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RIEMANN-LIOUVILLE FRACTIONAL VERSIONS OF HADAMARD

INEQUALITY FOR STRONGLY (α,m)-CONVEX FUNCTIONS

Ghulam Farid, Saira Bano Akbar, Laxmi Rathour, and
Lakshmi Narayan Mishra∗

Abstract. The refinement of an inequality provides better convergence of one
quantity towards the other one. We have established the refinements of Hadamard
inequalities for Riemann-Liouville fractional integrals via strongly (α,m)-convex
functions. In particular, we obtain two refinements of the classical Hadamard in-
equality. By using some known integral identities we also give refinements of error
bounds of some fractional Hadamard inequalities.

1. Introduction

Convex functions are useful in the formation of new notions and concepts. Convex
functions and their related concepts are further utilized in different aspects to study
generalizations, extensions and refinements of inequalities given in mathematical anal-
ysis, mathematical statistics, optimization theory etc. A lot of integral inequalities
have been established due to convex and related functions in literature.

Definition 1.1. [24] A function f : I → R, where I is an interval in R is called
convex function, if the following inequality holds:

(1) f(xt+ (1− t)y) ≤ tf(x) + (1− t)f(y), t ∈ [0, 1], x, y ∈ I.

If the inequality (1) holds in reverse order, then f is called concave function.

A well-known inequality named Hadamard inequality is another interpretation of
convex function. It is stated as follows:

Theorem 1.2. Let f : I → R be a convex function on interval I ⊂ R and x, y ∈ I
where x < y. Then the following inequalities hold:

(2) f

(
x+ y

2

)
≤ 1

y − x

∫ y

x

f(u)du ≤ f(x) + f(y)

2
.
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If the order of inequalities in (2) is reversed, then they hold for concave function.
Recently, many authors have published refinements, extensions and generalizations of
the Hadamard inequality. For further detail see [2–4,6,7,9,13–15,25–27] and references
therein.
Next we give the definition of strongly convex function related to convex function.

Definition 1.3. [23] (see also, [29]) Let D be a convex subset of normed space
(X, ||.||). A function f : D → R is called strongly convex function with modulus C, if

(3) f(xt+ (1− t)y) ≤ tf(x) + (1− t)f(y)− Ct(1− t)||x− y||2

holds for every x, y ∈ D, t ∈ [0, 1] and C ≥ 0.

Remark 1.4. If we take C = 0 in (3), then we get inequality (1).

Many authors have investigated the properties and applications of strongly convex
functions, see [19,21,29].

Definition 1.5. [28] A function f : [0, b]→ R , b > 0 is called m-convex function,
if

(4) f(tx+m(1− t)y) ≤ tf(x) +m(1− t)f(y),

holds for every x, y ∈ [0, b] and t,m ∈ [0, 1].

Definition 1.6. [12] A function f : [0, b]→ R is called strongly m-convex function,
if

(5) f(tx+m(1− t)y) ≤ tf(x) +m(1− t)f(y)− Cmt(1− t)|y − x|2,
holds for every x, y ∈ [0, b], b > 0, C ≥ 0 and t,m ∈ [0, 1].

Definition 1.7. [18] A function f : [0, b] → R, b > 0 is called (α,m)-convex
function, if

(6) f(tx+m(1− t)y) ≤ tαf(x) +m(1− tα)f(y),

holds for every x, y ∈ [0, b], b > 0, (α,m) ∈ [0, 1]2 and t ∈ [0, 1].

Definition 1.8. [5] A function f : [0, b]→ R, b > 0 is called strongly (α,m)-convex
function, if

(7) f(tx+m(1− t)y) ≤ tαf(x) +m(1− tα)f(y)− Cmtα(1− tα)|y − x|2,
holds for every x, y ∈ [0, b], b > 0, C ≥ 0 and t ∈ [0, 1].

The inequality (7) provides the definition of (α,m)-convex function for C = 0;
strongly m-convex function for α = 1; m-convex function for α = 1, C = 0; strongly
convex function for α = m = 1; convex function for α = m = 1, C = 0.
Fractional integral operators are very useful in the advance of mathematical analysis
[16,17]. The first formulation of fractional integral operators is the Riemann-Liouville
integral operators defined as follows:

Definition 1.9. [10] Let f ∈ L1[x, y]. Then Riemann-Liouville fractional integral
operators of order λ > 0 are defined as follows:

(8) Jλx+f(u) =
1

Γ(λ)

∫ u

x

(u− t)λ−1f(t)dt, u > x

(9) Jλy−f(u) =
1

Γ(λ)

∫ y

u

(t− u)λ−1f(t)dt, u < y.
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The following special functions are also involved in the findings of this paper.

Definition 1.10. [20] The beta function, also referred to as first-type of Euler
integral is defined by:

(10) β(α, s) =

∫ 1

0

tα−1(1− t)s−1dt,

where Re(α), Re(s) > 0.

A generalization of the beta function called incomplete beta function [20] is defined
by:

(11) β(b;α, s) =

∫ b

0

tα−1(1− t)s−1dt,

where Re(α), Re(s) > 0 with 0 < b < 1. The incomplete beta function β(b;α, s)
reduces to the ordinary β(α, s) (beta function) by setting b = 1.
The following Hadamard inequalities have been established for Riemann-Liouville
fractional integrals via convex functions.

Theorem 1.11. [26] Let f : [a, b] → R be a positive function with 0 ≤ a < b
and f ∈ L1[a, b]. If f is convex function on [a, b], then the following inequality for
fractional integrals holds:

(12) f

(
x+ y

2

)
≤ Γ(λ+ 1)

2(y − x)λ
[
(Jλx+f)(y) + (Jλy−f)(x)

]
≤ f(x) + f(y)

2

with λ > 0.

Theorem 1.12. [27] Under the assumptions of Theorem 1.11, the following frac-
tional integral inequality holds:

f

(
a+ b

2

)
≤ 2λ−1Γ(λ+ 1)

(b− a)α

[
Iλ
(a+b2 )

+f(b) + Iλ
(a+b2 )

−f(a)

]
≤ f(a) + f(b)

2
,(13)

with λ > 0.

