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PSEUDO - COMPLEMENTATION ON GENERALIZED ALMOST
DISTRIBUTIVE FUZZY LATTICES

YOHANNES GEDAMU WONDIFRAW

ABSTRACT. In this paper, the concept of pseudo - complementation on a gener-
alized almost distributive fuzzy lattices (GADFLs) is introduced as a fuzzification
of the crisp concept pseudo - complementation on a generalized almost distributive
lattices. It is also established a one - to - one correspondence between the pseudo -
complemented GADFL (R, A), R with 0 and the left identity element of R.

1. Introduction

The concept of generalized almost distributive lattices (GADLSs) was introduced
by Rao, Bandaru and Rafi [8] as a generalization of almost distributive lattices
(ADLs) [11] which was a common abstraction of almost all the existing ring theoretic
generalization of a boolean algebra on one hand and distributive lattice on the other.
Swamy, Rao and Nanaji Rao [10] studied the concept of pseudo-complementation on
almost distributive lattices. Later [9] Rao, Bandaru and Rafi studied the concept of
pseudo-complementation on a generalized almost distributive lattices. On the other
hand, L. A. Zadeh [12] in 1965 introduced the notion of fuzzy set. Again in 1971,
Zadeh [13] defined a fuzzy ordering as a generalization of the concept of ordering, that
is, a fuzzy ordering is a fuzzy relation that is transitive. In particular, a fuzzy partial
ordering is a fuzzy ordering that is reflexive and antisymmetric. In 1994, Ajmal and
Thomas [1] defined a fuzzy lattice as a fuzzy algebra and characterized fuzzy sublat-
tices. In 2009, [4], considering the notion of fuzzy order of Zadeh [13], introduced a
new notion of fuzzy lattice and studied the level sets of fuzzy lattices. He also in-
troduced the notions of distributive and modular fuzzy lattices and considered some
basic properties of fuzzy lattices. Again Chon, in 2015 and 2016 [5, 6] studied the
properties of fuzzy lattices as fuzzy relations. In 2017, Berhanu et al. 2] introduce
the concept of almost distributive fuzzy lattices (ADFLs) as a generalization of dis-
tributive fuzzy lattices and characterized some properties of an ADL using the fuzzy
partial order relations and fuzzy lattices defined by Chon. Later Gerima [7] studied
the concept of pseudo-supplemented almost distributive fuzzy lattices on the other
hand Berhanu and Yohannes [3] introduce the concept of generalized almost distribu-
tive fuzzy lattices (GADFLs) as a generalization of almost distributive fuzzy lattices
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(ADFLs). As a continuation in this paper the concept of pseudo-complementation on
generalized almost distributive fuzzy lattices is introduced.

2. Preliminaries

First we recall certain definitions and properties of a generalized almost distributive
lattices.

DEFINITION 2.1. [8] An algebra (L, V, A) of type (2, 2) is called a generalized
almost distributive lattice if it satisfies the following axioms:

(AsA) (xANy)Az=xA(yA=z)

for all x,y,z € L.

LEMMA 2.2. [8] For any a € L,
(1) ava=a
(2) aNa=a.
In addition to the 3 absorption laws A;, Ay, A3 given in the above definition , we
also get the following:
LEMMA 2.3. [8] For any a,b € L,
(Ay) aV(aAb)=a
(As) aV (bAa)=a.

DEFINITION 2.4. [8] For any a,b € L we say that a is less than or equal to b and
write a < b, if a A b = a or equivalently, a V b = b.

LEMMA 2.5. [8] For any a,b,c € R,aANbANc=bAaAc

DEFINITION 2.6. [8] Let (L,V,A) be a GADL. An element 0 € L is called a zero
element of L if 0 ANa =0 for all @ € L.

LEMMA 2.7. [8] Let (L,V,A,0) be a GADL with 0. Then, for any a € L, the
following hold:

(1) av0O=a
(2) 0Va=a
(3) an0=0

DEFINITION 2.8. [9] Let (L, V, A) be a GADL with 0. Then a unary operation
a — a* on L is called a pseudo-complementation on L if, for any a,b € L it satisfies
the following conditions
(1) anb=0=a*"Nb=0b
(2) ana*=0
(3) (aVb)* =a* Ab*

DEFINITION 2.9. [9] For any nonempty subset A of a GADL L with 0, define
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A*={zrxeLlzNa=0,forallac A}
This A* is an ideal of L and is called the annihilator ideal of A.

