Korean J. Math. 30 (2022), No. 1, pp. 109-119
http:/ /dx.doi.org /10.11568/kjm.2022.30.1.109

R-NOTION OF CONJUGACY IN PARTIAL TRANSFORMATION
SEMIGROUP

AFTAB HUSSAIN SHAH AND MOHD RAFIQ PARRAY*

ABSTRACT. In this paper, we present a new definition of conjugacy that can be
applied to an arbitrary semigroup and it does not reduce to the universal relation
in semigroups with a zero. We compare the new notion of conjugacy with exist-
ing notions, characterize the conjugacy in subsemigroups of partial transformations
through digraphs and restrictive partial homomorphisms.

1. Introduction

Let G be a group. For z,y € GG, we say x is conjugate to y if there exists p € G
such that y = p~!ap which is equivalent to xp = py. Using the latter formulation one
may try to extend the notion of conjugacy to semigroups in the following way: define
a relation ~; on a semigroup S by

x ~ y < 3 pe St such that p = py

where S! is S with an identity adjoined. If z ~; y, we say z is left conjugate to
y [1,9,10]. The relation ~; is always reflexive and transitive in any semigroup but
not symmetric in general. The relation ~; gets reduced to a universal relation in a
semigroup with zero. However the relation ~; is an equivalence relation on a free
semigroup. Lallement [4] has defined the conjugate elements of a free semigroup S as
those related by ~; and showed that ~; is equal to the following equivalence on the
free semigroup S:

T ~py < Ju,v €S such that z = uv and y = vu

The relation ~,, is always reflexive and symmetric but not transitive in general. The
relation ~; has been restricted to ~, in [1 |, and ~,, has been extended to ~7 (the tran-
sitive closure of ~,) in [2, 3], in such a way that the modified relations are equivalences
on an arbitrary semigroup S.

Otto in [1] introduced the ~, notion of conjugacy in semigroup S defined as:

T~y y < 3 p,q€ S such that zp = py and yq = gz,
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The relation ~, is not useful for semigroups S with zero since for every such S,
we have ~,= S x S. This deficiency has been remedied in [6], where the following
relation has been defined on an arbitrary semigroup S,

T~y < 3p P (x),q€ P (y) such that 2p = py and yq = gz,

where for z # 0, P(x) = {p € S' : (mx)p # 0 for all mz € S*(z)\{0}} and P(0) = {1}.
The relation ~, is an equivalence relation on any semigroup S and it does not get
reduce to S x S if S has a zero, and it is equal to ~, if S does not have a zero.

Further, J. Konieczny in [7] introduced the ~,, notion of conjugacy in semigroups.
If S is a semigroup and let x,y € S. Then,

T~y y<s dp,qg € S such that rp = py,yq = qxr,r = pyq and y = qxp.

This relation is an equivalence relation in any semigroup and does not get reduced to
a universal relation in a semigroup with zero.

The aim of this paper is to introduce a new definition of conjugacy in an arbitrary
semigroup. The new conjugacy is an equivalence relation ~, (the r-conjugacy) on any
semigroup S.

J.Araujo et.al in [6] characterized ~, conjugacy in constant rich subsemigroups of
P(T) (the semigroup of partial maps on a non empty set T') with the help of rp-hom
of their digraphs. In this paper we prove similar results for ~, notion of conjugacy
for any subsemigroup of P(7") without the assumption of constant rich on S.

2. The notion ~,

If S is a semigroup and let x,y € S. Then,
T~y < 3p,q,u,v € S such that zp = py, yq = qx, x = pyu and y = qav.
THEOREM 2.1. If S is a semigroup then

(1) ~, is an equivalence relation in any semigroup.

(2) [0], = {0}.

(3) If S is a group then ~, reduces to the usual notion of conjugacy.

Proof. (1) Let x ~, y then there exists p,q,u,v € S such that xp = py,yq =
qr,r = pyu and y = qxv.
(i) Reflexivity: We take p = ¢ = u = v = 1 and we get the required.

