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CONTROLLED K-FRAMES IN HILBERT C*-MODULES

ExkTA RAjPUT, NABIN KUMAR SAHU, AND VISHNU NARAYAN MISHRA*

ABSTRACT. Controlled frames have been the subject of interest because of their
ability to improve the numerical efficiency of iterative algorithms for inverting the
frame operator. In this paper, we introduce the notion of controlled K-frame or con-
trolled operator frame in Hilbert C*-modules. We establish the equivalent condition
for controlled K-frame. We investigate some operator theoretic characterizations of
controlled K-frames and controlled Bessel sequences. Moreover, we establish the
relationship between the K-frames and controlled K-frames. We also investigate
the invariance of a controlled K-frame under a suitable map 7. At the end, we
prove a perturbation result for controlled K-frame.

1. Introduction

Frames a more flexible substitutes of bases in Hilbert spaces were first proposed
by Duffin and Schaeffer [15] in 1952 while studying nonharmonic Fourier series.
Daubechies, Grossmann and Meyer [6] reintroduced and developed the theory of
frames in 1986. Due to their rich structure the subject drew the attention of many
mathematician, physicists and engineers because of its applicability in signal pro-
cessing [14], image processing [4], coding and communications [16], sampling [20, 21],
numerical analysis, filter theory [5]. Nowadays it is used in compressive sensing, data
analysis, and other areas. In general, frames can be viewed as a redundant represen-
tation of basis. Due to its redundancy, it becomes more applicable not only from a
theoretical point of view but also in various kinds of applications.

Hilbert C*-modules are generalizations of Hilbert spaces by allowing the inner product
to take values in a C*-algebra rather than in the field of real or complex numbers. They
were introduced and investigated initially by Kaplansky [7]. Frank and Larson [10]
defined the concept of standard frames in finitely or countably generated Hilbert C*-
modules over a unital C*-algebra. For more details of frames in Hilbert C*-modules
one may refer to Doctoral Dissertation [17], Han et al. [2] and Han et al. [3]. In 2012,
L. Gavruta [9] introduced the notion of K-frames in Hilbert space to study the atomic
systems with respect to a bounded linear operator K. Controlled frames in Hilbert
spaces have been introduced by P. Balazs [13] to improve the numerical efficiency of
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iterative algorithms for inverting the frame operator. Rahimi [11] defined the con-
cept of controlled K-frames in Hilbert spaces and showed that controlled K-frames
are equivalent to K-frames due to which the controlled operator C' can be used as
preconditions in applications. In [1], Najati et al. introduced the concepts of an
atomic system for operators and K-frames in Hilbert C*-modules. Controlled frames
in Hilbert C*-modules were introduced by Rashidi and Rahimi [12], and the authors
showed that they share many useful properties with their corresponding notions in
a Hilbert space. Motivated by the above literature, we introduce the notion of a
controlled K-frame in Hilbert C*-modules.

2. Preliminaries

In this section we give some basic definitions related to Hilbert C*-modules, frames,
K-frames, controlled frames in Hilbert C*-modules. Hilbert C*-modules are general-
ization of Hilbert spaces by allowing the inner product to take values in C*-algebra
rather than R or C.

DEFINITION 2.1. Let A be a C*-algebra. An inner product A-module is a complex
vector space H such that
(i) H is a right A-module i.e there is a bilinear map

HxA— A: (x,a) >z a
satisfying (z-a)-b = x - (ab) and (A\x)-a =z - (Aa), and z -1 = = where A has a unit
ii) There is a map H X H — A: (z,y) — (x,y) satisfying

x,x) >0
z,y)" = (y,x)

N =

r+y,2) = (r,2) + (y,2)
x,x) =0 if and only if z = 0 (for every z,y,z € H, a € A).

T 0o b0 =
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DEFINITION 2.2. A Hilbert C*-module over A is an inner product A-module with
1

the property that (#, || - ||x) is complete with respect to the norm ||z| = [|(z,z)| %,
where ||.|| 4 denotes the norm on A.