Now, let us recall certain definitions and properties of fuzzy posets and fuzzy lat-
tices.

DEFINITION 2.10. [4] Let X be a set. A function A : X x X — [0, 1] is called a
fuzzy relation in X. The fuzzy relation A in X is reflexive iff A(z,2) = 1forallz € X,
A is transitive iff A(z,2) > sup,cx min(A(z,y), A(y,2)), and A is antisymmetric iff
A(z,y) > 0 and A(y,z) > 0 imply = = y. A fuzzy relation A is a fuzzy partial order
relation if A is reflexive, antisymmetric and transitive. A fuzzy partial order relation
A is a fuzzy total order relation iff A(z,y) > 0or A(y,z) >0forallz,y € X. If Aisa
fuzzy partial order relation in a set X, then (X, A) is called a fuzzy partially ordered
set or a fuzzy poset. If B is a fuzzy total order relation in a set X, then (X, B) is
called a fuzzy totally ordered set or a fuzzy chain.

DEFINITION 2.11. [4] Let (X, A) be a fuzzy poset and let B C X. An element
u € X is said to be an upper bound for a subset B iff A(b,u) > 0 for all b € B. An
upper bound wg for B is the least upper bound of B iff A(ug, u) > 0 for every upper
bound u for B. An element v € X is said to be a lower bound for a subset B iff
A(v,b) > 0 for all b € B. A lower bound v, for B is the greatest lower bound of B iff
A(v, v9) > 0 for every lower bound v for B.

We denote the least upper bound of the set {z,y} by  V y and denote the greatest
lower bound of the set {x,y} by A y.

DEFINITION 2.12. [4] Let (X, A) be a fuzzy poset. (X, A) is a fuzzy lattice iff zVy
and x Ay exist for all x,y € X.

DEFINITION 2.13. [4] Let (X, A) be a fuzzy lattice. (X, A) is distributive if and
onlyife A(yVz)=(@xAy)V(zAz)and (zVy A(zVz)=zV (yAz2).

Finally, let us consider some definitions and properties of generalized almost dis-
tributive fuzzy lattices (GADFLs) as follow:

DEFINITION 2.14. [3] Let (R, V, A) be an algebra of type (2, 2) and (R, A) be a
fuzzy poset. Then we call (R, A) is a Generalized almost distributive fuzzy lattice if
it satisfies the following axioms:

(1) A((anb)Ac,an(bAc))=A(aN(bAc),(aNb)Ac)=1;

(2) Alan(bVe),(anb)V(aAc)=A{(aANb)V (aNc),aN(bVec))=1;
(3) AlaVv (bAc),(aVb)A (a\/c)):A(( Vb)A(aVe),aV (bAc))=1;
(4) A(aN(aVb),a)=A(a,aN(aVb))=1;

(5) A((aVb)ANa,a) = A(a,(aVb)A a)zl,

(6) A((anb)Vb,b)=A(D, (a/\b)\/b)

for all a,b,c € R.

Now, we give some elementary properties of a GADFL.

THEOREM 2.15. [3] Let (R, A) be a fuzzy poset . Then R is a GADL iff (R, A) is
a GADFL.

THEOREM 2.16. [3] Let (R, A) be a GADFL . Then a = b < A(a,b) = A(b,a) =
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DEFINITION 2.17. [3] Let (R, A) be a GADFL . Then for any a,b € R, a < b if
and only if A(a,b) > 0.

In view of the above definition, we have the following theorem.
THEOREM 2.18. [3] If (R, A) is a GADFL then a ANb = a if and only if A(a,b) > 0.

LEMMA 2.19. [3] Let (R, A) bea GADFL and a,b € Rsuch that a # b. If A(a,b) > 0
then A(b,a) = 0.

3. Definition and properties

In this section, we give the definition of a pseudo-complementation on a generalized
almost distributive fuzzy lattices (GADFLs), R with 0 and study some elementary
properties of pseudo-complementation.