(ii) Symmetry: This condition is by definition of notion.

(iii) Transitivity: Let x ~, y and y ~, z then there exists pi,qi,us,v; and
D2, (2, Uz, Vo such that xp; = py,yq1 = qr,x = piyu; and y = qrrv; and
TP = P2y, Yq2 = @2, T = payus and y = qaxva. Now zpips = prype = pipaz,
2@ = QY = @O, T = piyur = piperusuy and z = GaYvs = Ga1TV1V2.
Hence x ~, z.

(2) Let z # 0 and let = ~, 0 then there exists p, ¢, u,v € S such that xp = p0,0q =
qr,r = p0u and 0 = gzv. This means = = 0. So we get [0], = {0}.

(3) Let = ~, y then there exists p,q,u,v € S' such that zp = py,yq = qv,z = pyu
and y = grv. From xp = py we can pre-multiply by p~! both sides to get y = g lzg
which is the usual notion of conjugacy. O]

THEOREM 2.2. Let S be a semigroup then ~,,C~,C~.Cr~,,.
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Proof. Let z,y € S' and let © ~,, y then there exists p,q € S! such that zp =
PY,yq = qr,xr = pyq and y = qrp. we can take u = ¢ and v = p so x ~, y. Thus
~pCr,.. Next we prove ~,C~,.. Let o ~, y then there exist p,q,u,v € S* such that
xp = py,yq = qxr,x = pyu and y = gzv. If x = 0 then y = 0 since [0], = 0 and so
x ~.y. Suppose x # 0 and let m € S! be such that max # 0. Then (mz)p # 0 since
if (ma)p = 0 then mpy = 0 which further implies mpyu = 0 which implies mz = 0
which is a contradiction. Hence (mz)p # 0. Similarly, if m € S! is such that my # 0
then (my)q # 0. So, p € P!(x) and ¢ € P!(y). Hence x ~. y. Since ~.C~, is obvious.
Hence we get the required result. O]

3. ~, notion of conjugacy through digraphs in P(T)

DEFINITION 3.1. Let 7" be any set and R be a binary relation on 7" then I' = (7', R)
is called a directed graph (or a digraph). Any p € T is called a vertex and any
(p,q) € R is called an arc of T
For example, Let T' = {1,2,3,4} and R = {(1,2),(2,3)}. Then the digraph T is as
under,

1 2 3 4
e — 0 —> 00

DEFINITION 3.2. A vertex p € T for which there exists no ¢ in T such that
(p,q) € R is called a terminal vertex of I'. A vertex p € T is said to be initial vertex
if there is no ¢ € T for which (¢, p) € R while as a vertex p € T is said to be a non
initial vertex if (¢,p) € R for some ¢ € T.

For any ¢ € P(T), I'(c) = (T, R,) represents a digraph, where for all p,q €
T,(p,q) € R, if and only if p € dom(o) and po = ¢. For example, If T = {1,2,3}
and R, = {(1,2),(2,1)}. Then the digraph I'(c) is represented as

1 2 1
o — 0 — o

For a non-empty set T, we fix an element ¢ ¢ T. For ¢ € P(T) and t € T, we
will write to = o, if and only if ¢ ¢ dom(c). we also assume that oo = . With this
notation it makes sense to write so = t1 or so # t1 (0,7 € P(T),s,t € T') even when
s ¢ dom(o) or t ¢ dom(r). For any o € P(T") span(o) represents dom(o) Uim(o).

For semigroups U and S, we write U < S to mean that U is a subsemigroup of S.