The aim of this paper is to establish the Hadamard type inequalities for Riemann-
Liouville fractional integral operators. To prove these inequalities we will utilize
strongly (α,m)-convex functions. Further, we find the error bounds of the Hadamard
inequalities for strongly (α,m)-convex functions. We also, give the Hadamard in-
equalities for strongly α-convex functions and strongly m-convex functions.
we organized our paper as follows: In Section 2, two Hadamard inequalities for
strongly (α,m)-convex functions are proved by using Riemann-Liouville fractional
integrals. In Section 3, the error estimations of Hadamard inequalities for Riemann-
Liouville fractional integrals are given for differentiable strongly (α,m)-convex func-
tions.

2. Main Results

Theorem 2.1. Let f : [x, y] → R with 0 ≤ x < y and f ∈ L1[x, y] be a positive
function. If f is strongly (α,m)-convex function on [x,my], with modulus C, m 6=
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0, α ∈ (0, 1], then the following fractional integral inequality holds:

f

(
x+my

2

)
+
Cmλ(2α − 1)

22α(λ+ 2)

(
(x− y)2 +

2(my − x
m

)2

λ(λ+ 1)
+

2(x− y)(my − x
m

)

(λ+ 1)

)
(14)

≤ Γ(λ+ 1)

2α(my − x)λ

[
Jλx+f(my) +mλ+1(2α − 1)Jλy−f

( x
m

)]
≤
λ
(
f(x)−m2(2α − 1)f

(
x
m2

))
2α(α + λ)

+
m
[
f(y)

(
1 + λ(2α−2)

α+λ

)
+m(2α − 1)f

(
x
m2

) ]
2α

−
Cmλα

(
(y − x)2 +m(2α − 1)(y − x

m2 )2
)

2α(α + λ)(2α + λ)
.

with λ > 0.

Proof. Since f is strongly (α,m)-convex function, for u, v ∈ [x, y] we have

(15) f

(
u+mv

2

)
≤ f(u) +m(2α − 1)f(v)

2α
− Cm

22α
(2α − 1)|u− v|2.

By setting u = xt+m(1− t)y and v = yt+ (1− t) x
m

, we get

2αf

(
x+my

2

)
≤ f(xt+m(1− t)y) +m(2α − 1)f

(
yt+ (1− t) x

m

)
(16)

− Cm

2α
(2α − 1)

∣∣∣t(y − x) + (1− t)
( x
m
−my

)∣∣∣2 .
Multiplying both sides of (16) with tλ−1 and then integrating over the interval [0, 1],
we get

f

(
x+my

2

)∫ 1

0

tλ−1dt ≤ 1

2α

∫ 1

0

f(xt+m(1− t)y)tλ−1dt+
m

2α
(2α − 1)

(17)

∫ 1

0

f
(
yt+ (1− t) x

m

)
tλ−1dt− Cm

22α
(2α − 1)

∫ 1

0

∣∣∣t(y − x) + (1− t)
( x
m
−my

)∣∣∣2 tλ−1dt.

By change of variables we have

1

λ
f

(
x+my

2

)
≤ Γ(λ)

2α(my − x)λ

[
1

Γ(λ)

∫ x

my
(my − u)λ−1f(u)du+

mλ+1(2α − 1)

Γ(λ)

(18)

∫ y

x
m

(
v − x

m

)λ−1
f(v)dv

]
− Cm(2α − 1)

22α

(
(x− y)2

λ+ 2
+

2(my − x
m)2

λ(λ+ 1)(λ+ 2)
+

2(x− y)(my − x
m)

(λ+ 1)(λ+ 2)

)
.

The above inequality become as follows:

f

(
x+my

2

)
≤ Γ(λ+ 1)

2α(my − x)λ

[
Jλx+f(my) +mλ+1(2α − 1)Jλy−f

( x
m

)]
(19)

− Cmλ

22α
(2α − 1)

(
(x− y)2

λ+ 2
+

2(my − x
m

)2

λ(λ+ 1)(λ+ 2)
+

2(x− y)(my − x
m

)

(λ+ 1)(λ+ 2)

)
.
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Again for strongly (α,m)-convex function f with modulus C, for t ∈ [0, 1] we have
the following inequality:

f(tx+m(1− t)y) +m(2α − 1)f
(
yt+ (1− t) x

m

)
≤
[
f(x)−m2(2α − 1)f

( x

m2

)]
tα +mf(y)

(20)

[1 + (2α − 2)tα] +m2(2α − 1)f
( x

m2

)
− Cm

(
(y − x)2 +m(2α − 1)

(
y − x

m2

)2
)
tα(1− tα).

Multiplying both sides of (20) with tλ−1 and then integrating over the interval [0, 1], we get

∫ 1

0
f(tx+m(1− t)y)tλ−1dt+m(2α − 1)

∫ 1

0
f
(
yt+ (1− t) x

m

)
tλ−1dt

(21)

≤
[
f(x)−m2(2α − 1)f

( x

m2

)]∫ 1

0
tα+λ−1dt+mf(y)[1 + (2α − 2)tα]

∫ 1

0
tλ−1dt+m2(2α − 1)

f
( x

m2

)∫ 1

0
tλ−1dt− Cm

(
(y − x)2 +m(2α − 1)

(
y − x

m2

)2
)∫ 1

0
(tα+λ−1 − t2α+λ−1)dt.

By change of variables we have

Γ(λ)

(my − x)λ

[
1

Γ(λ)

∫ x

my
(my − u)λ−1f(u)du+

mλ+1(2α − 1)

Γ(λ)

∫ y

x
m

(
v − x

m

)λ−1
f(v)dv

]
(22)

≤
f(x)−m2(2α − 1)f

(
x
m2

)
α+ λ

+mf(y)

(
1

λ
+

2α − 2

α+ λ

)
+
m2

λ
(2α − 1)f

( x

m2

)
−
Cmα

(
(y − x)2 +m(2α − 1)(y − x

m2 )2
)

(α+ λ)(2α+ λ)
.

Consequently, the above inequality takes the following form

Γ(λ+ 1)

2α(my − x)λ

[
Jλx+f(my) +mλ+1(2α − 1)Jλy−f

( x
m

)]
(23)

≤
λ
(
f(x)−m2(2α − 1)f

(
x
m2

))
2α(α+ λ)

+
m

2α

[
f(y)

(
1 +

λ(2α − 2)

α+ λ

)
+m(2α − 1)f

( x

m2

)]
−
Cmλα

(
(y − x)2 +m(2α − 1)(y − x

m2 )2
)

2α(α+ λ)(2α+ λ)
.