DEFINITION 3.1. Let (R, A) be a GADFL, R with 0. Then a unary operation
a — a*on (R, A) a* is called a pseudo-complementation on (R, A) if, for any a,b € R
it satisfies the following conditions:
(1) A(anb,0)>0= A(a* ANb,b) = A(b,a* AND) =1
(2) A(aNa*0)>0
(3) A((aVb)*,a* ANb*) = A(a* Ab*, (a Vb)) =

If (R, A) is a GADFL, R with 0 and if % is a pseudo-complementation on (R, A),
then we say that (R, A) is a pseudo-complemented GADFL.
In the following, we give an example of pseudo-complemented GADFL.

EXAMPLE 3.2. Let R = {0, a,b,c} and define two binary operations V and A in R
as follows:

VIO|lalbl|c AlOlalb]|c
0|10|alb|c 0/010]0]0
alalalala and al0lal|b|c
b|bla|b|b b|O|b|b]|c
clclclcl|c cl0|b|b|c

and define A(z*,0) = A(0,2*) =1 for all x # 0 and A(0*,a) = A(a,0*) = 1.
Define a fuzzy relation A: R x R — [0, 1] as follows:
A(0,0) = A(a,a) = A(b,b) = A(c,c) =1,
A(a,0) = A(b,0) = A(c,0) = A(b,a) = A(b,c) = A(c,a) = A(c,b) =0
A(0,a) = 0.3, A(0,b) = 0.5, A(0,c) = 0.8, A(a,b) = 0.2 and A(a,c) = 0.4.
Then (R, A) is a GADFL, R with 0 and * is a pseudo-complementation on (R, A).

LEMMA 3.3. Let (R, A) be a GADFL, R with 0 and % a pseudo-complementation
on (R,A) and a,b € R. Then we have the following:
(1) 0* is left identity element
(2) A(0™,0) = A(0,0™) =1
(3) A(a™ AN a,a) = Ala,a™ Na) =1
(4) A(a™*,a ) A(a*,a*) =1
(5) A(a* AN, 0" Na*) = A(b* Na*,a* ANb*) =1
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(6) A(a,b) > 0= A(b*,a*) >0

(7) A(a*, (a Ab)*) >0 and A(b*, (a Ab)*) >0

(8) A(anb,0)=A(0,anb) =14 A(a™ Ab,0) = A(0,a** AND) =1
(9) A((a N b)** a* Ab*) = A(a™ ANV, (aND)™) =1

Proof. Let (R, A) be a pseudo-complemented GADFL and a,b € R

15

(1) Since A(0Aa,0) = A(0,0Aa) =1 then A(0* Aa,a) = A(a,0* Aa) = 1. Hence 0*

is left identity element.
(2) Since 0* is left identity
A0 A 0,0) = A(0,0°A0) =1 = A(0*V0,07) = A(0*,0"V0) = 1
A((0* vV 0)*,0™) = A(0™, (0" V0)*) =
( =
(

oy

A(0™ A 0%, 07) = A(0™,07 A 0") = 1
A(0,07) = A(0™,0) = 1.

4

(3) Since a € R

AlaNa®,0) = A0,aNa")=1 = A(a"Na,0)=A(0,a"Na) =1
= A(a™ ANa,a) = Aa,a™ Na) = 1.

(4)
A(@™ Va,a™) = A(@™V (a™ Na),a™)
=1
= A(a™,a" Va)
Therefore

= A(a™ Na"a )
= A(a*,a")
=1

Similarly, A(a*,a**) =1

(5) We know that for any a,b € R,
A(aV0,a) = A(a,aV0)=1and A(bV0,b) = A(b,bV0) =1

Therefore A(a* A 0*,a*) = A(a*,a* A0*) =1 and A(b* A 0%, b*) = A(b*,b* AN0*) =

= a* N0" =a" and b* AN O* = b*

= A(a*,0*) > 0 and A(b*,0*) >0

= A(a* ANV 0" ANa*) = A(b* Aa*,a* AND*) =1

(6) Suppose A(a,b) > 0. Then a Vb ="b. So that

A, 0" Na®) = A((aVb)*,b* ANa”)

= A(a"AND", 0" ANa”)
= A" Na",b" Na")
=1

Similarly, A(b* Aa*) = 1. Hence b* A a* = b* = b* < a*.

Therefore A(b*, a*) > 0.