DEFINITION 3.3. Let I'y = (T3, R;) and 'y = (T3, Rs) be digraphs. A mapping
a from T to Ty is called a homomorphism from I'; to I's if for all p,q € T3, (p,q) €
Ry implies (pa,qa) € Ry. A partial mapping « from 77 to T3 is called a partial
homomorphism from T’y to Ty if for all p,q € dom(«), (p,q) € Ry implies (pa, ga) €
R;.
DEFINITION 3.4. A partial homomorphism « from T3 to T5 is called a restrictive
partial homomorphism from I'y to I'y if it satisfies the following conditions:
(a) If (p,q) € Ry, then p,q € dom(a) and (pay, ga) € Rs.
(b) If p is a terminal vertex in I'y and p € dom(«), then pa is a terminal vertex in
Is.
We say that I'y is rp-homomorphic to I'y if there is an rp-homomorphism from I'; to
Is.
Throughout this paper by an rp-hom we shall mean an rp-homomorphism between
any two digraphs and by hom we shall mean a homomorphism.
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The next theorem provides necessary and sufficient condition for two elements of
subsemigroup of P(T) to be ~, related.

THEOREM 3.5. Let S < P(T) and o,7 € S. Then o ~, 7 if and only if there are
a, B, ¢, € S* for which « is an rp-hom from T'(¢) to T'(7) and 3 is an rp-hom from
['(7) to I'(0) with qa¢ = q for every non initial vertex q of I'(0) and kpy = k for
every non initial vertex k of I'(7).

Proof. Suppose 0 ~, 7in S. If o = 0 then 7 = 0 and so o = idy € S is an rp-hom
from T'(0) to T'(7) and B8 = idy € S' is an rp-hom from T'(7) to I'(¢). Next suppose
o # 0 and let 0 ~, 7 in S then ca = a7, 78 = fo,0 = at¢p and 7 = Bop for some
a, 3,0, € St Let (p,q) € 0. Then patp = q, (pa)T¢ = q which implies p € doma.
Again

(3.1) qag = (po)ad = poad = par = po = q

which implies ¢ € doma. Next (pa)T = pat = poa = ga (by 3.1) # o, (pa, qa) €
['(7). Again let p be a terminal vertex of I'(¢) and p € doma then as ca = ar,
(pa)T = pat = poa = oa = o. Thus pa is a terminal vertex in I'(7). So « is an
rp-hom from I'(¢) to I'(7). Again by using 78 = fo and 7 = o) we can prove the
B is an rp-hom from I'(7) to I'(o).

Conversely let there are «, 3, ¢, € S* for which « is an rp-hom from I'(¢) to I'(7)
and (3 is an rp-hom from I'(7) to I'(¢) with gqa¢ = ¢ for every non initial vertex ¢ of
['(0) and kB = k for every non initial vertex k of I'(7). We show o ~, 7 in S. Let
p € T. The following cases arise.

Case 1: Suppose p ¢ domo, then po = ¢. Then p(oca) = (po)a = oca = o. If
p ¢ doma then p(at) = (pa)T = ¢. So, oo = ar. Also patp = o, so 0 = arg. If
p € doma then as p is a terminal vertex of I'(0) and since « is an rp-hom from I'(o)
to I'(7) we have p(at) = ¢ so patgp = ¢ i.e, 0 = ar¢ in this case.

Case 2: Suppose p € domo and let ¢ = po. Then by definition of rp-hom p, ¢ € doma
and (pa)T = ga. Hence p(oa) = (po)a = ga and p(at) = (pa)T = qa. So, oo = art.
Also, pat¢p = poap = qap = q as qag = q for any non initial vertex ¢ of I'(o). So,
o= aro.

By symmetry (3 is an rp-hom from I'(7) to ['(o) such that 78 = fo and 7 = fo).
Thus o ~, 7. This proves the Theorem. O

If o,7 € T(T) (the semigroup of full transformations on T). Then every rp-hom
from I'(0) to I'(7) is hom. So we have the following corollary.

COROLLARY 3.6. Let S < T(T) and 0,7 € S. Then o ~, 7 if and only if there
are a, 3, ¢, € St such that « is a hom from I'(c) to I'(7) and 3 is a hom from T'(7)
to I'(o) with gqa¢ = q for every non initial vertex q of I'(c) and kfy = k for every
non initial vertex k of T'(7).

4. ~, notion of conjugacy through connected partial transformations

DEFINITION 4.1. Let - -+, p_o,p_1,Po, D1, P2, - - - be pairwise distinct elements of T'.
The following maps introduced by J. Araujo et al in [6] are very important for our
study.

