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SOME REMARKS ON THE GENERALIZED ORDER AND
GENERALIZED TYPE OF ENTIRE MATRIX FUNCTIONS IN
COMPLETE REINHARDT DOMAIN

TANMAY BISWAS AND CHINMAY BISwAS*

ABSTRACT. The main aim of this paper is to introduce the definitions of generalized
order and generalized type of the entire function of complex matrices and then
study some of their properties. By considering the concepts of generalized order
and generalized type, we will extend some results of Kishka et al. [5].

1. Introduction

In this paper we represent the field of complex variables by C and the space of
several complex complex variables by C". We assume that the readers are familiar with
the fundamental results and standard notations of the analytic functions of several
complex variables. However, In 1959, Gol’dberg had introduced the definitions of the
Gol'dberg order and Gol’dberg type of entire function in several complex variables
(cf. [2]). For more details about the study of the order and type of entire functions we
refer to ( [1,3], [6] to [9]). The main purpose of this present paper is to study of entire
function of several complex matrices in complete Rinhardt domains which is also
known as poly cylindrical regions. After introducing the definitions of generalized
order and generalized type of the entire function of complex matrices in complete
Reinhardt domains, we study some of their growth properties which considerably
extend the earlier results of [5]. To prove our main results we have followed some of
the techniques as used by Kishka et al. [5].

Let z = (z1, 22, ..., 2,) be a point of C™; the space of several complex variables,
a closed complete Reinhardt domain of radii (asr > 0); s € I = 1,2,3,...,n is here
denoted by f[m] and is given by

f[aﬂ ={z €C": |z| < ayr;s €1,

where o are positive numbers.
The open Reinhardt domain is here denoted by I',,) and is given by

Loy = {2 €C" : |z, < ayr;s € L.
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However, we consider unspecified domain containing the closed complete Reinhardt
domain f[m]. This domain will be of radii a,ry;r; > r, then making a contraction to
this domain, we will get the domain D([ar™]) = D([ayr™, aor™, ..., a,,r¥]), where 7+
stands for the right-limit of »* at r* (see [4]).

The order and type of entire functions of several complex variables in Reinhardt
domain are given as follows:

DEFINITION 1.1. [2,4,7] The order p of the entire function f(z) for the closed
complete Reinhardt domain I',,| is defined as follows:

, In®? Mar]
p = limsup———

1 Y
r—+00 nr

where
Mlar] = M[ayr, agr, ..., a,r] = max|f(z)|
Plar)

and Inr = r Iy = In(Inr).

DEFINITION 1.2. [2,4,7] The type 7 of the entire function f(z) for the closed
complete Reinhardt domain I',,] is defined as follows:

, In Mar]
7 = limsup——

’
r—+00 re

where 0 < p < 4o00.

Now we give the following two results relating to the entire function f (z) for
the closed complete Reinhardt domain I'(,,).

THEOREM 1.3. [2,4,7] The necessary and sufficient condition that the entire func-
tion f(z) of several complex variables should be of order p in the closed complete
Reinhardt domain I'l, is that

1
p = lim sup (m) In (;’n> ,
=2 (Jam| [Tz )
s=1

where
(m) =my +mg+mg+...+m, and m = (m; +mg+mg+ ... + my,).

THEOREM 1.4. [2,4,7] The necessary and sufficient condition that the entire func-
tion f(z) of severai complex variables should be of type 7 in the closed complete
Reinhardt domain I',,] is that

1 - oy
T = —limsup (m (am a;"5><m>.
L ime ) (o]
1.1. Analytic Functions of Complex Matrices. First of all, it is to be mentioned
that, for the simplicity, we consider only two complex matrices, though the results
can easily be extended to several complex matrices. Taking this into account, let us
consider the space CV* of all matrices X = [z;;] and Y = [y;;], where z;; and y;;
are complex numbers;i, 7 = 1,2,3,..., N. Let F(X,Y) be a matrix function such that

F= [flj]a Ji; = f(l’ij,y@'j) Vig=1,23,..,N.
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Suppose that the matrix function F'(X,Y") of two square complex matrices is given
by a power series in the form

(1) F(X,Y) =) amaX"Y" mn >0
where
XM = Z Iik1$k1k2...$km_1j
ki,k2,..skm—1
and

Y = xiklmklkz...xknfu,
k1,k2y. kn—1

;in the assumption that X° = Y? = I, where I is the unit matrix of order N and
X™Y™ is equal to a square complex matrix Z = [z;;], where

Zij = Z{fﬂm}zk{yn}m

Therefore

(2) fij = Zam,nzi]’; m,n Z 0.

m,n

Consequently, we can say that the function F'(X,Y) is convergent if the elements f;;
given in (2) are convergent series for all 7,j = 1,2,..., N. Now we consider the domain
which is a subset of the space determined by the two inequalities

(3) (X <llaaR]| and Y] < [lazR].

