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COEFFICIENT ESTIMATES FOR A NEW GENERAL SUBCLASS
OF ANALYTIC BI-UNIVALENT FUNCTIONS

SERAP BuLUT

ABSTRACT. In a very recent paper, Yousef et al. [Anal. Math. Phys. 11: 58
(2021)] introduced two new subclasses of analytic and bi-univalent functions and
obtained the estimates on the first two Taylor-Maclaurin coefficients |as| and |as|
for functions belonging to these classes. In this study, we introduce a general subclass
ng (A, i, 9) of analytic and bi-univalent functions in the unit disk U, and investigate
the coefficient bounds for functions belonging to this general function class. Our
results improve the results of the above mentioned paper of Yousef et al.

1. Introduction

Let A denote the class of all functions of the form
(1) f(2) =2+ ay2® +azz® + -+
which are analytic in the unit disk

U={z:|2| <1}.

We also denote by S the class of all functions in the normalized analytic function class
A which are univalent in U.

Since univalent functions are one-to-one, they are invertible and the inverse func-
tions need not to be defined on the entire unit disk U. In fact, the Koebe one-quarter
theorem [5] ensures that the image of U under every univalent function f € S contains
a disk of radius 1/4. Thus every function f € A has an inverse f~!, which is defined
by

Ff@)=2  (z€0)

and
Frt ) =u (lel<n(in ).
In fact, the inverse function f~! is given by
(2) fH(w) = w— asw® + (243 — a3) w’® — (5a) — basas + ag) w' + - - .

A function f € A is said to be bi-univalent in U if both f and f~! are univalent
in U. Let X denote the class of bi-univalent functions in U given by (1). For a brief
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history and interesting examples of functions in the class ¥, see [8] (see also [1]). In
fact, the aforecited work of Srivastava et al. [8] essentially revived the investigation
of various subclasses of the bi-univalent function class ¥ in recent years (see, for
example, [3,4,6,7,9]).

Recently, Yousef et al. [11] introduced the following two subclasses of the bi-
univalent function class ¥ and obtained non-sharp estimates on the first two Taylor-
Maclaurin coefficients |as| and |ag| of functions in each of these subclasses.

DEFINITION 1.1. (see [11]) For A > 1, £ >0, 6 > 0 and 0 < o < 1, a function
f € X given by (1) is said to be in the class B, [a, A, 4] if the following conditions hold
for all z,w e U :

and

<_
27

- {(1 (X)) (L) gy <w>}

: 1 22
where the function g = f~! is defined by (2) and ¢ = ﬁ

THEOREM 1.2. (see [11]) Let the function f given by (1) be in the class B, [a, A, d] .
Then

2a
|as| <
i \/(/\+u+2£5)2+a [2X + p1 — (N + 266)* + (12 — 4p) £6]

and
402 2a

+ .
(A + p+268)% 22X+ p+ 66

DEFINITION 1.3. (see [11]) For A > 1, £ >0, 6 > 0 and 0 < 8 < 1, a function
f € ¥ given by (1) is said to be in the class B (8, A, d) if the following conditions
hold for all z,w € U :

3%{(1 ~)\) (@)Mﬂf (2) (@)M + 8z f" (z)} > 8

7 {(1 0 (2 g (292) s o <w>} > 8

las| <

and

w

: 1 2)
where the function g = f~! is defined by (2) and & = 2/\1’1‘.

THEOREM 1.4. (see [11]) Let the function f given by (1) be in the class B (5, A, 9) .

Then
2(1— 4(1—
A+ p+ 266 (4 1) 2N+ p) + 1286

and

: 4(1-8)* 2(1-p) 4(1-pB)

min { Oprt2€0)2 * og (M+1)(2,\+u)+1255} ; 0<p <l
las| <
2(1-5) 0> 1

22+ 1+6E6 )
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Here, in our present sequel to some of the aforecited works (especially [11]), we
introduce the following subclass of the analytic function class A, analogously to the
definition given by Xu et al. [9].

DEFINITION 1.5. Let the functions h,p : U — C be so constrained that

min{R (h(2)), R(p(2)} >0 (z€U) and h(0) =p(0)=1.