1
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(7) Since
A((anb) Na*,0) = A(aAnbAa™,0)

Similarly, A(0, (a Ab) Aa*) = 1. Hence form the above definition, (1) we have A((a A
b)* Na*,a*) = A(a*, (a AND)* Na*) =1

= A(a* AN (a AD)*,a*) = A(a*,a* A (aAb)*) =1 (by (5))

= a* < (a Ab)*. Hence A(a*,(a Ab)*) > 0. Since A(a A b,b) > 0, by (6), we get
A(b*, (a AND)*) > 0.

(8)(=) Suppose A(a Ab,0) = A(0,a Ab) =1. Then A(a* Ab,b) = A(b,a* Nb) =1 .
Now,

A(@* AD,0) = A(@™ A" AD,0)

Similarly, A(0,a™ A D) = 1.
(<) Suppose A(a** Ab,0) = A(0,a* Ab) = 1. Then,

A(aNb,0) = A(a™ ANaNb,0)
= A(aNa™ ND,0)

= A(an0,0)
= 1
Similarly, A(0,a A b) =
(9)
A(@* AN A(aND)™ (anb)™) = A(a™ AN D"V (a Ab)")", (a Ab)™)
= A(a™ A(aAb)™, (aNb)™)
= A((a*V (aAD)*)" (a AD)™)
= A((aAND)™, (a ND)™)

Similarly, A((a A D)™, a™ AV A (a AND)*™) =1

and A(aANbA (aAD)*,0)=A0,a ANDA(aNb)*) =1

= A(@™* ANOA (aAND)*,0) = A(0,a™ ANbA (aND)*) =
AbANa™* AN (aNnb)*,0)=A0,bANa™ A (aANb)*) =1

( 7
A ANa*™ A (aNb)*,0) = A(0,6 Aa™ A (aAb)*) =1 (by 8)
A(@* ANV* A (aNb)*,0) = A0,a AV*A(aNb)*) =1
A((a NB)* AN ANa™,0) = A(0,(a ANb)* ANV ANa™) =1
A((a ND)* N N a™,a™ AND™) = A(a™ AV, (a AD)* AND* Na*) =1

Also, A((a Ab)™ Aa*™ ANV, a™ Nb™ A (a A b)™)
= A(a™ A (a AD)™ ANV, a™ AU A (a A b))
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A(a™ A ((a AND)* VD*)* a** A A (a A b)*™)

A(a™ AN (D" V (a ANb)*)*,a™ AND** A (aAb)*™) (Since a <b=aVb=>bVa)
= A(a*™ N (0" A (a AND)*),a™ AO™ A (a A b))

A(@™ AND** A (a AND)*™, a™ ANb™ A (a A D))

Similarly, A(a** A V™ A (a Ab)*™, (a Ab)™ Aa** Nb™) =1
Therefore A((a A b)*,a™ ANb™) = A(a™ ANO*™*, (a AND)™) =1 O

4. One-to-one Correspondence

In this section, we prove that there is a one-to-one correspondence between the
pseudo-complemented GADFL (R, A), R with 0 and the left identity element of R .
First we define the following;:

DEFINITION 4.1. Let (R, A) be a GADFL. For any non-empty subset B of R with
0, define
B*={x € R| A(x Na,0) > 0, for all @ € B}. This B* is an ideal of (R, A) and is
called the annihilator ideal of B. For any a € R, we write [a|* for {a}* and is called
annulet of (R, A).

It can be easily observed that, for any subset B of R, BNB* = {0}. In the following
we prove some properties of annihilator ideal.

LEMMA 4.2. For any ideals I and J of a GADFL (R, A), R with 0, we have the
following:

(1) I = ﬂag[a]*

(2) If I C J then J* C I*

b5)INJ =0 <1I1CJ*

Proof. Suppose I and J are ideals of a GADFL (R, A), R with 0.
(1) (=) Let x € I" = A(x ANa,0) = A0,z Na) =1 for a € I.
= x € [a]*, for cach a €
= x € Naerlal*. Hence I* C Nyeslal*
(<) Let @ € Naerlal* = x € [a]* for all a € .
= A(z Na,0) = A0,z Na)=1
=sxel* forael
Hence Nyerlal® € I*. Therefore I* = Nyerlal*.
(2) Let I C J. Let a € J*and b € I. Then b € J and A(a Ab,0) = A(0,a Ab) = 1.
Hence a € I*. Therefore J* C I*.
(3)Let x € T and a € I*. Then xAa € I and z Aa € I*. So that xt Aa € INT* = {0}.
Hence A(x Aa,0) = A(0,zAa) =1, for all @ € I*. We get x € I"*. Therefore I C I**.
(4) Since I C I, we get by (2), I C I*. Now, let x € I* and a € I**. Then
zANa € I*NI* ={0}. Hence A(x Na,0) = A0,z Aa) =1, for all a € I'**. Therefore
x € I and hence [* C I***. Thus I = I*.
(5) Suppose INJ = (0]. Let z €  and a € J. Then zAa € I and xAa € J and hence
xANa € InJ = (0. Therefore, A(z A a,0) = A0,z Aa) =1, we get x € J*. Thus
I C J*. Conversely, assume that I C J*. Let xt € INJ. Then x € [ and = € J, since
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I C J* then x € J* and hence A(x A z,0) = A0,z Ax) = 1. Hence z = x Az = 0.
Therefore I NJ = (0]. O

LEMMA 4.3. Let (R, A) be a GADFL, R with 0. For any a,b € R, [aVb]* = [a]*Nb*.
Proof. Let x € R, Then,

Elavh* & AxA(aVb),0)=A0,2A(aVb))=

< A((xNa)V(zAD),0)= A0, (zAa)V (m/\b)):

< Al(x Na,0) = A0,z A a) = landA(x Ab,0) = A0,z Ab) =1
=
=

Hence [a V b]* = [a]* N [b]* O

LEMMA 4.4. Let (R, A) be a GADFL, R with 0. For any x,y € R, we have the
following:

(1) v Ayl" = [y Aa]*

(2) A(x,Y) > 0= [y]" C [a]"
(3) [x Ayl™ = [a]™ O [y]™
(4) [2]" = [a]"

() [eVyl" = [z]" N[yl = yI" N2]" = [y V2]

Proof. Let (R, A) be a GADFL, R with 0 and z,y € R,
(1) Let a € [x Ay]*. Then A(a Az Ay,0) = A(0,a Nz Ay)=1. Now,

AlanyNz,0) = AlaANyAzxAz,0)
= AlaNzANyAz0)
= A(0Az,0)

0,

= A(0,0)

|
—

Similarly, A(0,a Ay Ax) = 1. Therefore a € [y A x]*. Hence [z Ay]* C [y A z]*. Also,
[y Ax]* C [z Ay]*. Thus [z Ay]* = [y Ax]*.

(2) A(z,y) >0=z ANy =ux.

Let a € [y]*. Then A(a Ay,0) = A(0,a Ay) = 1. Now,

AlaNnz,0) = AlaNzANy,0)

Similarly, A(0,a A x) = 1. Therefore a € [z]*. Hence [y]* C [z]*

(3) Since A(x Ay,y) > 0, we have by (2), [y]* C [z A y]*.

Similarly [z]* C [y A z|* = [ Ay]*. Thus we get [z A y]** C [z]*,[y]** . Hence
[z Ayl C [z Oy
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Let a € [z]™ N [y]™ and t € [z A y]*. Now,

At Nz Ny, 0)=A0,tAxAy) =1 tAx € y|*
Ala Nt ANz,0)=A0,a Nt Ax) =1
AltNaNz,0)=A0,tNaNzx)=1
tAa€ x|

= A(aNntNa,0)=A0,aNtNa)=1

Therefore A(aANt,0) = A(0,aNt) =1 forall t € [z Ay]*

= a € [z Ay|™.

Therefore [z]** N [y]** C [x Ay and hence [z A y]** = [z]** N [x]**.

(4) If a € [z]* then A(aAD,0) = A(0,a AD) =1 for all b € [z]**.

Therefore a € x***. Thus [z]* C z***.