From inequalities (19) and (23), one can get inequality (14).

Corollary 2.2. For α = 1 in (14), we have the result for Riemann-Liouville
fractional integrals of strongly m-convex functions

f

(
x+my

2

)
+
Cmλ

4

(
(x− y)2

λ+ 2
+

2(my − x
m

)2

λ(λ+ 1)(λ+ 2)
+

2(x− y)(my − x
m

)

(λ+ 1)(λ+ 2)

)
(24)

≤ Γ(λ+ 1)

2(my − x)λ

[
Jλx+f(my) +mλ+1Jλy−f

( x
m

)]
≤
λ
(
f(x)−m2f

(
x
m2

))
2(λ+ 1)

+
m

2

(
f(y) +mf

( x

m2

))
−
Cmλ

(
(y − x)2 +m(y − x

m2 )2
)

2(λ+ 1)(λ+ 2)
.

with λ > 0.
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Corollary 2.3. For m = 1 in (14), we have the result for Riemann-Liouville
fractional integrals of strongly α-convex functions

f

(
x+ y

2

)
+
C(2α − 1)(y − x)2 (λ2 − λ+ 2)

22α(λ+ 1)(λ+ 2)
≤ Γ(λ+ 1)

2α(y − x)λ
[
Jλx+f(y) + (2α − 1)Jλy−f(x)

](25)

≤ λf(x) (2− 2α)

2α(α + λ)
+
f(y)

(
1 + λ(2α−2)

α+λ

)
+ (2α − 1)f(x)

2α
− Cαλ(y − x)2

(α + λ)(2α + λ)
,

with λ > 0.

Remark 2.4. (i) If we take α = 1 and C = 0 in (14), then we get [3, Theorem
2.1].
(ii) If we take α = 1 and m = 1 in (14), then we get result for strongly convex
function.
(iii) If we take α = 1, m = 1 and C = 0 in (14), then we get [26, Theorem 2].
(iv) If we take α = 1, m = 1, λ = 1 and C = 0 in (14), then we get (1.2).

The upcoming result is another version of the Hadamard inequality for Riemann-
Liouville fractional integrals of strongly (α,m)-convex functions.

Theorem 2.5. Let f : [x, y] → R with 0 ≤ x < y and f ∈ L1[x, y] be a positive
function. If f is strongly (α,m)-convex function on [x,my] with modulus C, m 6=
0, α ∈ (0, 1], then the following fractional integral inequality holds:

f

(
x+my

2

)(26)

+
Cmλ(2α − 1)

22α

[
(x− y)2

4(λ+ 2)
+

(my − x
m

)2(λ2 + 5λ+ 8)

4λ(λ+ 1)(λ+ 2)
+

(x− y)(my − x
m

)(λ+ 3)

2(λ+ 1)(λ+ 2)

]
≤ 2λ−αΓ(λ+ 1)

(my − x)λ

[
Jλ

(x+my
2

)+
f(ym) +mλ+1(2α − 1)Jλ

(x+ym
2m

)−
f
( x
m

)]
≤
λ
(
f(x)−m2(2α − 1)f

(
x
m2

))
22α(λ+ α)

+
mf(y)

2α

(
1 +

(2α − 2)λ

2α(α + λ)

)
+
m2

2α
(2α − 1)f

( x

m2

)
−
Cmλ((y − x)2 +m(2α − 1)(y − x

m2 )2)(λ+ 3α)

23α(λ+ α)(λ+ 2α)
.

with λ > 0.

Proof. For t ∈ [0, 1] using strongly (α,m)-convexity of function f , let u = x t
2

+

m(2−t
2

)y and v = (2−t
2

) x
m

+ y t
2

in inequality (15), we have

f

(
x+my

2

)
≤ 1

2α
f

(
x
t

2
+m

(
2− t

2

)
y

)
+
m(2α − 1)

2α
f

((
2− t

2

)
x

m
+ y

t

2

)
(27)

− Cm(2α − 1)

22α

∣∣∣∣ t2(x− y) +
2− t

2

(
my − x

m

)∣∣∣∣2 .
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Multiplying both sides of (27) with tλ−1 and then integrating over the interval [0, 1],
we get

f

(
x+my

2

)∫ 1

0
tλ−1dt ≤ 1

2α

∫ 1

0
f

(
x
t

2
+m

(
2− t

2

)
y

)
tλ−1dt+

m(2α − 1)

2α

(28)

∫ 1

0
f

((
2− t

2

)
x

m
+ y

t

2

)
tλ−1dt− Cm(2α − 1)

22α

∫ 1

0

∣∣∣∣ t2(x− y) +
2− t

2

(
my − x

m

)∣∣∣∣2 tλ−1dt.

By using change of variables we have

1

λ
f

(
x+my

2

)(29)

≤ 2λΓ(λ)

2α(my − x)λ

[
1

Γ(λ)

∫ x+my
2

my
(my − u)λ−1f(u)du+

mλ+1(2α − 1)

Γ(λ)

∫ ym+x
2m

x
m

(
v − x

m

)λ−1
f(v)dv

]

− Cm(2α − 1)

22α

[
(x− y)2

4(λ+ 2)
+

(my − x
m)2(λ2 + 5λ+ 8)

4λ(λ+ 1)(λ+ 2)
+

(x− y)(my − x
m)(λ+ 3)

2(λ+ 1)(λ+ 2)

]
.

Consequently, the above inequality takes the following form

f

(
x+my

2

)
≤ 2λ−αΓ(λ+ 1)

(my − x)λ

[(
Jλ

(x+my
2

)+
f
)

(ym) +mλ+1(2α − 1)
(
Jλ

( ym+x
2m

)−
f
)( x

m

)](30)

− Cmλ(2α − 1)

22α

[
(x− y)2

4(λ+ 2)
+

(my − x
m)2(λ2 + 5λ+ 8)

4λ(λ+ 1)(λ+ 2)
+

(x− y)(my − x
m)(λ+ 3)

2(λ+ 1)(λ+ 2)

]
.