(1) A o € P(T) is called a cycle of length k if 0 = (pop1ps - - - pr—1) where (k > 1).
ie, pj=pj10,7 =12 kand py = pp_10 and we write it as
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Po—>pP1 —>pP2—> - — Pr—1 —Po-
(2) Ao e P(T) is called a right ray if 0 = [po p1 p2 - -+ >. i.e,, pj = pj_10,j > 1
and we write it as

Po = P1 —=P2— "

(3) Ao e P(T) is called a double ray if c =< ---p_y po p1 - -+ >. le., pj = pj_10,
J € Z and we write it as

T P-1 7 Po P11 P2
(4) A o € P(T) is called a left ray, if o =< --- pa p1 po]. ie., pjo=pj_1,7>1
and we write it as
©rt = P2 = P1 — Po-
(5) Ao € P(T) is called a chain of length k if 0 = [po p1 p2 - - - pi]. 1.e., p; = pj_10,
J=1,2,--- k and we write it as
Po — P1 —> P2 =7 =7 Pk

These are called as basic partial maps.

DEFINITION 4.2. Any element x # 0 in P(T') is said to be connected if for some
non negative integers m,n, pk™ = qr" # ¢ for all p,q € span(k).

For example, Let T'= {1,2,3,4,5}. Define k € P(T) by x = {(1,2),(2,3),(3,4)},
then the diagraph of k is as under

1 2 3 4
o —0o—>0—>e.
Then & is connected.

DEFINITION 4.3. For o,7 € P(T), if dom(7) C dom(o) and pr = po for every p €
dom(7) then 7 is said to be contained in o written as 7 C o. They are disjoint if
dom(o)N dom(7) = 0 and completely disjoint if span(o)N span(1) = 0.

For example, [p ¢ r s--- > and [a b ¢ p] in P(Z) are disjoint while as [a b --- > and
[u v] are completely disjoint.

DEFINITION 4.4. Let C be a set of pairwise disjoint elements of P(7"). Then, for
zxeT

zk if z € dom(k) for some k € C
I(UI{):{ (%)

¢ otherwise.
reC

is called the join of the elements of C' denoted by | &.
reC

DEFINITION 4.5. Let 0 € P(T') and let v be a basic partial map with v C o then
v is maximal in o if x ¢ dom(v) implies x ¢ dom(o) and = ¢ im(v) implies = ¢ im(o)
for every x € span(v).

For example, Let c = [pgr s--->U[a bcp| € P(Z). Then o contains infinitely
many right rays. For example, [c p ¢ -+ > but only two of them namely [pgr s-- >
and [abcpqrs-- > are maximal in o.
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PROPOSITION 4.6. [6, Proposition 4.5] Let o € P(T) with ¢ # 0. Then there
exists a unique set C' of pairwise completely disjoint, connected maps contained in o

such that o = | k.
keC
The componenents of C' in Proposition 4.6 are called as connected components of

o. Through out this paper by c-component we shall mean a connected component.

ExAMPLE 4.7. Let T'={1,2,3,4,5} and 0 € P(T) be defined as 0 = {(1,2), (2, 3),
(4,5)}. Clearly o has a unique representation in terms of of pairwise completely dis-
joint, connected maps contained in 0. i.e., 0 = U,ecc 0; where C' = {oy,09} and

o1 ={(1,2),(2,3)} and 09 = {(4,5)}.

For any c-component x of o € P(T), a,; denotes the restriction of o on Span(k).

LEMMA 4.8. Let S < P(T) and 0,7 € S with o ~, 7 then there exists a, f € S?
such that dom(a)) = span(o) and dom(f3) = span(T).