Also let the function f € ¥ defined by (1) be in the analytic function class A. We say
that
feBE(A\pd)  (A=1, >0, 0>0)

if the following conditions are satisfied:

3 (- (&) o (12 ) F€65f"(:) R (D) (z D)

z

and

W -0 (D) g (L) ey @y ep@) wew),

where the function g = f~! is defined by (2) and
¢ — 2\ + I
20+ 1°
REMARK 1.6. We note that the class BP (A, 1, §) reduces to the classes No? (A, 1) ,
BEP(A), BE and HYP given by
NP (A, ) = Bg” (A, 11,0) ,
B (\) = B (X, 1,0),
BLP = B (1,0,0),
HYP = By (1,1,0),

respectively, each of which was introduced and studied by Srivastava et al. [7], Xu et
al. [10], Bulut [2] and Xu et al. [9], respectively.

REMARK 1.7. There are many choices of the functions h and p which would provide
interesting subclasses of the analytic function class A. For example, if we let

h(z):(1+z>a and p(z)z(l_z)a O<a<l)

1—=2 1+2
or
pe) =P g =P g,

it is easy to verify that the functions h and p satisfy the hypotheses of Definition 1.5.
If f e BY (X p,0), then f € %,

g {(1 (1) gy (28) s g <w>}

and

<_
27
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%{(1 —A) (fiZ)>M+)\f’ (2) (@)H + &8z f" (z)} >

L {(1 0 (2 g (292) s g <w>} > 8

where the function ¢ is defined by (2). This means that
e B a, N A>1, u>0,6>0,0<a<l)

or

and

or

FeBLB NS (A>1,p1>06>00<B<1).

Our paper is motivated and stimulated especially by the works of Yousef et al. [11],
we propose to investigate the bi-univalent function class Bg’p (A, p,0) introduced in
Definition 1.5 here and derive coeflicient estimates on the first two Taylor-Maclaurin
coefficients |ay| and |as| for a function f € BEP (X, u, 8) given by (1). Our results for
the bi-univalent function class Bg’p (A, 1, 0) would generalize and improve the related
works of Yousef et al. [11], Caglar et al. [4], Srivastava et al. [7], Bulut [2] and Xu et
al. [9,10).

2. A set of general coefficient estimates

Throughout this paper, we assume that
20+
2 +1°

In this section, we state and prove our general results involving the bi-univalent
function class BEP (X, i, 0) given by Definition 1.5.

A>1, 4>0,02>0, and &=

THEOREM 2.1. Let the function f (z) given by the Taylor-Maclaurin series expan-
sion (1) be in the function class B (, u,6) . Then

5) o] < min \/W Wt 7 (O)F \/ 1 (0)] + 9" (0)
2N+ p+260)" 7\ 20+ 1) (23 + ) + 1269

and

2N+ pu+266)7 42N+ p+686)

[+ 1) (A + ) +24€0] [h" ()] + 1 — pf (2A + 1) [p" (0)] }
42X+ p+680) [(w+ 1) (2A + p) + 12£0] '

Proof. First of all, we write the argument inequalities in (3) and (4) in their equiv-
alent forms as follows:

(1-)\) <fiz)>ﬂ+xff (2) (@)M_l Y E52f" (2) = h(2) (z€T)

sl < mm{'h’<0>\2+1p'<0>\2 )]+ 13" 0)

(6)
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and
19 (29Y g ) (2) sgu @) =p) e,

respectively, where h (z) and p (w) satisfy the conditions of Definition 1.5. Further-
more, the functions h (z) and p (w) have the following Taylor-Maclaurin series expan-
sions:
h(z)=1+4hiz+hoz* +---
and
p(w) =1+piw +paw® + -+,
respectively. Now, upon equating the coefficients of

(1-X) (@)“ + A (2) (@)“_1 + &0z f" (2)

with those of h (z) and the coefficients of

- (292Y g (292) 4 g

w

with those of p (w) , we get

(7) (A + p+260) ag = hy,

(8) (A + o+ 660) ag + (= 1) (A+5) a} = b,
(9) — (At p+280)az=p

and

(10) — 2\ + p+6£0) az + [(u+3) (A+g) +12§5} a3 = po.
From (7) and (9), we obtain

(11) hy = —p

and

(12) 2N+ +266)% a2 = h? 4 p2.

Also, from (8) and (10), we find that

(13) [(1+ 1) (A + p) + 1260] a3 = ha + pa.

