)
lullfho < Alu) < [l
It follows that the embedding
WL () — Who(Q)

if Jull < 1.

s,hg?

1S continuous.

Proof. The proof is given by (1.4) and Theorem 3.11 of [1]. O

THEOREM 2.3. [11] Let Q be a bounded open subset of RN, 0 < s < 1 and H be

a N-function. Let 1 < r(x) < hi = NNhO N > shgy. Then the embeddmg

Ws,ho N L’I‘(CC)
is continuous and compact for all 1 < r(z) < hj. Moreover the embedding
WLy (Q) — L'®

is continuous and compact for all 1 < r(x) < hj. Furthermore there exists a positive
constant C' such that

|ul| e < Clulsm (2.4)
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Proof. Since the embedding W#*" < L"®) is continuous and compact for all 1 <
r(x) < hy and by Lemma 2.2, the embedding W*Lg(Q2) — W*h is continuous, it
follows that for all 1 < r(x) < h, the embedding W*Lg(Q) — L"® is continuous
and compact. O

THEOREM 2.4. Let Q be a bounded open subset of RN, 0 < s; < s < 55 < 1 and
H be a N-function. Then the embeddings

are continuous.

Proof. For any u € WLy (€2), we have

// H |u(z)| ) dzdy
aJonfle—y>1y 1T —yl* o —yN
S// H |u()| ) dxdy
on{|z—y|>1} |33—3/|S1 |z —y|¥
// )|)dxdz
on{|z |>1} Z|S1 |2|Y
< C/ H(|u(x)])dx
Q

u(r) —u(y dxdy
[/ () = ul)l) dady
Qn{|z—y|<1} [z =y |z —yl
// IU() U(y)|> dzdy
QN{|z— y|<1} |$ - y|52 ‘Z’ - y‘N
//H !u uy)l) dfcdyN
[z =yl o —y

Moreover we have

Thus we have
—u(y)|, dxdy

H

R

[ vl b
Qn{ja—y[>1} lz—yl* Tz —y
// \U( ) — U(y)!) dxdy

on{|z— y|<1} |z —yl* |z —y|¥

<C’/H u(z dx+//H lu |x_;y)’)’xdfdj]v
SC(/QH(]u(a:)|)dx+/Q/QH(|u|x_ uly)ly_dady ). (2.5)

yl= Tl —yl¥
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It follows from this inequality that we can easily verify that the embedding W32 Ly (Q2) —
Wg Ly (Q) is continuous. Similarly, for any u € WLy (), we have

// H |u()] ) dzdy
oJonfle—yz1y T —ylo |z —ylN
<// H<|u(x)|)dxdz
-~ JaJan{z>1) 2|51 7 2| N
<D [ H{u@))ds

Q

IU( ) —u(y)|, dzdy
— S1 ) _ N
Qn{|z— y\<1} |z —yl lz =yl
// IU() U(y)l) dzdy
— _ N
Qn{|z— y|<1} [z —y* |z =y
Jux) —uly)|, dedy
H( )
< [ L

\u —u(y)|, dxdy
//H \w—y\sl )\w—y\N
// |U() U(y)!) dxdy
on{lz— y|>1} lz =yl T —yN
// |U() U(y)l) dxdy
Qn{jz— y|<1} lz =yl Tz —yN
<D/H\u d;z:+//H|u uy)') dedy
lz—yl* Tle—yN

D(/ﬂHﬂu(x)l)dx+/ﬂ/{)H(’“(g__;Ey)')wdfdyﬁN).

It follows that the embedding WLy () — W' Ly (£2) is continuous. Thus the proof
of the lemma is complete. O

Moreover we have

Thus we have

THEOREM 2.5. Assume that (1.5) and (1.6) hold, that the sequence {u,} con-
verges weakly to u in W§ Ly () and

lim sup < A'(up), up, —u ><0.

n—+400
Then {u,} converges strongly to u in W*Ly(€2).

Proof. Since the sequence {u, } converges weakly to u in WLy (2) and lim,,—, 1 - sup <
N(uy), u, —u >< 0, we have

| 1 (2) = ()] t0n(2) = U (y) Un() — wn(y) dady
hmu//v“ |x—m8 >mam i

n—+o0 Yl =yl o -y

) u(x) —uly) ddy
vl =yl Jz—yv
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Thus the sequence
{/ / n |un () — un(y)l) un () — un(y) un(x) —un(y) dady }
aJao [z =yl Cun(r) —ua(y)l -yl e —yY
is bounded and converges to

// \U )l) u(@) —uly) w(x) —uly) dedy
|33 - yl | u

u(@) —u(y)l |z—yl* |z—yN

By (1.5), we have

n—-+00 Ir—yl |z —y[¥
. |Un n( )| un<x) - un(y) un(x) - un(y) dxdy
Snglfoo// Ix— )|un(1’) —un(y)| Nz -yl |z —yv

Thus the sequence

UL L e )

is bounded and converges to

—u(y)|, dxdy
H .
L

Thus the sequence {u,} is bounded and converges weakly to u in Ly (). Since the
embedding WLy (Q) < Ly () is continuous and compact, {u,} converges strongly
to u in W§Lg (). O

THEOREM 2.6. Ifu, u, € WLy(Q), n = 1,2,..., then the following statement
are equivalent to each other
(1) limy, o0 [|Un, — ullsp =0, 1= 1,2,
(ii) limy, o0 [o, H (un () — u( ))d:v =0 and lim,, o [u, — u]
(iii) u, — w in measure in W*Ly () and lim, o [, H (x )dx = [, H(u(x))dz.

@

LS
Il

=

Proof. By the definition of || - ||s.u, (i)<(ii) holds. We shall show that (i) implies
(iii). We assume that (i) holds. Then
/[H(un) — H(x)]dx / h(u + 0(u,, —u))(u, — u)dz
Q Q

<
< h(u+ 0(un — )]
< [hlu + 6(un — )]

for 0 < 6 < 1. It follows that (iii) holds. Assume that (iii) holds. Since

H*||Un — U||H

H* || Up — UH&H — 0

n—o0

lim Hun dx—/H

u, converges weakly to u in LH(Q) By Lemma 2.1, since u, — u in measure in
W Ly(Q) and the embedding W*Lg(2) <— Lg(2) is continuous and compact, u, —
u strongly O]
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