Let A be a C*-algebra and consider

?(A) = {{a;}jes C A: Zaja; converges in norm in A}
Jjel

It is easy to see that [2(A) is a Hilbert C*-module with pointwise operations and the
inner product defined as

(as} A0}y = D asby, {a;}, (b} € B(A)

JeJ

Hagdl = 1> asa;ll-
Jel

and
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DEFINITION 2.3. [17] Let A be a unital C*-algebra and j € J be a finite or countable
index set. A sequence {1;};e; of elements in a Hilbert A -module H is said to be a
frame if there exist two constants C', D > 0 such that

(2.1) CUf, 1) <Y (F i)Wy, ) < DS f),Vf € H.
jel
The frame {1;} ¢y is said to be a tight frame if C'= D, and is said to be Parseval
or a normalized tight frame if C' = D = 1.

Suppose that {¢);} ey is a frame of a finitely or countably generated Hilbert C*-module
H over a unital C*-algebra A. The operator T': H — [*(A) defined by

Tf ={{f Vi) }ien

is called the analysis operator.
The adjoint operator T*: [?(A) — H is given by

T*{c;}jes = Y et
5€T
T* is called pre-frame operator or the synthesis operator.
By composing T and T, we obtain the frame operator S: H — H

(2.2) Sf=T"Tf=" (f. ;)0
jel
DEFINITION 2.4. [1] A sequence {t;},e5 of elements in a Hilbert .A-module H is
said to be a K-frame (K € L(H)) if there exist constants C, D > 0 such that

(2.3) CURfL K f) < D, 0) W5, ) < D), VF € H.
jel
DEFINITION 2.5. [12] Let H be a Hilbert C*-module and C' € GL(H). A frame

controlled by the operator C' or C -controlled frame in Hilbert C*-module H is a
family of vectors {t;},ey, such that there exist two constants A, B > 0 satisfying

AU LY <D (L) (Cy, f) < B, £),Yf € M.
j€T
Likewise, {t;} ey is called a C-controlled Bessel sequence with bound B, if there exists
B > 0 such that

> fo (O f) < B ),V € H,
€l
where the sum in the above inequalities converges in norm.

If A= B, we call {¢);},e5 as C-controlled tight frame, and if A = B =1 it is called a
C-controlled Parseval frame.

3. Controlled K-frames

For the rest of the paper we assume that H is a Hilbert C*-module over unital
C*-algebra A with A-valued inner product (.,.) and norm |.||. L(H) denotes the set
of all adjointable operators on Hilbert C*-module H, and GL*(H) indicates the set of
all bounded linear positive invertible operators on H with bounded inverse. We define
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below the controlled operator frame or C-controlled K-frame on a Hilbert C*-module

H.

DEFINITION 3.1. Let H be a Hilbert A-module over a unital C*-algebra, C' €
GL*(H) and K € L(H). A sequence {¢;};e; in H is said to be a C-controlled
K-frame if there exist two constants 0 < A < B < oo such that

(34)  A(CIK*f,CIK*f) < (£ 0Oy, f) < BUf, f),Vf € H.

Jjel

If C = I, the C-controlled K-frame {1,};e; is simply K-frame in A which was
discussed in [1]. The sequence {9;};ey is called a C-controlled Bessel sequence with
bound B, if there exists B > 0 such that

(3.5) S () (Cy, f) < B, ).V €M,

jeJ

where the sum in the above inequalities converges in norm.
We now give an example of C-controlled K-frame in Hilbert C*-module.

ExXaAMPLE 3.1. Let H = Cj be the set of all sequences converging to zero and
{ej}32, be the standard orthonormal basis for H.
For any u = {u;}32, € H and v = {v;}32, € H

(u,v) = wv* = {ujv;f}]o-’;l
We define {1;};ey as follows:

{T/Jj}je,ll = {07 07 €3, €4, €5, }

Let K be the orthogonal projection from #H onto span{e;};2; and C' € GL*(H) be
such that

€, otherwise

Cles) = {61—1—62, 1=1

Let f = {aq, a2, a3, a4, a5,...} € H. Then (f, ) = {aua], aead, azal, asaj, ...}
Now, for the upper bound, we have

S L (Cby, f) = (fres)(Cles), £) + (f,ea)(Clea), f) + (fres)(Cles), f) + ..
jel

= (fres)(es, )+ (f,ea)(ea, f) + (fres){es, f) + ...
> (e e f)

Jjel

{f. 1)

IN
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oo
On the other hand, f can be written as f = Z ajej. Thus, we have
j=1

(C2K"f,C3K*f) = (CK"f,K"f)
— <CK*(Zaj6j)aK*(Zajej)>
j=1 J=1

= (CO_aje), > aje;)
=3 =3
- < Z Q€ Z Oéjej>
=3 =3

oo

= ) (f.e)le f)

j=3
< O (faCyy, f)
jEJ
Hence {;},ey is a C-controlled K-frame with lower and upper frame bound 1.