Proof. Let o ~, T then there exists «, 3, ¢, € S* such that ca = ar, 78 = 80,0 =
at¢ and 7 = fop. By Theorem 3.5, a is an rp-hom from I'(0) to I'(7) and f is an
rp-hom from I'(7) to I'(¢). We have to show that dom(«) = span(o). Let « € span(o)
which means x € dom(o) Uim(o). If 2 € dom(o) then there exists y € 1" such that
(z,y) € 0. Since « is an rp-hom from I'(o) to I'(7). Therefore z,y € dom(«). So in
this case span(o) C dom(a). Similarly if z € im(o) then span(c) C dom(«). Next
we have to show dom(a) C span(o). Since 0 = art¢, implies dom(a) = dom(o) C
span(c) implies dom(a)) C span(o). By similar arguments we can show that dom(/)
= span(T). O

The next Proposition is the interconnection of c-components and ~, notion of
conjugacy.

PROPOSITION 4.9. Let S < P(T) and 0,7 € S. Then, o ~, 7 if and only if

(1) For every c-component k of o there exist a c-component A of T and an rp-hom
a, € P(T) from I'(k) to I'(\) with dom(«,,) = span(x). Similar holds from T to
o.

(2) Ugec o € S, where C' is the collection of c-components of . Similar holds for
T.

(3) There is a, 3, ¢,1 € S* such that qag = q for any non initial vertex q of T'(c)
and kfvy = k for every non initial vertex k of I'(T).

Proof. If o = 0 then 7 = 0 and the result follows trivially. Suppose o # 0 then 7 # 0
and let o ~, 7, then there is a, 8,¢,%¢ € S! such that ca = ar,78 = fo,0 = atd
and 7 = ot and so by Theorem 3.5, « is an rp-hom from I'(0) to I'(7) and 5 is
an rp-hom from I'(7) to I'(¢). By Lemma 4.8 doma = span(o). By Proposition
4.6 0 = Ugeck and 7 = Uyeer A for some sets C, C” of pairwise completely disjoint
connected maps contained in ¢ and 7 respectively. Let x be a c-component of o and
let p € span(k), since « is an rp-hom this means pa € A for some c-component A
of 7. We claim that (span(x))a C span(A). Let z € span(x) then by definition of
connectedness there exists r,s > 0 such that po” = pr” = 2k® = z0® # ¢. Since
o ~, T we have (za)7° = (z0°)a = (po")aw = (pa)T" # © which implies pa and z« are
in the span of same c-component of 7. So za € span()A). The claim has been proved.
Let ov. = &|span(x)- Then o, is an rp-hom from I'(k) to I'(A) with dom(a,,) = span(k).
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Also Ugeca,, = a € ST (by the definition of ;) and by dom(a) = span(c)). Similar
holds from 7 to o.

Conversely, suppose that (1), (2) and (3) are satisfied. Let @ = |J «,. Note that «
kel

is well defined since «,, and «,/ are disjoint if xk # K. Suppose (q,z) € 0. Then ¢, z €
span(k) for some c-component k of o. Thus ¢,z € dom(ay) and qo = qay, — za,, =
za, implying ga — za.

Suppose ¢ is a terminal vertex in I'(0) and ¢ € dom(o). Then there is a unique
c-component x of o such that ¢ is a terminal vertex in I'(k). Then qa = qa, is a
terminal vertex in I'(\) and so a terminal vertex in I'(7). Hence « is an rp-hom from
['(0) to I'(7). Further dom(«) = span(o), (by the definition of a) and o € S* (by (2)).
By symmetry, we can similarly prove for 8. Then by condition (3) and by Theorem
3.5 we have o ~, T. O

DEFINITION 4.10. Let X be a nonempty subset of the set Z, of positive integers.
Then X is partially ordered by the relation |(divides). Order the elements of X
according to usual less than relation as x; < x5 < x3- -+, we define a subset sac(X) of
X as follows : for every integer n, 1 <n < |X|+1,

sac(X) = {z, € X: for all i < n,z, is not a multiple of x;}.

The set sac(X) is a mazimal anti-chain of the poset (X, |). We will call sac(X), the
standard anti-chain of X.

For example, if X = {2,4,7} then sac(X) = {2,7}.