The symbol |X| denotes the matrix (|z;;|) whose elements are the modulii of the
elements z;; of the matrix X, and the symbol ||| denotes a matrix each of its elements
is equal to the positive number. Hence the above two inequalities implies that

|zij| <oqR and |y;| <ooR; 4,j=1,2,3,...,N.
Hence, there is a number r» where 0 < r < R such that
|z;;| <oqr and |y, <oaor; 4,5=1,2,3,..,N,

where (z;5,v:;) € f[asR]; asR (> 0), a, are positive numbers, s = 1,2.
Now, Let F(z,w) = Y amnz™w™ be the scalar function of two variables z and w
m,n

associated with the matrix function in (1), that F(z,w) is analytic function in the
complete Reinhardt domain I'\o, nyg). As

(4) F(z,w) =Y amaz"w",  Mloy(NR)] = max |F(z,w)]

o PlasNR]

M
) mmn| — ;
(5) .| ataly (N R)m™+n

m,n >0,
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we get that

N
|fijl = |Zam,n%‘| §Z|am,n||z{93m}ik{y”}kj|
Z’&mn|ZNm 1 OtT‘mNn 1 047’ NZ( )m-&-n

(6) = %;(;)V ﬁ;
R

i,j = 1,2,3,...,N; (xijayij)EF[asR}~

IN

Therefore the matrix function F(X,Y’) as given in (1) is absolute convergence. Since
r can be chose arbitrary near to R, then we state the following theorem.

THEOREM 1.5. (see [5, p. 34]) If the function F(z,w) as given in (4) is analytic
in T, np), then the function F(X,Y) as given in (1) will be analytic in T, and
bounded on F[QSNR 1, where N is the common order of the matrices X and Y.

If the matrix function
oo +o0

FX,Y) = A0LY) = (D ahx™) (D oay")
m=0 n=0
(7) = Z e XY™ A = Gt a2
m,n=0
associated with the scalar function
+oo +oo
Flzw) = ) ) = (D ae") (P adu")
m=0 n=0
+oo
(8) = Z A2 "W A = a1 a2,
m,n=0

then we obtain the following theorem:

THEOREM 1.6. (see [5, p. 34]) If the functions f, and fy of the single variables z
and w are analytic in |z| < oy NR and|w| < aaNR, then the matrix function F(X,Y)
of square complex matrices X and Y each of them of order N, as given in (7) will be
analytic in f[as R

Now, if we assume that the scalar functions

400
(9) F(z,w) = Z Az w" and G(z,w) Z by 2" wW"
m,n=0 m,n=0

are analytic in I, xg), then according to (5), we obtain that

M,y

10 man| < ;
( ) |a ) | arlnoég(NR)m—&-n

m,n >0, M; > 1
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and
M,
11 b < ;

Let F(X,Y) and G(X,Y) be the matrix functions associated with the scalar functions
(9) in the form

m,n >0, My > 1.

+oo
(12) F(X,Y)= Y a,,X"Y" and G(X,Y) Z by XY
m,n=0 m,n=0

Then we can write the product matrix function P(X,Y") as follows:

(13) PX,Y)=F(X)Y)-GX,Y)= ) Cpn,X"Y",
m,n=0
where
= Z Zah,kzbm—h,n—k-
h=0 k=0

From (10) and (11), one may deduce that

m n
Cm,n = E E ah,kbm—h,n—k‘

h=0 k=0
e - M1M2 M1M2

14 < = 1 1 .
() < 22 Gpagvmpren — DD G
Thus

“max Crn XYY"

TlasNel || n=0

< ) [Chn| max [ X™Y™|
m,n=0 [as Nr]
M1M2<T)m+n

Therefore the product matrix function P(X,Y) given in (13) is analytic function in
the complete Reinhardt domain I'\y, yg). Since r can be chose arbitrary near to R,
then we state the following theorem.