Let {1;};e5 be a C-controlled Bessel sequence for Hilbert module #H over A.
The operator T: H — [*(A) defined by

(3.6) Tf={{fYj)}tjer,f €H
is called the analysis operator. The adjoint operator T*: [*(A) — H given by

(3.7) T*({c;j}jer = Y ¢;C

jel
is called pre-frame operator or the synthesis operator. By composing T and T, we
obtain the C-controlled frame operator Sc: H — H as

(3.8) Scf =T*Tf =Y (f.;)Ci.
jel
We quote the following results from the literature that will be used in our work.

LeEMMA 3.1. [8] Let A be a C*-algebra. Let U and V' be two Hilbert A-modules
and T € Endy(U,V). Then the following statements are equivalent:

1. T is surjective.

2. T* is bounded below with respect to norm i.e there exists m > 0 such that
|71l > m| | for all f € U.

3. T* is bounded below with respect to inner product i.e there exists m > 0 such
that (T*f,T*f) > m(f, f) forall f € U.

LEMMA 3.2. [18] Let U and V' be Hilbert A-modules over a C*-algebra A and let
T :U — V be a linear map. Then the following conditions are equivalent:

1. The operator T is bounded and A-linear.
2. There exists k > 0 such that (T'z, Tx) < k(x,z) holds for all z € U.
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THEOREM 3.1. [19] Let E, F' and G be Hilbert A-modules over a C*-algebra A.
Let T € L(E,F) and T' € L(G, F) with R(T*) be orthogonally complemented. Then
the following statements are equivalent:

1. T'T"™* < XTT* for some \ > 0;

2. There exists > 0 such that |T"z|| < u||T*z| for all z € F;

3. There exists D € L(G, E) such that T' = TD, that is the equation TX =T’
has a solution;

4. R(T") C R(T).

For the rest of the paper we indicate that Sc stands for the controlled frame
operator as we have defined in (3.8), and S stands for the classical frame operator in
Hilbert C*-module H as defined in (2.2).

LEMMA 3.3. Let C € GLT(H), KC = CK and R(Cz) C R(K*Cz) with R((C2)*)
is orthogonally complemented. Then ||Cz f||2 < X' |K*C= f||? for some X' > 0.

Proof. Suppose R(C2) C R(K*C2) with R((C2)*) orthogonally complemented.
Then by using Theorem 3.1, there exist some A" > 0 such that

1

(CE)(CH)" < NI CH) (KO
This implies that ((C2)(C2)*f, ) < N ((K*C2)(K*C2)* f, f).
Now by taking norm on both sides, we get
IC2fIP < NE=C2 f.
O

In the following theorem, we establish an equivalence condition for C-controlled K-
frame in a Hilbert C*-module H.

THEOREM 3.2. Let H be a finitely or countably generated Hilbert A -module
over a unital C*-algebra A, {1;};e; C H be a sequence, C' € GL*(H), K € L(H),

KC = CK and R(Cz) C R(K*Cz) with R((C?)*) be orthogonally complemented.
Then {1;},e5 is a C-controlled K-frame in Hilbert C*-module if and only if there
exist constants 0 < A < B < oo such that

(3.9) AC2K*FIP < 1D () (Cby, £ < BIFIP, Vf € M.
jel
Proof. (=) Obvious.
Now we assume that there exist constants 0 < A < B < oo such that

AllCZK"FIF < || Y (430 (Cy, HIF < BIFIP, Vf € H.
J€J
We prove that {t,};ey is a C-controlled K-frame for Hilbert C*-module #. As S and
C are both positive operator, they are self adjoint. Thus we have

ACTE*fIP < 1Y (F ) (Cuy £

jel
= Scf. )l = IKCSE )l = I{(CS)2 £, (CS)2f)], as Se = CS
(3.10) = [[(CS): £
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Since R(C2) C R(K*Cz) with R((C2)*) is orthogonally complemented, then using
Lemma 3.3, there exist some A" > 0 such that

IC2fI? < N||K*C= £
Multiplying both side by A, we get
A[CEfIP < AX||E*C3 [
< N[(C9)z £,

which implies

A 1 1 1
SICHI? < sECh e

A1 11
(3.11) = vl fl < lIS=C= .