Let o be in P(T') such that o contains a cycle. Let X denote the set of lengths
of cycles in 0. The standard anti-chain of (X, |) will be called the cycle set of o and
denoted by cs(o).

DEFINITION 4.11. A connected partial map « is said to be of rro type (right rays
only) if it has a maximal right ray but no cycles, double rays, left rays or maximal
chains, and is of cho type (chains only) if it has a maximal chain but no cycles or
rays.

LEMMA 4.12. [6, Lemma 4.11] Let k € P(T) such that r contains a maximal left
ray or it is of cho type. Then k contains a unique terminal vertex.

DEFINITION 4.13. Let k € P(T') be connected such that x has a maximal left ray
or is of cho type. The unique terminal vertex of s established by Lemma 4.12 will be
called the root of k.

A relation R on a non empty set E is called well founded if every nonempty subset
D C FE contains an R-minimal element that is, p € D exists such that there is no
q € D with (q,p) € R. Let R be a well-founded relation on a set E. Then there is a
unique function 7 defined on F having values as ordinals so that

m(p) = sup{n(q) +1: (¢,p) € R}.

for every p € F is called the rank of p in < E, R > [11, Theorem 2.27] which proves
(1) and (2). The condition (3) follows from Theorem 3.5.
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Let k € P(T) be connected of rro type or cho then m,(p) denotes the rank of p
under the relation k.

EXAMPLE 4.14. Let T' = {x,y,¢, -+, 21,1, 21 -} and let &k = [z,y, z,--- >€ P(T).
Then 7(x) = 0,7(y) = 1 and so on.

Let < uy >4>0 and < vy >4>0 be sequences of ordinals. Then we say that < v, >
dominates < ugy > if

Vg+r > Uq for every ¢ > 0 and for some r > 0.

Let k € P(T) be connected of rro type and pu = [pop1ps - - > be a maximal right
ray in . We denote by < g >,>¢ the sequence of ordinals with

py = Tx(pg) for every ¢ > 0.

For example, let T = {po,p1,p2, 1 q0,q1,Ge,- - -} and let K = [popipaps - -+ >

Ulgop2] U [¢1¢2p2] U [¢39495p2] U [g6G7qsqop2] U - - - € P(T') and p = [pop1pe - -+ >€ K, then
the sequence < pgy > is <0, l,w,w+lL,w+2,w+3, -+ >.

The next results (Proposition 4.15 to Proposition 4.20) are from Araujo et.al [6] and
are required to prove the Theorem 4.23.

PROPOSITION 4.15. Let k, A € P(T') be connected such that k has a cycle (pop; -
-+ pg—1). Then I'(k) is rp-hom to I'(\) if and only if X\ has a cycle (qoq1..-Gm—1) such
that m|k.

LEMMA 4.16. Let k, A € P(T) be connected such that A has a cycle (qo q1 ... Gm—1)-
Suppose k has a double ray or is of rro type. Then I'(k) is rp-hom to I'()).

LEMMA 4.17. Let k, A € P(T) be connected. Suppose that A has a double ray
and k either has a double ray or has rro type. Then I'(k) is rp-hom to I'()\).

LEMMA 4.18. Let k, A € P(T) be connected. Suppose that X\ has a maximal left
ray and k either has a maximal left ray or is of cho type. Then I'(k) is rp-hom T'()\).

PROPOSITION 4.19. Let k,\ € P(T) be connected of cho type with roots py and
qo respectively. Then I'(k) is rp-hom to I'(\) if and only if w(x¢) < 7(yo).

PROPOSITION 4.20. Let k,\ € P(T) be connected of rro type. Then I'(k) is
rp-hom to I'(\) if and only if there are maximal right ray p in x and n in A such that
< n) > dominates < uf >.

LEMMA 4.21. Let k, A € P(T) be connected with k being of rro type and suppose
Kk ~,. A, then A\ cannot have a maximal left ray or is of cho type.