THEOREM 1.7. (see [5, p. 35]) The matrix function P(X,Y’) as given in (13) is
absolute convergence in I'i,,yg) and analytic in some region if the functions F(z,w)
and G(z,w) as given in (9) are analytic in T, ng)-

1.2. On The Order and Type of Entire Matrix Functions. Let

(16) F(X,Y) =) amaX"Y" m,n >0,

be an entire function of two square complex matrices X and Y each of them is of
order N. Then it follows that

(17) Mlasr] = M[agr, agr] = max max|F(X,Y)).

ij Ty

asr)
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So
mon . NMagr]
(18) |amyn|o¢1 (){2 S W’ m,n Z 0
Therefore, the radius of regularity of the matrix function F(X,Y) is infinity, i. e.,
(19) lim sup {Nm+”|am7n|a’flag}ﬁ =0.

m-+n—-+0oo

In this connection, we recall the following two definitions.

DEFINITION 1.8. [5] The order € of the entire matrix function F'(X,Y") is given by

n? ar .
Q) =lim supn—M.
r—-+00 nr
DEFINITION 1.9. [5] The type O of the entire matrix function F'(X,Y") with order
Q € (0,+00) is given by
In Mo
O = lim Supn—s[)ozr]‘
r—-+00 r
If the entire matrix function F(X,Y) is given by a power series in (16), then
we state the following two results due to Kishka et al. [5] concerning the function of

two square complex matrices:

THEOREM 1.10. [5] A necessary and sufficient condition that the entire matrix
function F(X,Y) = Y a4, n XY™ should be of order € is that
1
Q= limsup (m+n)ln(m +n) .
m+n—+oo T ln(Nm+n|am,n|a§na3)
THEOREM 1.11. [5] If the entire matrix function F(X,Y) = > am XY™ is of

finite generalized order (), then the necessary and sufficient condition should be of

type © is that
N _ _o
= — lim sup (m + n){’am,n|&§nag}m+n :
ef) m-+n—+oo

©

2. Main Results

First of all let L be a class of continuous non-negative on (—oo, +00) function
B such that B(r) = B(rg) > 0 for r < 1y and B(r) 1 400 as 19 < r — +oo0. We
say that g € Ly, if € L and B((1 +o(1))r) = (1 4+ 0o(1))5(r) as r — +oo. Finally,
B € L, if € L and B(cr) = (1 +0(1))5(r) as r — +oo for each fixed ¢ € (0, +00),
i.e., B is slowly increasing function. Clearly Ly C L.

Considering this, Sheremeta [11] in 1967, introduced the concept of generalized
order of entire functions in complex context taking two function belonging to L. For
details about the generalized order of entire functions, one may see [11]. However,
during the past decades, several authors made close investigations on the properties
of entire functions related to generalized order in some different direction. For the
purpose of further applications, here in this paper we introduce the definitions of the
generalized order and the generalized type of the entire matrix function F(X,Y) =
Y XY™ in the following way:

m,n
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DEFINITION 2.1. The generalized order g of the entire matrix function F(X,Y) is
given by
5 By (In® Magr))
= limsu
¢ r%Jroop Ba(In7)

DEFINITION 2.2. The generalized type A of the entire matrix function F(X,Y)
with generalized order ¢ € (0, +00) is given by

(800 Mor))
A= S xp(Ballnr)))?

REMARK 2.3. If 8i(r) = [Ba2(r) = r, then Definition 1.8 and Definition 1.9 are
special cases of Definition 2.1 and Definition 2.2 respectively.

(BLeL, ByeL).

(BreL, By e L).

Now we add three conditions on ; and fs: (i) 51 and [y always denote the
functions belonging to Ly, (ii) f1(r) = 0(62 (@)) as r — +oo and (iii) fy(Inr) =
o(B2(r)) as r — 4o00. Henceforth, we assume that £, and [, always satisfy the above
three conditions.

Now we present the main results of this paper. In the sequel, we use the
following notation due to Sato [10]:

[0]

exp® r = 7, exp® r = exp(expr).

THEOREM 2.4. If
B (lnm Magr])

20 lim su ,
(20) rﬁJroop Bo(Inr) =7
then
1
(21) lim sup frlln(m + n)) <.
m-+n——+oo —In(N™ " |am,pn|af" o)
ﬂQ (m+n)

Proof. If v = +o00 then there is nothing to prove. If v; > v, then for a suitable
number 7o, we get from (20) that

M{agr] < exp® (B7 Y (11 fe(Inr))); 7o <7,
hence by Cauchy’s inequality in (18) gives
exp? (B, (11 62(Inr))) )

DT

(22) N nlaf ol < HﬂlglN ro < T

Now we choose the integer p such that
1

(23) exp (551 (—Bl(m + n))) > 1g....for m+n > p.
g

So from (22) and (23) we get that

2)( g1 1
Nm+n|amn|04§nO[§ S minNeXp (ﬁl (")/162( nr)))
’ r>rQ (7‘)"”‘"
= N exp(m +n)