Now by using Lemma 3.1, we have
1.1 1,1 [A, 1 1
<S2C’2f75202f>2 Y<C’2J‘?’C’2f>

= (C3.C3f) < \/§<Scf, f)-
Also
(CIK"[,.CRK"f) < ||K*[HC3.Chp)

< |12\ 5 (So f. £

This implies that
1 A

TRV
Since S¢ is positive, self adjoint and bounded A-linear map, we can write

(SEF, SEF) = (Saf. f) = S U 5)(C, £),

Jjel

(3.12) C2K*f,C2K*f) < (Scf, f).

and hence by using Lemma 3.2, there exists some B’ > 0 such that
1 1 ’
(S&f.Sef) < B(f.[)

(3.13) = (Scf. f) < B )V e
Therefore from (3.12) and (3.13), we conclude that {1;},c; is a C-controlled K-frame

1 [A ,
in Hilbert C*-module H with frame bounds Rk v and B . OJ

LEMMA 3.4. Let C € GL(H), CSe = SoC and R(S2) C R((CSc)}) with

R((S2)*) is orthogonally complemented. Then ||SZf|> < A|(CSc)2f|® for some
A> 0.
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1 1
Proof. By the assumption that R(SZ) C R((CS¢)z) with R((S2)*) orthogonally
complemented. Then by using Theorem 3.1, there exists some A > 0 such that

1 1

(S2)(S2)" < A((CSe)Z)((CSe)7)*.
This implies that

((S2)(S2)f, 1) < M(CSe)H)(CSe)) f, f)
= [|S2fI2 < AI(CSe) IR, VS € H.
]

In the following theorem, we prove a characterization of C'-controlled Bessel sequence.

THEOREM 3.3. Let {1,};ey be a sequence of a finitely or countably generated
Hilbert A-module H over a unital C*-algebra A. Suppose that C' commutes with the

1 1
controlled frame operator S¢ and R(S2) C R((CS¢)z) with R((S2)*) is orthogonally
complemented. Then {v,};ey is a C-controlled Bessel sequence if and only if the
operator U: I*(A) — H defined by

U{aj}jes =Y a;Ci;
jel
is a well defined bounded operator from I2(A) into # with ||U| < v/BJ||Cz]||.

Proof. Suppose that {1;},e; is a C-controlled Bessel sequence with bound B.
Therefore, we have

I () {(Cg, DI = I1(Sef, Al < BIFIP, VS € 1.
jel
We first show that U is a well-defined operator. For arbitrary n > m, we have

m

1Y a;Ce = a;Cull* =1 > a;C
j=1

7=1 j=m+1

n

= sup [|( D a;Cuy )|

[l flI=1 j=m-+1

=sup | Y ai(Cuy P

1A= 5t

<sup || Y (f.oupCun Ol YD aa

Ifl=1" 5 ot
=sw [ Y (r.copcu HI Y 4
IfI=1" o i

< sup |(CScf. D S aal

lFll=1 j=m+1
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— sup [[(CSe)2f. (€SN S

l£lI=1 j=m+1
1

< sup [[(CSe)2 fIP[la?

Ifl=1

1 1

< sup [|Cz|]?|[Sef*]la;l®

Ifl=1

1 1

= H?}HIPIB||f||2||02||2||aj||2 = B|ICz|]*[la;|*.

This shows that ZajC'wj is a Cauchy sequence which is convergent in H. Thus
jel

U{a;}jer is a well defined operator from [?(A) into H.

For boundedness of U, we consider

Utasbial? = sup U0} )P

= sup || > a(Coy,
Ifl=1" g

< sup || S2(F. CuCuy, A S ajaf]
If1=1" 55 jel

= sup [[( D, CoCuy, DD aja5)
Ifl=1" " 453 jel

= sup H(Cscf,waZaja;H
| flI=1 jel

= sup (€S0}, (CSe )| asa]

= jel

— sup [[(CSe)? f|flas]?