The first inequality of (26) is obtained in (30).
Now for proving the second inequality of (26), using that f is strongly (α,m)-convex function
and t ∈ [0, 1], we have the following inequality

f

(
x
t

2
+m

(
2− t

2

)
y

)
+m(2α − 1)f

((
2− t

2

)
x

m
+ y

t

2

)
(31)

≤
(
f(x)−m2(2α − 1)f

( x

m2

))( t
2

)α
+mf(y)

(
1 +

(2α − 2)tα

2α

)
+m2(2α − 1)f

( x

m2

)
− Cm

22α

[
(y − x)2 +m(2α − 1)

(
y − x

m2

)2
]
tα(2− tα).

Multiplying inequality (31) with tλ−1 on both sides and then integrating over the interval
[0, 1], we get∫ 1

0
f

(
x
t

2
+m

(
2− t

2

)
y

)
tλ−1dt+m(2α − 1)

∫ 1

0
f

((
2− t

2

)
x

m
+ y

t

2

)
tλ−1dt(32)

≤ 1

2α

(
f(x)−m2(2α − 1)f

( x

m2

))∫ 1

0
tα+λ−1dt

+mf(y)

(
1 +

(2α − 2)tα

2α

)∫ 1

0
tλ−1dt+m2(2α − 1)f

( x

m2

)∫ 1

0
tλ−1dt

− Cm

22α

[
(y − x)2 +m(2α − 1)

(
y − x

m2

)2
]
tα+λ−1(2− tα)dt.
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By using the the change of variables we have

2λΓ(λ)

(my − x)λ

[
1

Γ(λ)

∫ x+my
2

my
(my − u)λ−1f(u)du+

mλ+1(2α − 1)

Γ(λ)

∫ my+x
2m

x
m

(
v − x

m

)λ−1
f(v)dv

](33)

≤
(
f(x)−m2(2α − 1)f

(
x
m2

))
2α(α+ λ)

+mf(y)

(
1

λ
+

2α − 2

2α(α+ λ)

)
+
m2

λ
(2α − 1)f

( x

m2

)
−
Cm((y − x)2 +m(2α − 1)(y − x

m2 )2)(λ+ 3α)

22α(λ+ α)(λ+ 2α)
.

Consequently, the above inequality takes the following form

2λ−αΓ(λ+ 1)

(my − x)λ

[
Jλ

(x+my
2

)+
f(ym) +mλ+1(2α − 1)Jλ

(x+ym
2m

)−
f
( x
m

)]
(34)

≤
λ
(
f(x)−m2(2α − 1)f

(
x
m2

))
22α(λ+ α)

+
mf(y)

2α

(
1 +

(2α − 2)λ

2α(α+ λ)

)
+
m2(2α − 1)

2α
f
( x

m2

)
−
Cmλ((y − x)2 +m(2α − 1)(y − x

m2 )2)(λ+ 3α)

23α(λ+ α)(λ+ 2α)
.

From inequalities (30) and (34), we get the inequality (26).

Corollary 2.6. For α = 1 in (26), we get the following inequality for strongly
m-convex function

f

(
x+my

2

)
(35)

+
Cmλ

4

[
(x− y)2

4(λ+ 2)
+

(my − x
m

)2(λ2 + 5λ+ 8)

4λ(λ+ 1)(λ+ 2)
+

(x− y)(my − x
m

)(λ+ 3)

2(λ+ 1)(λ+ 2)

]
≤ 2λ−1Γ(λ+ 1)

(my − x)λ

[
Jλ

(x+my
2

)+
f(ym) +mλ+1Jλ

(x+ym
2m

)−
f
( x
m

)]
≤
λ
(
f(x)−m2f

(
x
m2

))
4(λ+ 1)

+
m

2

(
f(y) +mf

( x

m2

))
−
Cmλ((y − x)2 +m(y − x

m2 )2)(λ+ 3)

8(λ+ 1)(λ+ 2)

with λ > 0.

Corollary 2.7. For m = 1 in (26), we get the following inequality for α-convex
functions

f

(
x+ y

2

)
+

C(2α − 1)(y − x)2

22α−1(λ+ 1)(λ+ 2)
≤ 2λ−αΓ(λ+ 1)

(y − x)λ

[
Jλ

(x+y
2

)+
f(y) + (2α − 1)Jλ

(x+y
2

)−
f(x)

](36)

≤ f(x)

[
λ(2− 2α) + 2α(2α − 1)(λ+ α)

22α(λ+ α)

]
+ f(y)

(
2α(λ+ α) + λ(2α − 2)

22α(λ+ α)

)
− Cλ(y − x)2(λ+ 3α)

22α(λ+ α)(λ+ 2α)
.

with λ > 0.
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Corollary 2.8. For α = 1,m = 1 in (26), we get the following inequality for
strongly convex function.

f

(
x+ y

2

)
+

C(y − x)2

2(λ+ 1)(λ+ 2)
≤ 2λ−1Γ(λ+ 1)

(y − x)λ

[
Jλ

(x+y
2

)+
f(y) + Jλ

(x+y
2

)−
f(x)

]
(37)

≤ f(x) + f(y)

2
− Cλ(y − x)2(λ+ 3)

4(λ+ 1)(λ+ 2)
.

with λ > 0.

Remark 2.9. (i) If we take α = 1 and C = 0 in (26), then we get [4, Theorem
2.1].
(ii) If we take α = 1, m = 1 and C = 0 in (26), then we get [27, Theorem:4].
(iii) If we take α = 1, m = 1, λ = 1 and C = 0 in (26), then we get Theorem 1.2.

3. Error estimations for strongly (α,m)-convex functions

In this section we give refinements of the error bounds of fractional Hadamard
inequalities for Riemann-Liouville fractional integrals. The following two lemmas are
useful to establish the next results.

Lemma 3.1. [26] Let f : [x, y] → R be a differentiable mapping on (x, y) with
x < y. If f ′ ∈  L[x, y], then the following fractional integrals equality holds:

f(x) + f(y)

2
− Γ(λ+ 1)

2(y − x)λ
[
(Jλx+f)(y) + (Jλy−f)(x)

]
(38)

=
y − x

2

∫ 1

0

[
(1− t)λ − tλ

]
f ′ (tx+ (1− t)y) dt.