(exp (85 (LB10m + n))>)>m+n;

m+n > U
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Thus we get from above that
In(N™ | ol )

( expl (m +n) >
(ol (ot )
i.e., In(N"™"|a,, ,|a]al)

< N+ ep(m ) I (e (557 (S s 0m+m) ) )

< InN +1n

i.e., —In(N"™|amn|af al)

> —InN —exp(m+n)+ (m+n)<551<%5l(m+”)>>

(m+n) (87 (£ A1 (n(m +n)) ) )

— In(N™"|a,, »|al" o)

(m+n) (87" (£B1(n(m +n)))

1.€.,

<
~ I N = exp(m +n) + (m+n) (87 (L8 m +n)))
(m-n) (ﬁ;l (%fh (1n<m+n))) )
(m-+n) (ﬁ;l (%/31 <m+n>) )
(24) < In N exp(m+n)

- - +1
(m+n) <ﬁ2—1 (%ﬁl (m+n)>) (m+n) (52_1 71151 (m+n)>>

r

()
Since ———~%+ — +00 as r — +00,

Bi(r)
(m+n) (ﬁ;l <%Bl(ln(m+n))> )
(m+n) <551 <%51 (m+n)>>
S0, T CEE) — 0 as m +n — +oo. Therefore

_ In N _ +1
(m+n) (551 (%51 (m+n)> > (m+n) <651 (%51 (m+n)> )

from (24), we get that

(m+n) (87" (L6 (n(m +n))) )
= In(N"™ " |am,n|af"af)

B < —In(N™ " |am nl|aTal) >
2

—0asm+n— 4+

i.e i < rotn)
5, Br(ln(m + 1))
1
1.e., limsup Al r;(:z? i n)l — < 7.
m~+n——400 ﬁ2 <_ In(N |am,nlay e ))
(m+n)

Since 7, can be chosen arbitrary near to 7, therefore the conclusion of the theorem
follows from above. O
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THEOREM 2.5. If

|

(25) lim sup Al Il(::b kA n)?ﬂ N =

mtn—+00 3, ( —In(NV |am,n|of" o )>

(m+n)
then
. ﬁl(lnm Mlagr])

26 lim su < A.
(26) e By

Proof. If v = 400 then there is nothing to prove. If v; > ~.then there is an integer
i such that

B1(In(m + n))

B —In(N™ 7 ap, nlafal) — 713
2 (m+n)

m-4+n > U,

i.e., Ailn(m +n)) < 52<_1n<Nm+n|am,n|Oz’f”oz§)>

" (m+n)

]\f7"+"|anm|oz1 aly

|
(27) < wp<—0n+nw5%§i£ﬁiiﬁﬁ>» m+n > .
§a!
By using (16) and (17), we obtain that
1 <
(28) Mlagr] < max gﬁuﬁg;am 2XTYT| < Nmzn:o(]\fr)m+n|amn|a1 ay .

Now for a number ry > 1 such that exp(S; " (7152(In(2r)))) > p and r > 7y, we can
fix the integer n; such that

ny < exp(Br (1 Be(In(2r)))) < ny + 17 > .

then from (27), (28) and above we get that

{ Z Z } (NT)™ @, |yl

m,n=0 m,n=p+1

“+o00

:%{A—l— Z (T)m+nexp<—(m—i—n)ﬂQ—l(Bl(ln(;’:"‘n))))}

m,n=p+1

— %{A—i— i (r)m+”exp<—(m+n)52l(w>>+

myn=p+1 N

(29) f (r)™*" exp < — (m+n)py" <ﬁ1 (ln(;’j + n)))) } .

m,n=ni+1
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Now
m’;éﬂ(?“)m” exp ( — (m+ n)ﬁ;l (W))
(30) = Brexp(ﬁfl(’nﬁz(ln(zr))))’
and
mm_i:ﬂ(?“)mﬂ exp ( — (m+n)B;! (W))
< m,n+i.7§1+1<r)m+n exp ( —(m+n)B! <w>>
m < B ETEETe

Therefore from (29), (30) and (31) we get that
Mla,r] < Kexp(exp(ﬁfl(%Bg(ln(Qr)))) Inr), 7>,

whereB, ', and K are constants. Hence from above we get that
In® Mlar] < B (1 B2(In(2r))) + I 7 + o(1).
Bi1(Inr)

Since B 0 as r — +oo and (5 € Ly, so it follows from above that

B Mlagr]) < (14 0(1)B(n(2r))
: Bi (I Mar])
" oAy = G
Making 7 tend to infinity, we get from (32) that
, By (In Ma,r)
(33) )

(32)

IA

< 7.