For any t € [z]*, A(x At,0) = A0,z At) =1 = 2z € ™. So that s € [z]""* =
A(s Nxz,0) = A(0,s Nz) =1 = s € [z]*. Therefore [z]"** C [z]*. Hence [z]"* = [z]*.
(5) Follows from the above two lemmas. O

LEMMA 4.5. Let (R, A) be a GADFL, R with 0 and a € R. Then (a] = R if and
only if a is left identity element.

el

Proof. Suppose (a] = R. Then for any z € R, we have x € (a] and since 4.1.5,(i),
A(z,a Nx) = A(a AN x,x) = 1. Therefore a is a left identity element. Conversely
suppose a is a left identity element. We have (a| C R. Let x € R. Then A(aAzx,z) =
A(z,a AN x) = 1. Therefore z € (a]. Hence (a] = R O

In the following we give a necessary and sufficient conditions for a GADFL to have a
pseudo-complementation.

THEOREM 4.6. Let (R, A) be a GADFL, R with 0. Then for any a € R, the
annulate [a]* is a principal ideal if and only if (R, A) has a pseudo-complementation.

Proof. (=) Assume that for any a € R, [a]* is a principal ideal. Since 0 € R, we
have R = [0]* = (m)] for some m € R. Hence by lemma 4.4, m is left identity element in
R. Let a € R, then [a]* = (] for some x € R. Define A(at, zAm) = A(xAm,at) = 1.
Now, we prove that L is a pseudo-complementation on (R, A).

First we prove that L is well defined.
Let a € R and suppose [a|* = (] = (y] for some 2,y € R. Then A(x A y,y) =
A(y,z ANy) =1 and A(y ANz, x) = A(x,y ANx) = 1. Thus,

A(x AmyyAm) = AlyAxzAm,y Am)
= Alx AyAm,y Am)
= Ay Am,y Am)

—_

Similarly, A(y A m,z A'm) = 1. Therefore L is well defined.
Now,
AlaNat,0) = Ala Az Am,0)
= A(0,0)
=1
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Similarly, A(0,a A at) = 1.
Suppose b € R and A(a Ab,0) = A(0,a Ab) = 1. Then b € [a]* = (z]. Therefore
Ala* Ab,b) = A(at Ab,z AD)
= A(a"Ab,z AmAD)
= A(at Ab,at AD)

—_

Similarly, A(b,at Ab) = 1.
Finally, Suppose a,b € R, [a]* = (z] and [b]* = (y] for some =,y € R. Then [a V b]* =
[a]* N [b]* = (] N (y] = (x A y]. Therefore
Al(avb)Fat Ab) = A(w Ay Am,a" ADY)
= Al AmAyAm,a- AbH)
Alat Ab*, at AbY)
1
Similarly, A(at Abt, (aV b)*t) = 1. Thus L is a pseudo-complementation on (R, A).
Conversely, suppose * is a pseudo-complementation on (R, A) and a € R. Now,
refa" & Al®ANa0)=A0,xANa)=1
& AlaNnz,0)=A0,aNz)=1
& A(a* ANz,z) =Alx,a" ANz) =1
& xe(alf

So that [a]* = (a]*. Hence every annihilator ideal is a principal ideal. O

Let (R, A) be a GADFL with pseudo-complementation. In the following we establish
a one-to-one correspondence between the set of all left identity elements in R and the
set of all pseudo-complementations on (R, A). For this we need the following lemma.

LEMMA 4.7. Let (R, A) be a GADFL with two pseudo-complementations * and L.
Then, for any a,b € R, we have the following:
(1) A(a* A a at) = A(at,a* Aat) =1, A(at Aa*,a*) = A(a*,at Aa*) = 1,
A(a* Vat,a*) = A(a*,a* Vat) =1 and A(a* V a*,at) = A(at,at Va*) =
(2) A(CL*J‘ J_J_) A(CLJ'J‘ a*J_) 1
(3) A(a*,b*) = A(b*,a*) =1 & A(at,bt) = A(bL, at)
(4) A(a*,0) = A(0,a*) =1 & A(at O) A(0,at) =1
1= A(b, 0) = A(0,b) =1)
(5) A(a*,a* NOY) = A(a* A 0L at) =1