Il flI=1

1 1
< sup, IC= 1P 1S f 1P llas]®

< B||C=|*||a*.
This implies that ||U|| < v/B||Cz].

Now assume that U is well defined operator from 12(A) into H and |U]| < vB|Cz2]|.
We now prove that {1;},e; is a C-controlled Bessel sequence.
For arbitrary f € H and {a;} € [*(A), we have

(f.U{a;}jer) =(f.> aCiy)
7€l
= (> a;Cf.4y)
2

= (Cf.by)a;.

JeJ
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Therefore we get

(f Uaslies) = ({CF i} {as}).
This implies that U has an adjoint, and U*f = {(C'f, ;) }. Also, ||U| = ||U*|.
So we have
U= FII* = KU £, U 1)l = IUU* £, ) = ICSef, I = 1(CSe)z £
(3.14) < B[C:|2|If]1*

By using Lemma 3.4, we have ||SZf||* < A(CSe)2 f|? for some A > 0. Using (3.14)
we get

ISEFIP < A(CSe)2 fI? < ABJIC2 [P 1|2
Therefore {1);},e5 is a C-controlled Bessel sequence with Bessel bound AB||Cz)2. O

PROPOSITION 3.1. Let {;},ec5 be a C-controlled K-frame in H. Then ACK K*I <
S. < BI.

Proof. Suppose {9;};ey is a C-controlled K-frame with bounds A and B. Then
A(CRK*f,C2 K" ) <> (£ 4;{Cy, f) < B(f, f),Vf € H.

j€eJ
= A(CKK"f, f)y <{(Scf f) < B{f, ).
= ACKK*I <S¢ < BI.

]

PROPOSITION 3.2. Let {1;};c5 be a C-controlled Bessel sequence in H and C €
GL*(H). Then {¢;};ey is a C-controlled K-frame for H, if and only if there exists
A > 0 such that CS > ACKK*.

Proof. The sequence {1;};ey is a controlled K-frame for H with frame bounds A,
B and frame operator S¢, if and only if

A(CTK [, CER*f) < (F ) Oy, f) < B{f. f),¥f € H.
jel

& A(CKK"f,f) <(CS[.[) < B{f.f).

& ACKK*I < C8.

]

In the following two propositions we establish the inter-relationship between K-
frame and C-controlled K-frame.

PROPOSITION 3.3. Let C' € GLT(H), K € L(H), KC = CK, R(Cz) C R(K*C?)

with R((C'2)*) is orthogonally complemented, and {1;};ey be a C-controlled K -frame
for H with lower and upper frame bounds A and B, respectively. Then {1;};c;
is a K-frame for # with lower and upper frame bounds A|Cz||~2 and B||C= ||,
respectively.
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Proof. Suppose {1;};ey is a C-controlled K-frame for H with bound A and B.
Then by Theorem 3.2, we have

ANCTE I < | S (F ) (Cy, Al < BIFIP,Vf € H.

2
Now,
A|K*f|I? = AllCZ CEK* f|)?
< A|CE|?|CF K f|?
OIS ) (@, Pl

Jjel

This implies that

ANCEIP2NEFI2 < IS ) (@, )]

Jjel
On the other hand for every f € H,
I _AF @i A =1I1SE A
2
= [(CTIOSF. )l

|
(CrCs)zf (CTICS) f)
=[[(C71Cs)E £

< [lc= PICS)z £

= [ICZIPICS) £, (CS)z f)]|
= [lC= |PI{CS L

< [lc=|I2B]If]>

Therefore, {¢;};ey is a K-frame with lower and upper frame bounds A||Cz |72 and
B||C= |2, respectively. O

PROPOSITION 3.4. Let C' € GLT(H), K € L(H), KC = CK, R(C2) C R(K*C?)

with R((C%)*) is orthogonally complemented. Let {1;};c; be a K-frame for H with
lower and upper frame bounds A and B, respectively. Then {1;};cy is a C-controlled
K-frame for H with lower and upper frame bounds A and ||C||||S||, respectively.

Proof. Suppose {;};ey is a K-frame with frame bounds A and B. Then by equiv-
alence condition [9] of K-frame, we have

AIKFIP < 1Y (), £ < BIIFIP VS € H.