Lemma 3.2. [4] Let f : [a, b]→ R be a differentiable mapping on (a, b) with a < b.
If f

′ ∈ L[a, b], then the following equality for fractional integrals holds:

2α−1Γ(α + 1)

(mb− a)α

[
Jα

(a+mb
2

)+
f(mb) +mα+1Jα

(a+mb
2m

)−f
( a
m

)]
(39)

− 1

2

[
f

(
a+mb

2

)
+mf

(
a+mb

2m

)]
=
mb− a

4

[∫ 1

0

tαf ′
(
t

2
a+m

2− t
2

b

)
dt−

∫ 1

0

tαf ′
(

2− t
2m

a+
t

2
b

)
dt

]
.

Theorem 3.3. Let f : [x, y]→ R be a differentiable mapping on (x, y) with x < y.
If |f ′| is a strongly (α,m)-convex function on [x,my], m 6= 0, α ∈ (0, 1], with modulus
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C, then the following fractional integrals inequality holds:

∣∣∣∣f(x) + f(y)

2
− Γ(λ+ 1)

2(y − x)λ

[
(Jλx+f)(y) + (Jλy−f)(x)

]∣∣∣∣
(40)

≤ y − x
2

[
|f ′(x)|

(
β

(
1

2
;λ+ 1, α+ 1

)
− β

(
1

2
;α+ 1, λ+ 1

)
+

1− (1/2)λ+α

λ+ α+ 1

)
+m

∣∣∣f ′ ( y
m

)∣∣∣((1
2)λ+α − 1

λ+ α+ 1
+

2

λ+ 1

(
1− 1

2λ

)
− β

(
1

2
;λ+ 1, α+ 1

)
+ β

(
1

2
;α+ 1, λ+ 1

))

− Cm(
y

m
− x)2

(
β

(
1

2
;λ+ 1, α+ 1

)
− β

(
1

2
;α+ 1, λ+ 1

)
+ β

(
1

2
; 2α+ 1, λ+ 1

)
− β

(
1

2
;λ+ 1, 2α+ 1

)
−

(
1
2

)λ+α

λ+ α+ 1
+

(
1
2

)λ+2α

λ+ 2α+ 1
+

α

(λ+ α+ 1)(λ+ 2α+ 1)

)
with λ > 0.

Proof. Since |f ′| is strongly (α,m)-convex function on [x,my] and t ∈ [0, 1], we
have

|f ′ (tx+ (1− t)y)| dt =
∣∣∣f ′ (tx+m(1− t) y

m

)∣∣∣ dt(41)

≤ tα|f ′(x)|+m(1− tα)
∣∣∣f ′ ( y

m

)∣∣∣− Cmtα(1− tα)
( y
m
− x
)2

.

By using Lemma 3.1 and (41), we have

∣∣∣∣f(x) + f(y)

2
− Γ(λ+ 1)

2(y − x)λ

[
(Jλx+f)(y) + (Jλy−f)(x)

]∣∣∣∣
(42)

≤ y − x
2

∫ 1

0

∣∣∣(1− t)λ − tλ∣∣∣ ∣∣∣f ′ (tx+m(1− t) y
m

)∣∣∣ dt
≤ y − x

2

∫ 1

0

∣∣∣(1− t)λ − tλ∣∣∣ (tα|f ′(x)|+m(1− tα)
∣∣∣f ′ ( y

m

)∣∣∣− Cmtα(1− tα)
( y
m
− x
)2
)
dt

≤ y − x
2

[ ∫ 1/2

0

(
(1− t)λ − tλ

)(
tα|f ′(x)|+m(1− tα)

∣∣∣f ′ ( y
m

)∣∣∣− Cmtα(1− tα)
( y
m
− x
)2
)
dt

+

∫ 1

1/2

(
tλ − (1− t)λ

)(
tα|f ′(x)|+m(1− tα)

∣∣∣f ′ ( y
m

)∣∣∣− Cmtα(1− tα)
( y
m
− x
)2
)
dt

]
≤ y − x

2

[
|f ′(x)|

(
β

(
1

2
;λ+ 1, α+ 1

)
− β

(
1

2
;α+ 1, λ+ 1

)
+

1− (1/2)λ+α

λ+ α+ 1

)
+m

∣∣∣f ′ ( y
m

)∣∣∣((1
2)λ+α − 1

λ+ α+ 1
+

2

λ+ 1

(
1− 1

2λ

)
− β

(
1

2
;λ+ 1, α+ 1

)
+ β

(
1

2
;α+ 1, λ+ 1

))

− Cm(
y

m
− x)2

(
β

(
1

2
;λ+ 1, α+ 1

)
− β

(
1

2
;α+ 1, λ+ 1

)
+ β

(
1

2
; 2α+ 1, λ+ 1

)
− β

(
1

2
;λ+ 1, 2α+ 1

)
−

(
1
2

)λ+α

λ+ α+ 1
+

(
1
2

)λ+2α

λ+ 2α+ 1
+

α

(λ+ α+ 1)(λ+ 2α+ 1)

)]
.

After simplifying the last inequality of (42), we get the inequality (40).
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Remark 3.4. (i) If we put C = 0 in (40), then we get result for (α,m)-convex
function.
(ii) If we put α = 1 in (40), then we get [8, Theorem 8].
(iii) If we put α = 1, m = 1 = λ = 1 and C = 0, then we get [1, Theorem 2.2].

Corollary 3.5. For m = 1, we get the following inequality for strongly α-convex
functions

∣∣∣∣f(x) + f(y)

2
− Γ(λ+ 1)

2(y − x)λ

[
(Jλx+f)(y) + (Jλy−f)(x)

]∣∣∣∣
(43)

≤ y − x
2

[
|f ′(x)|

(
β

(
1

2
;λ+ 1, α+ 1

)
− β

(
1

2
;α+ 1, λ+ 1

)
+

1− (1/2)λ+α

λ+ α+ 1

)
+ |f ′(y)|

(
(1

2)λ+α − 1

λ+ α+ 1
+

2

λ+ 1

(
1− 1

2λ

)
− β

(
1

2
;λ+ 1, α+ 1

)
+ β

(
1

2
;α+ 1, λ+ 1

))

− C(y − x)2

(
β

(
1

2
;λ+ 1, α+ 1

)
− β

(
1

2
;α+ 1, λ+ 1

)
+ β

(
1

2
; 2α+ 1, λ+ 1

)
− β

(
1

2
;λ+ 1, 2α+ 1

)
−

(
1
2

)λ+α

λ+ α+ 1
+

(
1
2

)λ+2α

λ+ 2α+ 1
+

α

(λ+ α+ 1)(λ+ 2α+ 1)

)

with λ > 0.