Therefore, from the equalities (12) and (13) we obtain
|2 (0)]° + [ (0)°

|CL2|2 < 2
2 (A + p+266)

and
[ ()] + [p" (0)]
(14 1) (2X + p) + 12¢6)
respectively. So we get the desired estimate on the coefficient |as| as asserted in (5).
Next, in order to find the bound on the coefficient |as|, we subtract (10) from (8).
We thus get

(14) 22\ + p1 + 6£0) azg — 2 (2\ + p + 6£6) a5 = hy — po.

|as|* < 5
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Upon substituting the value of a3 from (12) into (14), it follows that

a5 = h: + pt ha — p2
2N+ pu+268) 22N+ i+ 6£0)
So we get
0] < P O)F + 1 ()] | [ (0)] + [p” (0)]

2+ 1+ 2607 AN+ p+65)

On the other hand, upon substituting the value of a3 from (13) into (14), it follows
that
e = (B4 1) @A+ ) +2460] ho + (1 — 1) A+ 1) po
’ 2 (2N + p + 6£0) [(1 + 1) (2X + p) + 12€4)]

And, we get

[+ p1) (2A + p) 4 2486] |h” (0)| + |1 — | (2A + p) " (0)]
42N+ p+680) [(r+ 1) (2A + p) + 12£0]

This evidently completes the proof of Theorem 2.1. ]

|G3’ =

3. Corollaries and consequences

By setting 6 = 0 in Theorem 2.1, we get Corollary 3.1 below.

COROLLARY 3 1 [7, Theorem 3] Let the function f (z) given by the Taylor-Maclaurin
series expansion (1) be in the function class N P (X, p) . Then

0] < min 4 (/7O |+Ip Ih” )|+ [ (0)]
2N+ p)? 2(p+1) (22 +p)
and

o] < min {PLOL 415 OF 1O b O 3410 I ) + L= ] )
= 2 (A + 1) 1N +p) A+ 1) (At p) ‘

By setting 6 =0, ¢ = 0 and A = 1 in Theorem 2.1, we get Corollary 3.2 below.

COROLLARY 3.2. [2, Theorem 2.1] Let the function f(z) given by the Taylor-
Maclaurin series expansion (1) be in the function class Bg’p . Then

|a] < min \/lh’<0>l2+|p'<0>|2 \/|h~<o>|+|p"<o>\
< : | :

and

lag| < min{|h’ (0)° ;r ' () L] ér P (O)] 3|A” (0)!8+ p" (0)] }

By setting 6 = 0 and = 1 in Theorem 2.1, we get the following consequence.
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COROLLARY 3.3. Let the function f (z ) given by the Taylor-Maclaurin series ex-
pansion (1) be in the function class B&” (\). Then

W (0 |+@ |A” (0)] + |p” (0)]
<
|as| mm{\/ Ot 1) T@ )

|a|<mm{\h’(0)l2+\p’(0)]2 W (0)] + |p" (0)]  |R”(0)] }
0 2(A+1)° 420 +1) T 202x41) [

REMARK 3.4. Corollary 3.3 is an improvement of the estimates obtained by Xu et
al. [10, Theorem 3].

By settingd = 0, u = 1 and A = 1 in Theorem 2.1, we get the following consequence.

and

COROLLARY 3.5. Let the function f (z) given by the Taylor-Maclaurin series ex-
pansion (1) be in the function class H2?. Then

h/ h// //
S \/| O+ OF  [OT 0]

las) < min { W OF+ OF | O]+l ©) 1 ©) } |
8 12 6

REMARK 3.6. Corollary 3.5 is an improvement of the estimates obtained by Xu et
al. [9, Theorem 3].

If we set

h@):(1+zyy and p@y:(l_zyy 0<a<l)

1—=z2 1+z2

and

in Theorem 2.1, then we have Corollary 3.7 below.

COROLLARY 3.7. Let the function f (z) given by the Taylor-Maclaurin series ex-
pansion (1) be in the function class B% [, A, 0] . Then

las| < min 2a 2o
1 Y
2= At pu+266 7 \/(u+ 1) (2N + p) + 1265

and
min 42 + 2002 402 O < < 1
Orpt260)? | 224pt68 © (D)@ tp)ti2es [ 0 O =M
lag| <
202
20t 166 , =1

REMARK 3.8. It is worthy to note that Corollary 3.7 is an improvement of Theorem
1.2.
REMARK 3.9. If we set
1+ (1-28)z 1—(1-208)z
h(z) = ——— d - "7
(2) 1—2z ol p(z) 1+ 2
in Theorem 2.1, then we can readily deduce Theorem 1.4.

(0<p<1)
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