JjeJ
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For any f € H,
AICEfIP = AJKCzf?
I 4 .5 (W, C2 )|
jeJ
= D (C2f )y, C2 )]
jeJ
lc2s1,02 1)
(3.15) = [KCSL -
On the other hand for every f € H,

IKCSE DI = SNl
XSS, CHI

ISFINICSI
(3.16) ICHISIHA1%

Therefore from (3.15),(3.16) and Theorem 3.2, we conclude that {¢;};cp is a C-
controlled K-frame with lower and upper frame bounds A and ||C||||S]||, respec-
tively. O

THEOREM 3.4. Let C € GLT(H), {1,};es be a C-controlled K-frame for H with
bounds A and B. Let MK € L(H) with R(M) C R(K), R(K*) orthogonally
complemented, and C' commutes with M and K both. Then {;},cy is a C-controlled
M-frame for H.

Proof. Suppose {9;},ey is a C-controlled K-frame for H with bounds A and B.
Then

(817)  A(CIK"f,C3K"f) <Y (f ) (O, f) < B(f.f). Vf € H.

jel
Since R(M) C R(K), from Theorem 3.1, there exists some A" > 0 such that MM* <
N KK*. So we have

IN

<
<

(MM*C3f,C3 f) < N(KK*C3 f,C3 f).
Multiplying the above inequality by A, we get
A(MM*C2f,C3f) < A(KK*C3f,C5f).
From (3.17), we have

A « ol 1
VMMCRf,Cof) < 3 (f ) (Cy, f) < BUf, ), for all f € M,
jel
Therefore, {1);},ey is a C-controlled M-frame with lower and upper frame bounds N
and B, respectively. O

In the following result, we investigate the invariance of a C-controlled Bessel se-
quence under an adjointable operator.
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PROPOSITION 3.5. Let {9;},c5 be a C-controlled Bessel sequence with bound D.
Let T € L(H) and CT = TC. Then {T%;},ey is also C-controlled Bessel sequence
with bound D||T*||*.

Proof. Suppose {9;},ey is a C-controlled Bessel sequence with bound D. Then we
have

S U Oy, £) < DU )V € H

J€J
For every f € H,
Z;f, T} (CT;, f) = ;(T*f, LT CY, f)
= 2 (T i) Cy, )
< DT )
< D|T*|I{f, f)-
Thus {T%;} ey is also C-controlled Bessel sequence with bound D||T* |, O

Now, we investigate the invariance of a C'-controlled K-frame under an adjointable
operator.

THEOREM 3.5. Let C € GLT(H), K € L(H) and {;};e; be a C-controlled K-
frame for ‘H with lower and upper bounds A and B, respectively. If T € L(H) with

closed range such that R(TK) is orthogonally complemented and C, K,T commute
with each other. Then {T);};cy is a C-controlled K-frame for R(T).

Proof. Suppose {1}y is a C-controlled K-frame for ‘H with bound A and B.
Then

A(CTK"f,COK"f) <Y (f,4)(Cy, f) < BUf, ),V f € H.

Jjel

We know that if 7" has closed range then 7" has Moore-Penrose inverse T such that
TT'T =T and T'TT" =TT, So TT'|gery = Igery and (TTH)* =I* =1 =TT
We have

(K*C3 f, K*C3 f) = ((TT"*K*C f, (TT")*K*C? f)
= (THT*K*C3 f, TP T*K*C* f)
< (T (T K*C3 f, T"K*C3 f).
This implies that
(3.18) [(TH* | "2(K*C3 f, K*C3 f) < (T*K*C3 f, T*K*C3 f).
Since R(T*K*) C R(K*T*), by using Theorem 3.1, there exists some A" > 0 such that

(3.19) (T*K*C2 f, T*K*C3 ) < N{K*T*C3 f, K*T*C* f).
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Therefore, using (3.18) and (3.19) we get

S (L TUNCT Y, [y =Y (T f,05)(TC;, f)

jel jel
=Y (T f,0)(C;, T* f)
jel
> A(CEK*T* f,C3K*T* f)
> AN(T*C2K*f, T*C2K* f)
> AN (T | (C2 K" f,C2 K" f).
This gives the lower frame inequality for {T"9;},cj. On the other hand by Proposition

3.5, {T;};ey is a C-controlled Bessel sequence. So {T%;};ey is a C-controlled K-
frame for R(T). O

THEOREM 3.6. Let C € GLT(H), K € L(H) and {¢;};e; be a C-controlled K-
frame for H with lower and upper bound A, B respectively. If T € L(H) is a isome-

try such that R(T*K*) C R(K*T*) with R(T'K) is orthogonally complemented and
C,K,T commute with each other. Then {T;};cy is a C-controlled K-frame for H.