:<:> (A(and,0) = A(0,anb) =

Proof. Let a,b € R, * and L are pseudo-complementations in (R, A
(1) Since A(ana*,0) = A(0,aNa*) = 1 then we have A(atAa*,at) = A(at,atNa*) =
1. Also, A(aAat,0) = A(0,aAa’) = 1 then we have A(a*Aat,at) = A(at,a*Aat) =
1. Now,
Ala*Vat,a*) = A(a*V (a* Aat),a”)
Aa*,a”)
~ 1
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Similarly, A(a*,a* V at) = 1. Again,
AlatVva*,at) = AlatV(at Aa¥),ab)
= A(a*,ab)
=1
Similarly, A(at,a*Va*) =1
(2) From (1) and lemma 3.2, (5) we have
A(a*J_’aJ_J_) — A((a* v aJ_)J_ J_J_)
= At var)t et
— A( 11 J_J_)
=1
Similarly, A(att,a*t) = 1.
(3) Assume A(a*,b*) = A(b*,a*) =1 and from (2) a*+ = a*+. Then,
Alat, b)) = A(attt b
A( x| bL)
A(b*LL bL)
(
(b

a

o

bJ_J_J_ bJ_)

A(b+,0)

|
—_

Similarly, A(b*,at) = 1.

Conversely assume A(at,bt) = A(b*+,at) = 1 and from (2) a** = a**. Then,

A(a*,b*) _ A(a*** b*)
— A(CLJ‘** b*)

— A(bJ_** b*)

(b*7b)

I
N

Similarly, A(b*,a*) = 1.
(4) Let A(a*,0) = A(0,a*) = 1. Then,
A(a*,0) = A(a* Aa™,0)
—  A(0,0)

—_

Similarly, A(0,a*) = 1.
Let A(a*,0) = A(0,a’) =1 and A(a Ab,0) = A(0,a Ab) = 1. Then,
A(b,0) = A(a™ Ab,0)
= A(0OAD,0)
= A(0,0)

—_
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Similarly, A(0,b) = 1.
Let A(aAD,0) = A(0,aAD) =1 = A(b,0) = A(0,D) =
Since A(a A a*,0) = A(0,a A a*) = 1 implies A(a*,0) = A(0,a*) =
(5) From (1) and associativity of A we have
A(a*0*,at) = A(at Aa* AOY, at)

= A(a* Aat AOF at)

= A(a* A(at AN0F),ah)
= Aa" /\a at)....[0<a=at <0

(a*

|
= :r>

Similarly, A(at,a* A0t) = 1. O

Let (R, A) be a GADFL, R with 0, (R, A) with a pseudo-complementation * and m
a left identity element. If we define %, : R — R by a™ = a* A m then x,, is again
a pseudo-complementation on (R, A). In fact, we prove that this correspondence
between the left identity elements of R and pseudo-complementation on R is a one-
to-one correspondence in the following theorem.

THEOREM 4.8. Let (R, A) be a GADFL, R with 0 and % a pseudo-complementation

n (R, A). Let M be the set of all left identity elements in (R, A) and Lp the set

of all pseudo-complementation on (R, A). For any m € M, define *,, : R — R by
a*™ = a* Am for all a € R. Then m — *,, is a bijection of M onto Lp.

Proof. Define f: M — Lp by A(f(m),*m) = A(xpm, f(m)) =1
Claim: f is one-to-one correspondence.
(i) Suppose for m,n € M, A(f(m), f(n)) = A(f(n), f(m)) = 1. Now,

A(f(m), f(n)) = A(f(n), f(m)) =1 = Altm,#n) = Aln, %m) = 1

A(
= A(o*m 0") = A(0™,0%) = 1
= A" Am,0"An)=A0"An,0"Am) =1
= A(m,n)=A(n,m) =1

Hence f is one-to-one.
(ii) Let L€ Lp. Then m = 0+ € M (as 0+ is left identity element).
Now,

Ala*™,at) = A

= A
=1
Hence A(a",at) = A(a*,a*") = 1 = A(p, L) = A(L %) = L
Therefore for any %, € Lp, 3m € M such that A(f(m),*,,) = A(xm, f(m)) = 1.
Hence f is onto. Thus f is one-to-one correspondence. O
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5. Conclusion

The concept of pseudo - complementation on a generalized almost distributive fuzzy
lattices is introduced as a fuzzification of the crisp concept pseudo - complementation
on a generalized almost distributive lattices by using the approach of I. Chon. Some
lemmas and theorems are also proved.
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