Since 1 can be chosen arbitrary near to «, therefore the conclusion of the theorem

follows from (33).

The following theorem is a natural consequence of Theorem 2.4 and Theorem

2.5.

THEOREM 2.6. A necessary and sufficient condition that the entire matrix function

F(X)Y) =Y an,X™Y" should be of generalized order o is that

|
o= limsup _?1((]\:1(:? + n|)?n oY
m+n—4o00 ﬁ2( (m+;':)n 1 %2 )
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The proof is omitted.
THEOREM 2.7. If
exp (61 (I Ma,r]))

(34) s ep (Bl =
then
) _— exp(B (In(m + n)))

: : <7
m+n_}+oo<eXp (62(IH(N( | n)i))))
e Uamnlayiay)man

Proof. It v = +o00 then there is nothing to prove. If v; > v, then for a suitable
number 79, we get from (34) that

Mlagr] < exp? (87 (In(y1 (exp(Ba(Inr))9)); o <7,
hence from (18) we get that

(36)  N"™an,,|afal < min]\feXp[z}(61_1(1n(71(eXp(52(ln 1)),

(T)m+n ; g <T.
Now we choose the integer p such that
! :
(37) exp (62_1<1n (exp(ﬁl( n(m + n)))) >> > rg...for m4+n > pu.
gt

So from (36) and (37) we get that

N apalafia} < miny 22 w;l(ln((v;)(ﬁ(ﬂ?(lnr>>>@>>>

exp(m +n)

1 m—+n ;
(exp (57" (1n (=et=e2) 7))

= N

m+n > U,

i.e., —(|am7n|a71”ozg)m%rn
e
1
1
exp (62—1 <1Il <exp(ﬂ1(1;11(m+n)))> 9>>

1

IN

i.e., ﬂ(|a ]QWQN)%M
e m,n |7 (g

exp <B51<ln (eXP(Bl(ln(m + n)))>e>>

94!

Vv

exp (S (exp(m + n)))
"

Vv
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, 1
(e (a(n(st))
exp(f (exzj(m +n)))
exp(Bi(exp(m +n)))

i.e., limsup s <M.
e (e (B (o))
Fllam,nlafrag)min

As 71 can be taken arbitrary near to 7, hence the required inequality of the theorem
is established from above. O

THEOREM 2.8. If

(38) lim sup e hlinm T - P=T
(e (a(n ()
then
2]
(39) lim sup exp (1 (In® Mlayr]))

e (exp(Bo(nr)))e —

Proof. If v > 7,choose an integer p > 1 such that we can have from (38) that
1
exp (3" (m (P ))
Y
< ! +n >
=~ 1 m n 2
%(|am7n|a{”a’5) mn

i€, |mnlaf ah

e m+n
(40) < ( 1 )
) —1 exp(fi(In(m+n))) ) e
V- (oo (5 (n () ) )
Since,
1 &
Miowr) < 5 3 (N7 o Jo o,
m,n=0
so we get in view of (40) that
Mlagr] < 7 () ( : ) .

o0 N - (eXp (ﬂf(ln((M)E))))

For a number ry > 1 such that
2 exp(By H(In(vy1 (exp(B2(In(re))))?))) > p and r > 7y, we can fix the integer n; such
that n; < 2exp(B; ' (In(y1(exp(B2(In(re))))9))) < ny + 1; 7 > rg.
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Therefore
M [asr]

'<N. (e (g;(m((Mf)))))

~Lae 3 e ‘ )"

=0 N~<exp (ﬁ;l(ln((MW)))
+o0

Np)mtn ; "
" e ()
< {A+ Bexp® (57" (In(n1(exp(Ba(Inr)))?))) + C}
() < K e (57 (3 (exp(52(107)))2).
Making r tend to infinity, we infer from (41) such that
lim Supexp(ﬁl(lnm Ma,r]))

r—+00 (exp(Ba(Inr)))e  —

As 1 can be taken arbitrary near to 7, hence the required inequality of the theorem
is established from above. O

T

Combining Theorem 2.7 and Theorem 2.8 we may state the following theorem.

THEOREM 2.9. If the entire matrix function F(X,Y) = Yy, ,X"Y" is of finite

generalized order p, then the necessary and sufficient condition should be of general-
ized type A is that

A = limsup oXplhnm 1)) ‘
mtn—+ 00 (exp (52 ( In ( g(mm,nlali"a@’"%” ) > ) ) Q
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