Theorem 3.6. Let f : [x, y]→ R be a differentiable mapping on (x, y) with x < y.
If |f ′|q is strongly (α,m)-convex on [x,my] for q ≥ 1, then the following inequality for
fractional integrals holds:

∣∣∣∣2λ−1Γ(λ+ 1)

(my − x)λ

[
(Jλ

(x+my
2

)+
f)(my) +mλ+1(Jλ

(x+my
2m

)−
f)
( x
m

)](44)

− 1

2

[
f

(
x+my

2

)
+mf

(
x+my

2m

)]∣∣∣∣ ≤ my − x
4(λ+ 1)

(
1

2α(λ+ α+ 1)

) 1
q

[(
(λ+ 1)

(
|f ′(x)|q −m|f ′(y)|q

)
+ 2αm(λ+ α+ 1)|f ′(y)|q − Cm(y − x)2(λ+ 1)

2α(
2α − λ+ α+ 1

λ+ 2α+ 1

)) 1
q

+

(
(λ+ 1)

(
|f ′(y)|q −m|f ′( x

m2
)|q
)

+ 2αm (λ+ α+ 1) |f ′( x
m2

)|q

−
Cm(y − x

m2 )2(λ+ 1)

2α

(
2α − λ+ α+ 1

λ+ 2α+ 1

)) 1
q
]
,

with λ > 0.

Proof. By applying Lemma 3.2 and strongly (α,m)-convexity of |f ′|, we have
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∣∣∣∣2λ−1Γ(λ+ 1)

(my − x)λ

[
(Jλ

( x+my
2 )+

f)(my) +mλ+1(Jλ
( x+my

2m )−
f)
( x
m

)]
− 1

2

[
f

(
x+my

2

)
+mf

(
x+my

2m

)]∣∣∣∣
(45)

≤ my − x
4

[∫ 1

0

∣∣∣∣tλf ′( t2x+m

(
2− t

2

)
y

) ∣∣∣∣dt+

∫ 1

0

∣∣∣∣tλf ′((2− t
2

)
x

m
+
t

2
y

) ∣∣∣∣dt]
≤ my − x

4

[( |f ′(x)| −m|f ′(y)|+ |f ′(y)| −m|f ′( x
m2 )|

2α

)∫ 1

0

tλ+αdt+m
(
|f ′(y)|+

∣∣∣f ′ ( x

m2

)∣∣∣) ∫ 1

0

tλdt

− Cm

22α

(
(y − x)2 +

(
y − x

m2

)2)∫ 1

0

tλ+α(2α − tα)dt

]
=
my − x

4

[( |f ′(x)| −m|f ′(y)|+ |f ′(y)| −m|f ′( x
m2 )|

2α(λ+ α+ 1)

)
+
m
(
|f ′(y)|+ |f ′( x

m2 )|
)

λ+ 1

− Cm

22α

(
(y − x)2 +

(
y − x

m2

)2)( 2α

λ+ α+ 1
− 1

λ+ 2α+ 1

)]
.

Now, for strongly (α,m)-convexity of |f ′|q, q > 1, using power mean inequality we
get

∣∣∣∣2λ−1Γ(λ+ 1)

(my − x)λ

[
(Jλ

( x+my
2

)+
f)(my) +mλ+1(Jλ

( x+my
2m

)−
f)
( x
m

)]
−

1

2

[
f

(
x+my

2

)
+mf

(
x+my

2m

)]∣∣∣∣(46)

≤
my − x

4

(∫ 1

0
tλdt

)1− 1
q
[(∫ 1

0
tλ
∣∣∣∣f ′ ( t2x+m

(
2− t

2

)
y

) ∣∣∣∣qdt)
1
q

+

(∫ 1

0
tλ
∣∣∣∣f ′ ((2− t

2

)
x

m
+
t

2
y

) ∣∣∣∣qdt)
1
q
]

≤
my − x

4(λ+ 1)
1
p

(
|f ′(x)|q −m|f ′(y)|q

2α

∫ 1

0
tλ+αdt+m|f ′(y)|q

∫ 1

0
tλdt−

Cm(y − x)2

22α

∫ 1

0
tλ+α(2α − tα)dt

) 1
q

+

(
|f ′(y)|q −m|f ′( x

m2 )|q

2α

∫ 1

0
tλ+αdt+m

∣∣∣f ′ ( x

m2

)∣∣∣q ∫ 1

0
tλdt−

Cm(y − x
m2 )2

22α

∫ 1

0
tλ+α(2α − tα)dt

) 1
q

≤
my − x

4(λ+ 1)
1
p

[(
|f ′(x)|q −m|f ′(y)|q

2α(λ+ α+ 1)
+
m|f ′(y)|q

(λ+ 1)
−
Cm(y − x)2

22α

(
2α

λ+ α+ 1
−

1

λ+ 2α+ 1

)) 1
q

+

 |f ′(y)|q −m|f ′
(
x
m2

)
|q

2α(λ+ α+ 1)
+
m|f ′( x

m2 )|q

(λ+ 1)
−
Cm(y − x

m2 )2

22α

(
2α

λ+ α+ 1
−

1

λ+ 2α+ 1

)
1
q ]

=
my − x
4(λ+ 1)

(
1

2α(λ+ α+ 1)

) 1
q
[(

(λ+ 1)
(
|f ′(x)|q −m|f ′(y)|q

)
+ 2αm(λ+ α+ 1)|f ′(y)|q

−
Cm(y − x)2(λ+ 1)

2α

(
2α −

λ+ α+ 1

λ+ 2α+ 1

)) 1
q

+

(
(λ+ 1)

(
|f ′(y)|q −m|f ′(

x

m2
)|q
)

+ 2αm (λ+ α+ 1) |f ′(
x

m2
)|q −

Cm(y − x
m2 )2(λ+ 1)

2α

(
2α −

λ+ α+ 1

λ+ 2α+ 1

)) 1
q
]
.