Proof. Let k ~, A\ then by Theorem 3.5 there exists o which is an rp-hom from
['(k) to T'(A\). Let [apajaz - - > be a right ray in k. Suppose to the contrary that A
has a maximal left ray or is of cho type. Let by be the root of A\. By definition of
connectedness there exists k > 0 such that (aga)\* = by. As k ~, A\, ka = aX and
50 (aga) N = (apr* ™) = app1a. But (aga) N = (aga) \¥*A = by = ¢ and so
ap+1 = ¢ which is a contradiction. Hence the result follows. O

LEMMA 4.22. Let 0,7 € P(T) such that o ~, 7. If o contains a cycle of length r,
then 7 has a cycle of length s such that s|r.
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Proof. Let o contains a cycle of length r and let o ~, 7. By Proposition 4.6, 0 =
Uxeck where C' is the set of pairwise completely disjoint connected maps contained in
o and 7 = Uycor A where C is the set of pairwise completely disjoint connected maps
contained in 7. By Proposition 4.9, for a c-component x of o containing a cycle of
length r there exists a c-component A of 7 such that I'(k) is rp-hom to I'(\). Then
by Proposition 4.15, A has a cycle of length s such that s|r. So if o contains a cycle
of length r, then 7 has a cycle of length s such that s|r. O

By Theorem 3.5 and the above discussed results we now prove a result on ~,. notion
of conjugacy in sybsemigroups of P (7).

THEOREM 4.23. Let o, 7 € P(T). Then o ~, 7 in S if and only if o =7 =0 or
o, T # 0 and the following conditions hold:

(1) There is a, B, ¢,v € S such that qa¢ = ¢ for any non initial vertex q of T'(o)
and k(Y = k for every non initial vertex k of I'(1);

(2) cs(o) = es(T);

(3) o contains a double ray but no cycle if and only if T contains a double ray but
no cycle;

(4) If o contains a c-component k of rro type but no cycles or double rays then T
contains a c-component \ of rro type but no cycles or double rays and <771’D\>
dominates <py;> for some maximal right rays p in k and 1 in A;

(5) If 7 contains a c-component A of rro type but no cycles or double rays then o
contains a c-component k of rro type but no cycles or double rays and <ji,>
dominates <771’)\> for some maximal right rays n in A\ and p in K;

(6) o contains a maximal left ray if and only if T contains a maximal left ray;

(7) If o contains a c-component k of cho type with root py but no maximal left rays
then T contains a c-component A of cho type with root qo but no maximal left
rays, and m,(po) < m(q0);

(8) If T contains a c-component \ of cho type with root gy but no maximal left ray
then o contains a c-component k of cho type with root py but no maximal left

rays, and mx(qo) < m.(po)-

Proof. Let 0 ~, 7in S. Suppose 0 = 7 = 0 then condition (1) to (8) holds trivially.
Suppose 0,7 # 0 then by Theorem 3.5 there exists a, 3, ¢, € S! such that « is an
rp-hom from I'(o) to I'(7) and S is an rp-hom from I'(7) to I'(¢) with qa¢ = ¢ for
any non initial vertex ¢ of I'(¢) and kY = k for every non initial vertex k of I'(7).
By Lemma 4.8, we can assume that dom(a) = span(o).

(2) Suppose o has a cycle. Then, by Lemma 4.22; 7 also has a cycle. Let r € cs(o).
Then ¢ has a cycle of length r, and so again by Lemma 4.22, 7 has a cycle of
length s such that s|r. By the definition of cs(7), there is s; € cs(7) such that
s1]s. Thus 7 has a cycle of length s; and so by Lemma 4.22, o has a cycle of
length ry such that r|s;. Hence ry|si|s|r. Since cs(o) is an anti-chain, r|r and
r € cs(o) implies 1 = r. Thus r = r; = s; and so r € cs(7). We have proved
that cs(o) C cs(7). The converse follows by symmetry. Hence cs(7) = cs(o). If
neither o nor 7 has a cycle, then cs(o) = cs(1) = ¢.