Proof. By Theorem 3.1, there exist some A > 0 such that | T*K*Cz f||* < M| K*T*C= f]|2.

Suppose A is a lower bound for the C-controlled K-frame {t);};c5. Since 7" is an isom-
etry, then

A1, Ao,
XHCQK fII? XHT CzK*f|?

IN

A|K*TC3 f||?

A|Co KT f|]?

D AT )(Cy, T f)
JjEJ

= > (L TY)TCP, f)
JjEJ

(3.20) = ) (£, T (CTyy, f)

Jjel

IN

Therefore from Proposition 3.5 and inequality (3.20), we conclude that {T'9;} ey is a
A
C-controlled K-frame for H with bounds 5 and B||T*|". O

Now we prove a perturbation result for C-controlled K-frame.

THEOREM 3.7. Let F' = {f;};ey be a C-controlled K -frame for H , with controlled
1 1

frame operator Sc. Suppose K € L(H), KC = CK, R(Cz) C R(K*C=z) with

R((C2)*) is orthogonally complemented . If G = {g;}jer is a non zero sequence

in H, and E = Ty — T be a compact operator, where Te:({c;};e5) = chgj for
jel

{c¢;}ier € I2(A), then G = {g;};ey is a C-controlled K-frame for H.
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Proof. Let {f;};e5 be a C-controlled K-frame with bounds A and B, then because
of Theorem 3.2, we have

1o,
AllCE I < N1 Y FNC 3 DI < BIFIEVF € H.
€l
This implies || Tx||2 < B||C= ||2.
Let V = Tp — E be an operator from [*(A) into H. Since Tr and F are bounded,
then the operator V' is bounded. Therefore ||V = [|[V*].

For any f € H,
Vif=Tpf - Ef
={{fs fidYies —{{f i — 9i) bies
= {{(f, fi) Yies = {{f5 — 95 /) }ien
= {{f, fi) bies = {{f5, )" — (g5, /) }iex
={(f, i Yies = L 15) = {f 930 bien
={(/, i) }jer-
We have
(3.21) V({c¢jtjer) = Z ¢;jgj, and Sg = VV™*.
Jel

Now using (3.21), we have
IKf, CSe )l = 1K CVVER]

(CzV f,C2V [

= [lc2v P
< [lCz|Pv
1
= |IC2|*|(Tr — E)fI
1
< G22I TF — EIP| £II?
< (ITel® + 21T E| + IEID)IC 1211
-1 -1 1
< (BIC7 P+ 2VB|C7 ||E| + | EIP)IC2 |11 £1I?
=, IE]
(3.22) = B(lc3 |+ f) ICHIA1.
This inequality shows that {g;},ey is a controlled Bessel sequence with bound
S 2
loF [+ 22) ot
B(lc¥ 1+ 75

Again we have

= (Tr — E)(Tp — EY)

= T¥Tjp —TpE*— ETr + EE"

= Sp—1TrE" — ET, + EE"
Since E/, T and S are compact operators, then Sp —TpE* — ET;+ EE* is a compact
operator. Therefore Sp —TpE* — ETy + EE* 4 I is a bounded operator with closed

range. Thus, VV* = Sp—TrpE*— ETy+ EE* is a bounded operator with closed range.
Clearly, V' and its adjoint operator V*f = {(f, g;) } ey is injective. This implies V'V*
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is injective as composition of two injective operator is injective. Hence VV*(= Sg) is
bounded below. So there exists some constant A > 0 such that

(3.23) Al|CEf| < IScCE ).
Now
ICEK*fII? = |K*C=f|?
< K Pz 12
1, .., 1
< BlIEPISC: £

This implies that

A *
Therefore from (3.22) and (3.24), we conclude that G = {gj}jej is a C-controlled

A? 1E]
[ ]2 VB
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