Hence we get the inequality (44).
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Corollary 3.7. For α = 1 in (44), we get the following inequality for strongly
m-convex functions∣∣∣∣2λ−1Γ(λ+ 1)

(my − x)λ

[
(Jλ

(x+my
2

)+
f)(my) +mλ+1(Jλ

(x+my
2m

)−
f)
( x
m

)]
(47)

− 1

2

[
f

(
x+my

2

)
+mf

(
x+my

2m

)]∣∣∣∣ ≤ my − x
4(λ+ 1)

(
1

2(λ+ 2)

) 1
q

[(
(λ+ 1)|f ′(x)|q +m(λ+ 3)|f ′(y)|q − Cm(y − x)2(λ+ 1)(λ+ 4)

2(λ+ 3)

) 1
q

+

(
(λ+ 1)|f ′(y)|q +m (λ+ 3) |f ′( x

m2
)|q −

Cm(y − x
m2 )2(λ+ 1)(λ+ 4)

2(λ+ 3)

) 1
q
]
,

with λ > 0.

Corollary 3.8. For α = 1, m = 1 in (44), we get the following inequality for
strongly convex functions

∣∣∣∣2λ−1Γ(λ+ 1)

(y − x)λ

[
(Jλ

(x+y
2

)+
f)(y) + (Jλ

(x+y
2

)−
f)(x)

]
− f

(
x+ y

2

) ∣∣∣∣ ≤ y − x
4(λ+ 1)

(
1

2(λ+ 2)

) 1
q

(48)

[(
(λ+ 1)|f ′(x)|q + (λ+ 3)|f ′(y)|q − C(y − x)2(λ+ 1)(λ+ 4)

2(λ+ 3)

) 1
q

+

(
(λ+ 1)|f ′(y)|q + (λ+ 3) |f ′(x)|q − C(y − x)2(λ+ 1)(λ+ 4)

2(λ+ 3)

) 1
q
]
,

with λ > 0.

Corollary 3.9. For m = 1 in (44), we get the following inequality for strongly
α-convex functions

∣∣∣∣2λ−1Γ(λ+ 1)

(y − x)λ

[
(Jλ

(x+y
2

)+
f)(y) + (Jλ

(x+y
2

)−
f)(x)

]
− f

(
x+ y

2

) ∣∣∣∣
(49)

≤ y − x
4(λ+ 1)

(
1

2α(λ+ α+ 1)

) 1
q
[(

(λ+ 1)
(
|f ′(x)|q − |f ′(y)|q

)
+ 2α(λ+ α+ 1)|f ′(y)|q

− C(y − x)2(λ+ 1)

2α

(
2α − λ+ α+ 1

λ+ 2α+ 1

)) 1
q

+

(
(λ+ 1)

(
|f ′(y)|q − |f ′(x)|q

)
+ 2α (λ+ α+ 1) |f ′(x)|q − C(y − x)2(λ+ 1)

2α

(
2α − λ+ α+ 1

λ+ 2α+ 1

)) 1
q
]
,

with λ > 0.

Corollary 3.10. For α = λ = 1, m = 1 in (44), we get following inequality∣∣∣∣ 1

y − x

∫ y

x

f(u)du− f
(
x+ y

2

) ∣∣∣∣ ≤ y − x
4

(
1

6

) 1
q
[(
|f ′(x)|q + 2|f ′(y)|q(50)

− 5C(y − x)2

8

) 1
q

+

(
|f ′(y)|q + 2|f ′(x)|q − 5C(y − x)2

8

) 1
q
]
.
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Corollary 3.11. For α = λ = 1, m = q = 1 in (44), we get following inequality

∣∣∣∣ 1

y − x

∫ y

x

f(u)du− f
(
x+ y

2

) ∣∣∣∣ ≤ y − x
8

(
|f ′(x)|+ |f ′(y)| − 10C

24
(y − x)2

)
,(51)

Remark 3.12. (i) If we put α = 1 and C = 0 in (44), then we get [4, Theorem
2.4].
(ii) If we put α = 1, m = 1 and C = 0 in (26), then we get [27, Theorem 5].

Theorem 3.13. Let f : [x, y] → R be a differentiable mapping on (x, y) with
x < y. If |f ′|q is strongly (α,m)-convex function on [x,my], m 6= 0 and α ∈ (0, 1],
q > 1, then the following fractional integrals inequality holds:

∣∣∣∣2λ−1Γ(λ+ 1)

(my − x)λ

[
(Jλ

(x+my
2

)+
f)(my) +mλ+1(Jλ

(x+my
2m

)−
f)
( x
m

)](52)

− 1

2

[
f

(
x+my

2

)
+mf

(
x+my

2m

)]∣∣∣∣ ≤ my − x
4

(
1

λp+ 1

) 1
p
(

1

2α(α + 1)

) 1
q

[(
(|f ′(x)|+ [m(2α(α + 1)− 1)]

1
q |f ′(y)|)q − Cm(y − x)2

(
1− α + 1

2α(2α + 1)

)) 1
q

+

(
(|f ′(y)|+ [m(2α(α + 1)− 1)]

1
q |f ′( x

m2
)|)q − Cm(

x

m2
− y)2

(
1− α + 1

2α(2α + 1)

)) 1
q
]

≤ my − x
4

(
1

λp+ 1

) 1
p
(

1

2α(α + 1)

) 1
q
[
|f ′(x)|+ |f ′(y)|+

(
|f ′(y)|+ |f ′

( x

m2

)
|
)

[m(2α(α + 1)− 1)]
1
q − Cm

(
1− α + 1

2α(2α + 1)

)(
(y − x)2 + (

x

m2
− y)2

)]
,

where λ > 0 and 1
p

+ 1
q

= 1.
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Proof. By applying Lemma 3.2, using Hölder inequality and strong (α,m)-convexity
of |f ′|q, we get

∣∣∣∣2λ−1Γ(λ+ 1)

(my − x)λ

[
(Jλ

(x+my
2

)+
f)(my) +mλ+1(Jλ

(x+my
2m

)−
f)
( x
m

)]
− 1

2

[
f

(
x+my

2

)(53)

+mf

(
x+my

2m

)]∣∣∣∣ ≤ my − x
4

(∫ 1

0
tpλdt

) 1
p

[(∫ 1

0

∣∣∣∣f ′(x t2 +m

(
(2− t)