(3) Suppose ¢ has a double ray but no cycles. Then by Lemma 4.22 7 cannot have
a cycle. Also since I'(o) is rp-hom to I'(7), so we have < ---p_y pg p1 -+~ >. The
elements - - -p_j, poa, p1,- - - are pairwise distinct (since otherwise 7 would
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have a cycle), and so <---p_ja pg pyav- - -> is a double ray in 7. The converse
is true by symmetry.

(4) Suppose ¢ has a c-component x of rro type but no cycle or a double ray. By
Proposition 4.9, there is a c-component  of 7 so that I'(k) is rp-hom to I'()).
By (1) and (2), A does not have a cycle nor a double ray. By Lemma 4.21, A
does not have a maximal left ray or is of cho type. Hence X is rro type. By
Proposition 4.20, there are maximal right rays p in x and 7 in A such that < 77;‘ >
dominates < py; >.

(5) It follows by symmetry of (3).

(6) Suppose ¢ has a maximal left ray < - - -ps p1 po]. Then since I'(o) is rp-hom to
['(7) we have - - - = poa = pia = poa and poa is a teriminal vertex in I'(7),
which implies that < - - -paa pra@ pocr] is a maximal left ray in 7. The converse
is true by symmetry.

(7) Suppose ¢ has a c-component x of cho type with root py but no maximal left
ray. By Proposition 4.9 and its proof, there is a c-component A of 7 such that
o, = al(span(k)) is an rp-hom from I'(k) to I'(X). Since py is a teriminal vertex
in K, o = poay is a terminal vertex in A. Since 7 has no maximal left ray
(by(3)), A is of cho type and qq is the root of A. Therefore by Proposition 4.20,
Tx(po) < ma(qo)-

(8) Proof follows by symmetry of (6).

Conversely, if o = 7 = 0, then o ~, 7. Suppose 0,7 # 0 and all conditions from (1)
to (8) hold. Let k be a c-component of 0. We will prove that ['(x) is rp-hom to I'())
for some c-component A of 7. The result then follows by Proposition 4.9.

Suppose k has a cycle of length r, since by (1), cs(0) = ¢s(7), 7 has a cycle v of length
s such that s|r. Let x be the c-component of 7 containing v. Then I'(x) is rp-hom to
['(A) by Proposition 4.15.

Suppose k has a double ray. If some c-component A of 7 has a cycle, then I'(k) is
rp-hom to I'(A\) by Lemma 4.16. Suppose 7 does not have a cycle. Then, by (1) and
(2), both ¢ and 7 have a double ray but not a cycle. Let A be a c-component of T
containing a double ray. Then I'(k) is rp-hom to I'(A) by Lemma 4.17.

Suppose k is of rro type. If 7 has some c-component A with a cycle or a double ray,
then I'(k) is rp-hom to I'(A) by Lemma 4.16 and Lemma 4.17. Suppose 7 does not
have a cycle or a double ray. Then by (3), there is a c-component A in 7 of rro type
such that < 77;,\ > dominates < p > for some maximal right rays p in £ and 7 in A.
Hence I'(k) is rp-hom to I'(A\) by Proposition 4.20.

Suppose k has a maximal left ray. Then by (5) there is some c-component A of 7 has
a maximal left ray. Then I'(x) is rp-hom to I'(\) by Lemma 4.18.

Suppose & is of cho type with root py. If 7 has some c-component A having a maximal
left ray then I'(k) is rp-hom to I'(A) by Lemma 4.18. Suppose 7 does not have a
maximal left ray. Then by (5), o does not have a maximal left ray, and so by (6),
there is a c-component A in 7 of cho type with root gy such that m.(py) < mx(qo)-
Hence I'(k) is rp-hom to I'()), by Proposition 4.20.

We have proved that for every c-component s of o there exists a c-component A\ of
7 and an rp-hom «, € P(T) from I'(k) to I'(A). We may assume that for every c-
component « of o, dom(a,) = span(x). Hence I'(k) is rp-hom to I'(7) by Proposition
4.9. By symmetry, I'(7) is rp-hom to I'(c). Then by (8) and Theorem 3.5 we get
o~y T. ]
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