2

)
y

)∣∣∣∣q dt)
1
q

+

(∫ 1

0

∣∣∣∣f ′(y t2 +

(
2− t

2

)
x

m

)∣∣∣∣q dt)
1
q

]
≤ my − x

4

(
1

λp+ 1

) 1
p
[(
|f ′(x)|q

∫ 1

0

(
t

2

)α
dt

+m|f ′(y)|q
∫ 1

0

(
1−

(
t

2

)α)
dt− Cm(y − x)2

22α

∫ 1

0
tα(2α − tα)dt

) 1
q

+

(
|f ′(y)|q

∫ 1

0

(
t

2

)α
dt

+m
∣∣∣f ′ ( x

m2

)∣∣∣q ∫ 1

0

(
1−

(
t

2

)α)
dt−

Cm( x
m2 − y)2

22α

∫ 1

0
tα(2α − tα)dt

) 1
q


=
my − x

4

(
1

λp+ 1

) 1
p
(

1

2α(α+ 1)

) 1
q
[ (
|f ′(x)|q −m|f ′(y)|q +m2α(α+ 1)|f ′(y)|q

−Cm(y − x)2

(
1− α+ 1

2α(2α+ 1)

)) 1
q

+
(
|f ′(y)|q −m|f ′

( x

m2

)
|q +m2α(α+ 1)|f ′

( x

m2

)
|q

−Cm(
x

m2
− y)2

(
1− α+ 1

2α(2α+ 1)

)) 1
q
]
≤ my − x

4

(
1

λp+ 1

) 1
p
(

1

2α(α+ 1)

) 1
q

[(
(|f ′(x)|+ [m(2α(α+ 1)− 1)]

1
q |f ′(y)|)q − Cm(y − x)2

(
1− α+ 1

2α(2α+ 1)

)) 1
q

+

(
(|f ′(y)|+ [m(2α(α+ 1)− 1)]

1
q |f ′( x

m2
)|)q − Cm(

x

m2
− y)2

(
1− α+ 1

2α(2α+ 1)

)) 1
q
]

≤ my − x
4

(
1

λp+ 1

) 1
p
(

1

2α(α+ 1)

) 1
q
[
|f ′(x)|+ |f ′(y)|+

(
|f ′(y)|+ |f ′

( x

m2

)
|
)

[m(2α(α+ 1)− 1)]
1
q − Cm

(
1− α+ 1

2α(2α+ 1)

)(
(y − x)2 + (

x

m2
− y)2

)]
.

Here we have used Aq + Bq ≤ (A + B)q, for A ≥ 0, B ≥ 0 and q > 1. This completes the
proof.
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Corollary 3.14. For α = 1, we get the following inequality for strongly m-convex
functions

∣∣∣∣2λ−1Γ(λ+ 1)

(my − x)λ

[
(Jλ

(x+my
2

)+
f)(my) +mλ+1(Jλ

(x+my
2m

)−
f)
( x
m

)]
− 1

2

[
f

(
x+my

2

)(54)

+mf

(
x+my

2m

)]∣∣∣∣ ≤ my − x
16

(
4

λp+ 1

) 1
p
[(

(|f ′(x)|+ (3m)
1
q |f ′(y)|)q − 2Cm(y − x)2

3

) 1
q

+

(
(|f ′(y)|+ (3m)

1
q |f ′( x

m2
)|)q − 2

3
Cm(

x

m2
− y)2

) 1
q
]
≤ my − x

16

(
4

λp+ 1

) 1
p

[
|f ′(x)|+ |f ′(y)|+ (3m)

1
q

(
|f ′(y)|+ |f ′

( x

m2

)
|
)
− 2

3
Cm

(
(y − x)2 + (

x

m2
− y)2

)]
,

where λ > 0 and 1
p + 1

q = 1.

Corollary 3.15. For α = m = 1, we get the following inequality for strongly
convex functions

∣∣∣∣2λ−1Γ(λ+ 1)

(y − x)λ

[
(Jλ

(x+y
2

)+
f)(y) + (Jλ

(x+y
2

)−
f)(x)

]
− f

(
x+ y

2

) ∣∣∣∣ ≤ y − x
16

(
4

λp+ 1

) 1
p

(55)

[(
(|f ′(x)|+ (3)

1
q |f ′(y)|)q − 2

3
C(y − x)2

) 1
q

+

(
(|f ′(y)|+ (3)

1
q |f ′(x)|)q − 2

3
C(y − x)2

) 1
q
]

≤ y − x
16

(
4

λp+ 1

) 1
p
[(

(3)
1
q + 1

) (
|f ′(x)|+ |f ′(y)|

)
− 4

3
C(y − x)2

]
,

where λ > 0 and 1
p + 1

q = 1.

Corollary 3.16. For m = 1, we get the following inequality for strongly α-convex
functions

∣∣∣∣2λ−1Γ(λ+ 1)

(y − x)λ

[
(Jλ

(x+y
2

)+
f)(y) + (Jλ

(x+y
2
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f)(x)

]
− f

(
x+ y

2

) ∣∣∣∣ ≤ y − x
4

(
1

λp+ 1

) 1
p

(56)

(
1

2α(α+ 1)

) 1
q
[(

(|f ′(x)|+ [(2α(α+ 1)− 1)]
1
q |f ′(y)|)q − C(y − x)2

(
1− α+ 1

2α(2α+ 1)

)) 1
q

+

(
(|f ′(y)|+ [(2α(α+ 1)− 1)]

1
q |f ′(x)|)q − C(y − x)2

(
1− α+ 1

2α(2α+ 1)

)) 1
q
]

≤ y − x
4

(
1

λp+ 1

) 1
p
(

1
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1
q

)
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(
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2α(2α+ 1)

)]
,

where λ > 0 and 1
p + 1

q = 1.

Remark 3.17. (i) If we put α = 1 and C = 0 in (52), then we get [4, Theorem
2.7].
(ii) If we put α = 1, m = 1 and C = 0 in (52), then we get [27, Theorem 6].
(iii) If we put α = λ = 1, m = q = 1, and C = 0 in (52), then we get [27, Theorem 2].
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4. conclusion

In this article, we have proved two generalized fractional versions of the Hadamard
inequality. For proving these inequalities we have utilized Riemann-Liouville fractional
integrals and strongly (α,m)-convex functions. The presented results hold for several
types of convexity. Also, the presented results have some connection with already
published results.
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